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PKEFACE. 



The determination of the motions of the heavenly bodies is an import- 
ant problem in and for itself, and also on account of the influence it has 
exerted on the development of mathematics. It has engaged the attention 
of the greatest mathematicians and in the course of their not altogether 
successful attempts to solve it, they have displayed unsurpassed ingenu- 
ity. The methods devised by them have proved useful not only in this 
problem but have also largely determined the course of advance in other 
branches of mathematics. Analytical mechanics, beginning with Newton 
and receiving a finished clearness from Lagrange, is especially indebted to 
this problem, and in turn, analytical mechanics has been so suggestive in 
method as to determine largely both the direction and rapidity of the • 
advancement of mathematical science. 

Hence when it is desired to illustrate the abstract theories of analyti- 
cal mechanics, the profundity of the mathematics of the problem of the 
motions of the heavenly bodies, its powerful influence on the historical 
development of this science, and flnally the dignity of its object, all point 
to it as most suitable for this purpose. 

This work ib intended not merely as an I introduction to the special 
study of astronomy, but rather for the student of mathematics who 
desires an insight into the creations of his masters in this field. The lack 
of a text-book, giving within moderate limits and in a strictly scientific 
manner the principles of mathematical astronomy in their present remark- 
ably simple and lucid form, is undoubtedly the reason why so many 
mathematicians extend their knowledge of the solar system but little 
beyond Kepler's laws. The author has endeavored to meet this need and 
at the same time to produce a book which shall be so near the present 
state of the science as to include recent investigations and to indicate 
unsettled questions. 

The subject of the work is that part of celestial mechanics which 
treats of the motions of heavenly bodies considered as material points. 
This is its most important part, and it is fundamental in the theories of 
rotation, tides and the figures of bodies. The author hopes to treat of 
these in a separate work. The simplest processes and those which best 
represent the present state of the science have always been selected. 
Especial care has been taken to guard against brilliant hypotheses which 
explorers in this field have so often indulged in but which are not suitable 
in a text-book. 
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References to original sources of information are invariably given. 
These will be useful to students who desire to study further. Assistance 
in this direction is also afforded by the historical sketches accompanying 
each important sub-division of the work. 

The tables at the end of the book give the numer'ical values of the 
elements of the solar system according to Leverrier and Newoomb. 

For the pecuniary aid which permitted the necessary studies and the 

publication of this work, the author begs to return his sincere thanks to 

his Excellency, Dr. von Gossler, Minister of Religious, Educational and 

Medical afFairs. 

Chaelottenbubg, September 1, 1888. 

Dr. Dziobek. 



NOTES BY THE TRANSLATORS. 

The author kindly consented to read the proof of this translation. 
Many changes have been introduced by him. 

M. W. Hakkikgton. 

The publication of this translation has been delayed in a number of 
ways. The author kindly offered to assist in reading the proofs and at the 
same time to revise the work. By reason of his remoteness much time was 
consumed in sending the proofs back and forth. Moreover, the changes 
which he introduced in the text were so numerous and of such a charac- 
ter that it became necessary to reset the type of large portions of the 
earlier forms. To such an extent was this the case that, after eighty pages 
had been printed, it was decided to send a type-written copy of the 
remainder of the translation to the author and to have him revise it before 
setting the type. This was done with its accompanying delay. In the 
meantime Professor Harrington had become Chief of the Weather Bureau, 
and at this juncture I was asked to revise the remainder of the transla- 
tion, to incorporate in it the author's corrections and additions and to see 
it through the press. 

W. J. HUSSEY. 

Palo Alto, Cal., July 8, 1892. 
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M^THE E MA.TIOA.ni. 

THEOEIES OF PLANETARY MOTIONS. 



FIRST DIVISION. 



Solution of the Problem of Two Bodies. Formation of 

the General Integrals for the Problem of n Bodies. 

Algebraic Transformations of this Problem. 



1. Newton's Law of Geatitation. Motion of Two Points 
Subject to It. 

Newton's law of gravitation is the point of departure in 
mathematical investigations of the motions of the heavenly 
bodies. This law reads as follows: 

Each particle of matter attracts any other particle with a 
force whose magnitude is directly as the product of their masses 
and inversely as the square of their distance from each other. 

Assume that Pi and Pa are two gravitating particles, the 
coordinates and mass of the first, referred to stationary rect- 
angular coordinates, are Xi, y^, z^, m^, and those of the second 
are x^,. yi, z^, »M2, then the distance between them is 



(1) r = V(a!: — x,Y + {y, — y.Y + {z, — z,y 

and this is to be considered as always positive. The total force 

between the bodies, according to Newton's law, 

where & is a constant whose magnitude depends on the selected 
units of mass, distance, and time. 
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Since the two particles attract each other, the direction of 
action is along the line which joins them. The action of P^ 
on Pi has the direction from Pj to P^ and its direction cosines 
are 



SCrt X] 



^2 — ^1 



The direction of the action of Pj on P^ is exactly the 
reverse, and its direction cosines are 



3C\ OCn 



2/1 — 2/2 



The components of the first force in the direction of the 
coordinate axes are therefore 



7 9 "-'2 "-'1 7 9 

k TOi ma J, , k ««i TO; 



liJZllL., fc^™,^^^iZZfl 



r" ' ' ' r' 

The components of the second force are, also. 



¥ mi rwj 



X] X2 



¥ m, m, ^' ,3 y^ , ]*'m,m, ^' ^' 



r" y - - ^ 

Consequently the differential equations of the motion of the 
two points are, when t represents the time, 

d^_Xi 
'W 



(2) 



TO, 



TO, 



TO 



and also 



= 


le 


TOi 


TO2 


^2 


^3 


a?i 


= 


¥ 


TOi 


TO2 


2/2 


TT 


2/1 




1^ 


im 


-yH.. 


«2 


— 


2^1 



= fc^ TOi TO2 



tt*! eit/2 



TO2^ = &^m,m2-^l^=^, 



TO, 



d^ 



^S,! 



d^' 



= W nil tn-i 



r 

^1 — 2^2 



These differential equations are valid for any system of 
coordinates. Hence the letters x, y, z, can be cyclically inter- 
changed. Advantage will be taken of this to simplify the 
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manner of writing the succeeding equations, in that only one 
of the three equations will be written, leaving the others to be 
made from it by exchange of letters. These cases will be 
indicated by the sign *. Introducing this change, equations (2) 
become 



(2) 



mi ,3 = k nil 1^2 
JWa ,,; = kr nil m2 



X2 


— 


Xi 




^ 




Xi 


— 


002 



These are six total and simultaneous differential equations 
and the determination of the motion of the two bodies is 
reduced to their integration. As they are all of the second 
order their complete integration will introduce twelve arbitrary 
constants. That this number is necessary appears directly from 
the fact that, to make the problem a definite one, twelve condi- 
tions must be expressed, for instance, six coordinates and six 
component velocities, for any given instant. 

To prepare for the integration of equations (2), add the first 
and fourth. This gives 

Integrating this once, and calling the constant *a„ we get 

(JiUuj . CltJC'2 



(3) * ™^^ + '"^ dr-- 

These equations, on a second integration, give 

(4) * niiXi + ni2 X2 — o-J + ;S^ . 

Equations (4), in which *a^, /J^ are constants, have a simple 
interpretation. If the coordinates of the center of gravity of 
the two points, that is the point which divides their distance 
in the inverse ratio of their masses, are X, Y, Z, then 

/|r^ ' 5|5 -y- TOi Xi -\- m2 X2 

^ ' ~ nil -\- m2 ' 

and equations (4) become 

(6) * (m, + m,) X = aj + 13,. 

From these equations it appears that the center of gravity 
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moves in a straight line with uniform velocity, — which is the 
law of the conservation of the motion of the center of gravity. 
Eeturning to equations (2), if we refer P^ to a moving system 
of rectangular coordinates parallel to the original with the 
origin constantly at Pj , and designate the coordinates of Pj in 
the new system by x, y, z, we have 

(7) * X = X2 — Xi, 

and we observe that these equations are included in the right- 
hand members of equations (2). 
Put therefore 

(8) Jc' (m, + mj) = fi, 

divide the first three equations of (2) by m,, the second three 
by m2, and subtract in pairs, and we get 

(9) * ^ = --V- 

These three equations by integration afford the six remain- 
ing constants and complete the solution of the problem. For, 
by solving (5) arid (7) for %,, x^, we have 

(10) * x,^ X "^ — X, x, = X^ — "^ X. 

' m, + m^ ' ^ ' TOi + Wa 

Pi may be considered as representing the sun, Pj the planet. 
Equations (9) then determine the (relative) motibn of the planet 
about the sun, and the motion is as if the sun were fixed and 
the planet attracted by the sum of the masses of the two bodies. 

To integrate (9), multiply the second by — z, the third 
by + y, and add. We thus get 

d'z d'y 

y dt' ^'dF ~ "• 

This is at once integrable, and gives 

(11) * y^-z^ - c: 

^ ^ y dt ^ dt ~ ^^'' 

where cC^ is the constant of integration. 

These are the so-called sectorial integrals, ydz zdy is 

twice the area of the triangle in the plane of yz, whose angles are 
the origin, the projection of the point x, y, z, and the projection 



PROBLEM OP TWO BODIES. 5 

of the adjacent point x + dx, y + dy, z + dz. It is positive or 
negative, according as the infinitesimal angle at the origin is 
described by the radius vector in the direction from + t/ to + z, 
or the reverse. If this triangle is named dSa, then 

* MS^ = cZM 

To fix the coordinate system, we will, once for all, so place it 
that a rotation from -{■ y \iO -\- z is contra-clockwise when the 
clock face is in the plane yz and is directed toward + x: and 
similarly for rotations from ■\- zio ■\- x, and from + a; to + V- 
A sector is then positive when the direction of description is 
contra-clockwise, and vice versa. 

•Equations (11) show that the areas described by the projec- 
tions of the radius vector are proportional to the times. For the 

cC G^ cC 
unit of time these areas are -^^ . -^ , -^^ . From this it follows 

that these areas themselves are proportional to the times and 

that, for the unit of time, they are -^ • where c is positive, and, 

as is always possible, 

(12) 1 = Z\^-Z\ + Z\. 

dz du 

The expression y -^ — ^ 777 ^® called the moment of velocity 

about the x axis. It is easily seen that it is equal to the product 
of the projection of the velocity on the yz plane and the per- 
pendicular from the origin on its direction. The same is true 
for the two other analogous expressions. Hence the square 
root of the sum of the squares of these three expressions, that 
is, c, equals the moment of velocity about the origin. 

From (11), by multiplication with x, y, z, and addition, we get 
a final equation between the co-ordinates, 

(13) Z^ + Zyy + Z^ = 0, 
and hence 

The path of a planet is a plane curve and is so traced that 
the areas described by the radius vector from the sun are pro- 
portional to the times. It follows that Zx,Z,j, f, are the direction 
cosines of a line which we shall call the C-axis and which is 
normal to the plane of motion. 



b THEOEIES OF PLANETARY MOTIONS. 

For further integration it is best to form an equation in 
r and i only. 

r^ = ic^ + 2/^ + !^'', 

dr _ dx ^^ dy dz 

^di-'^di '^y'di ~^^di' 

and by another differentiation 



<4;) 



d''x d^y d''z dx' + dy' + dz^ 



dt ~ -^ dt' ^ '^ dt' ^ dr ' dr 

or, by (9), when for brevity 

(14) . I = .', 

,, Pj, dr' _ II dx^ + dy'' -\- dz" 

Differentiating again, 
dr 
d-r' _ "^^ _i_ 9 ^^^''^ + dyd^y + dzd^z 

or, by (9), 

(16) ^^'^' '^^' 



dt' r' 

This equation has a significant relation with equations (9), 
in that x, y, z, are replaced by r'. If it is combined with (9) in 
the same way that the latter were combined with each other to 
get the sectorial law, and, when the three constants of integra- 
tion are represented by / 4, / fj,, / f^, we get 

Here it will be assumed that / is positive and that 
Sj + S,f + f/ = 1, so that $.,, Ij,, f, become the direction 
cosines of the ?-axis which lies in the plane of motion and, as 
we shall soon see, is directed to the perihelion. 

If we multiply equations (9) by dx, dy, dz, add and integrate, 
we get the expression for the kinetic energy 

,-.Qx JL <^a;' + d;/' + dz^ _ y. [x 

^ ' 2 dV ~ T~ T^' 
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where the constant of integration, for reasons which will soon 
appear, is represented by 



/* 



T -^ 2 a 

Between the integrals (11), (17) and (18), exist two identical 
relations. From (11) and (17) we get at once 

(19) f,f„ + ?„C„-+?.?, = 0. 

Also, 

c' = &C + c^C/ + c^C = {x' + y' + z') 



,2 _ ,.2^ 2 _L /.2r 2 _L ^2^2 — I ^'^ _L 0,2 J_ ^2-^ dx + dy + dz 

dt' 



f xdx + ydy -\- zdz "^ 

~ y dt J ' 

or, by (18), 

(20) c^ = r^ (2— — — j— r'^ 

Also, 

(21) f^fE:+fs^+f^^, 

and then, from (17) and (18), 



r = y 


-(IT+'- 


V r 


a J 


-2r" 


di" 
dt ' 


or, since by (15) and (18) 










(22) 


dr' 
dt ' 


r 


a 






(23) 


r - r' (f 


a y 


+ r- 


/J- 
a 




From (20) 


and (23) follows the second relation between the 


integrals. 












(24) 


a 


+r = 


f^ 




\ 



In order finally to get an equation between the coordinates, 
multiply (17) in order by x, y, z, and add. With the help of 
(20) and (2^), we then get 
(25) o' — f^r^ f{x?, + y^y + z?.). 

This equation represents a surface of revolution of the sec- 
ond degree which is cut in a conic by the plane (13), which 
plane by (19) passes through the 5?-axis of the surface. Since, 
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also, by (25) it appears that the origin is a focus of the surface, 
MB have 

The path of the planet about the sun is a conic and the sun is 
in one of its foci. , 

We have now two lines perpendicular to each other, the 
f- and C-axis, which are fully determined by the motion, and we 
shall now take a third line, the 5?-axis, perpendicular to the 
others, so that ?, 17, C form a new system of rectangular coordi- 
nates. Let t)^, -qy, 11, be the three direction cosines which the 
57-axis makes with the axes of the first system, then the nine 
quantities 

f f f 

^X, ^I/J '»SJ 

(26) y)^, ri,j, r,„ 

^xi ^1/, ^r, 

are the coefficients of transformation from the old system into 
the new. This transformation may be written in either form 

(26a) * «' = ^f^ + ^'?«+-^?.. 

* 2 = 35 4=. + 2/ ?„ + « C,. 

To find the expressions for 5?^, j?,,, ij^ we may use the known 
relations between the nine quantities (26); for instance, 

'IX ■=!/ ^Z ^Z '^X3 

or, with (H) and (17) and a slight transformation, 
(17a) . „/,. = . I _, J 

where 

rlr' 
(14a) p^-r'^^ +r'' = -c' + ^r. 

From equations (17a) a very interesting result can be easily 
deduced. Writing them 

'^ di J"'^- cV'dt "^mJ--^ r — ' 

we get 

« (f -/f )"+ (t -/f )V (S -/f )"= (f )'■ 
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We have also 

and it appears at once that 

The hodograph of the motion of a planet is a circle with the 



radius — , and its pi 


!awe is 


the plane of motion. 


The equations of the orbit are, in the new system, 






c = o, 


(27) 


c'- 


-f.r^ft 


Also, 
(28) 


dri 

^ dt 


-''dt='- 


Introducing polar 


coordinates by putting 


(29) 


c 


= r cos V, 
= r sin V, 


we get (27) and (28) 


in the 


following forms 

c' 



(30) r = 



f 
1 + -^ cos V 



(81) ^^e. 

If r and v are found by integration of (30) and (31) we 
have S and /i by (29), and x, y, z by (26a). As ? = 0, we evi- 
dently have 

(26b) * x = B^^-\-Hrj^ = r (cos v Sx + sin v fj^). 
Assuming, with Gauss, 

(S. = A. cos B., 
^ ' \rj^ — A^ sin B^ 

and we get 

(32a) * X ^ r A, COB {_v -\- B,). 

The six constants A and B satisfy the three equations 
^/ + A,f + ^/ = 2, 

^/ sin 2 B, + Ay' sin 2 5, + -4/ sin 2 5, = 0, 
^/ cos 25. + ^/ cos 2B,j + ^/ COB 2 5, = 0, 
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because (32a) must give identically r' = x'' + 2/' + ^ • 
If p is the semi-parameter and e the eccentricity of a conic, 
its equation, when the origin "is at the focus and the + axis is 
directed to the vertex nearest it, becomes 



(30a) r 


1 + e cos V 


Hence, in this case. 




(38) 


c 


(34) 





Inserting in (33) for m its value (8), we get 



s/ p \/ TYii -\- m2 

Since c is double the sector described in a unit of time, 

2/S 
if S equals the sector described in the time T, then c = — y- 

and hence 

2S 



7c 



T\/ p s/ m-^ -\r m^ 



and 

(35) k' ^ , . , ■ 

^ ' _p (mi + mj) 

Hence * 

For ihe different planets moving about the sun, the square 
of the ratio of the sectorial velocity to the time is as the product 
of the semi-parameter into the sum of the masses of sun and 
planet. 

The constant k is Gauss's constant. If the sun's mass is 

unity, that of the earthf is og^^o ^ 0.0000028192. The unit of 
distance is half the major axis of the earth's orbit, which is also 

*See Gauss's We/rke, {Thmria motus, etc.), Vol. VII, page 12. 

t The numerical constants in this translation are from Gauss's Theoria motus. 
While values more acceptable to astronomers, at present, might be inserted yet, as the 
object ot the book is rather a correct analytical than numerical development of the 
problems involved, and astronomers are not generally agreed as to the exact numerical 
values employed, I have preferred to leave these numbers generally unchanged.— 

TRANSIiATOB. 
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the mean distance of the earth from the sun. The sector 
becomes in a sidereal year the entire area of the ellipse, or 



8 



■ah = Tz a s/ a ■*j — ^ -k a sj a \/ p ■= -n s/ p . 



If the mean solar day is the unit of time, T is the number of 
such days in a sidereal year, or 

T = 365.2563835, 
and by computation 

k = 0.017202099.1 
Gauss also proposed so to select the unit of mass that k 
should equal unity. This is evidently the case when, retaining 
the above units of distance and time, the sun's mass is assumed 
as = (0.017202099)1 The unit of mass can then be defined 
as the mass which, at distance unity, during an interval of unity, 
gives an acceleration — 1. For itk = 1, then, from (2), 



^^ydv J^ yat' ) ^ y dt' J ~ r'' 

From this it appears that the unit of mass is fixed when the 
choice of the units of distance and time has been made. 

The farther treatment of the problem requires that r and v 
be expressed in terms of the time t It follows directly from 
(30a) and (31), with the aid of (33), that 

(36) dt ^ _ ^''"^'" . 

sf [J. (1 + e cos vY 

If 4 is the time of passage through the vertex nearest the 
sun, at which time v = 0, the integration of (36) gives 



(37) i-U^ P^ I ^^ 



-h 



a/ fx J (1 + e cos vf 



This integral requires different treatment when e equals, is 
greater than, or is less than, unity. The three cases will be 
considered separately. 

» For a more exact value ol fc, and lor its exact signifloation, see Oppolzer, Lehrbuch 
der BaJmbeatimmungen, Vol. I, page 45. 
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2. Elliptic, Parabolic and Hyperbolic Orbits. 

Case I, e < 1. 
Equation (30a), § 1, represents in this case an ellipse. If 
the semi-axis major is represented by [a], then 

£! 

[a] = :p^ = ^ . Hence byl(24), § 1, 

■■• — ^ 1 J_ 

-*- 2 

[a] = a, 

that is, the constant a is positive and equals the semi-axis major 
of the ellipse. Equation (18) therefore shows that the velocity 
of a planet depends only on its major axis and its distance from 
the sun. 

The denominator of (37) then never = and v increases 
continuously, though not uniformly, with t. It can be evaluated 
directly as a trigonometrical integral, but it is simpler when we 
• introduce an auxiliary angle E, such that 



(1) tanli;^^-p^ = tani^. 

By differentiation this gives 

E increases continuously with v and, if we take E — when 
V = 0, the two angles will be equal for multiples of iz and will 
always be in the same semi-circumference. 
From (1) it follows that 

(3) cosH«= ^ .-,,,. . 

l+tanH^(|^) 
and (2) passes into 



(4) dv~-.a ^ 1 + tanH-g ,y VI — e 

Further, 

(5) 1 -f- e cos t) = 1 — e + 2e cos'' -^ = 



' dE. 



2 1— ecos^' 
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and also, from (37), § 1, 



t-t 



If we make 



V/^ (1 
of 



E 

p! f 



dE {1 — e cos E) 



V /* 



{E — e sin E). 



(6) 

(7) 
we get 

(8) 






1 

n 



and 



4) = -m; 



Jf = ^ — e sin ^. 



Equation (8) is Kepler's equation. It does not directly 
give what is wanted, that is E as a function of if. To obtain this, 
the equation must be solved for E, a problem which is discussed 
in § 4. When this is done v can be got from {l),r from (30a), 
I and -q from (29), and finally x, y, z, by transformations of (26b) 
or (82a). 

The three angles v, M and E, are called by astronomers, 

{V, the true anomaly, 
M, the mean anomaly, 
E, the eccentric anomaly. 

Also, n is the mean daily motion. 

The anomalies have a very simple geometrical meaning. 
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Let ABCD be the ellipse of a planet, which moves in the 
direction of the arrow, and let F be the focus occupied by the 
sun. Let the planet be at P, then angle AFP = v, the true 
anomaly. Extend the perpendicular QP above P to P ' where 
it cuts the circle described on the major axis, then angle 
QOP' = E, the eccentric anomaly. For 

OQ + QF = a e = acosE — r cos ?; = a cos ^ — Y^^ , 

which passes into equation (5). 

Imagine, finally, on the circle, a point moving with uniform 
velocity and reaching A and C at the same time as the planet. 
Let P" be its position when the planet is at P; then angle 
AOP" = M, the mean anomaly, and n is the daily increase of 
the mean anomaly. 

To get the periodic time T, the year of the planet, we note 
that in this time M becomes 2 n-, and hence 



(13) 



27r == Tn, and, by (6), 



If, as is the fact, m^ is so small as compared with rwi that it 
can be neglected in the first approximation, the right hand 
member of (13) is the same for all planets, and we reach the 
celebrated Laws of Kepler : 

1. The orbits of the planets are ellipses, in one focus of 
each of which is the sun. 

2. The areas described by the radii vectores from the sun 
in equal times are equal. 

3. The squares of the periodic times of the different planets 
are as the cubes of their mean distances. 

The relations between r, v, M, E, e, a, can be given different 
forms adapted to special requirements. Putting 

(14) e = sin y , 

the most important of these, given by Gauss in his Theoria 
Motus, are the following: 
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(15) 



I. p — a cos^ <p, 

II. r = =rn-^ ' 

1 + e cos V 

III. r = a (1 — e cos E), 

T-V7 „„„ 771 COB i; + e cos ^ — e 

I V . cos i6 = = — I , or cos V = -t; =- , 

1 + e cos V 1 — e cos E 



■tr • 1 -c /I — cos E' .^ , /I 

V. sm i^ = y 2 = sin iv -^YZf 



— e 



e cos V 

sm ^v -./ — =^ '- = sm Iv -./ — j^j—, — r > 

V P ^ \ a{l + e) 



VI. cos |E = y p = cos iv -ylY^ 



+ e 



e cos V 



, /r(l + e) . I r 

= cos ^f -. / ^ = cos iV -, / TTj r- , 

VII. tan ^E' = tan ^v tan (45° — y), 

~ . r sin V cos ?> r sin « 

VIII. sm E = — = , 

p a cos <? 

IX. r cos V = a (cos -E — e) 

= 2a cos (4^ + i? + 45°) cos {^E — y — 45°), 

X. sin ^ {v ^ E) = sin ^ sin u -» / — 

= sin ^p sin E -y — > 

XI. sin ^ {v -\- E) = cos ^^c sin v ^/ — 

= cos I? sin ^ -» /— ' 

XILTilf = £; — e sin ^. 

Finally, we will collect and name the six constants which 
astronomers call the elements of the orbit. They are 

1. The mean distance or semi-axis major = a, 

2. The eccentricity = e, 

3. The longitude o£ the ascending node = ii, 
(16).} 4 The inclination of the plane of the orbit = i, 

b. The longitude of perihelion = it, 
6. The mean longitude of the planet at the selected 
epoch = e. 
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The constants a and e have the same meaning as already 
given to them. From now on we will so select the xy plane 

that cZ^ — ^ y ~y "^ will always be positive. It divides the 

plane of the orbit into two parts, of which the one on the + z 
side is the upper, the other the lower part. The point where 
the planet passes from the lower to the upper part is the ascend- 
ing node, and the opposite the descending node. The longitude 
of the ascending node, ^, is then the angle between the + ^ axis 
and the radius vector directed to the ascending node. The 
inclination i, is the acute angle which the plane of the orbit 
makes with the plane of xy. 

The equation of the plane of the orbit then becomes 

X sin fl sin i — y cos Q sin i + z' cos i = 0. 

When i = 0, ii is indeterminate. If <« is the angle which the 
perihelion makes with the ascending node, measured on the 
plane of the orbit, then the longitude of perihelion is measured 
in part, (fi), on the xy plane, in part, {<u), on the plane of the 
orbit. Hence 

(17) - = fl + a>. 

This designation appears singular but is convenient, especially 
when i is very small. When i — 0, nie, the angle between the 
+ X axis and the perihelion. 

If we take w instead of n, the nine coefficients of transforma- 
tion become 

f^ = cos 0) cos Q — sin <o sin i2 cos i, 
S,j — cos u) sin Q -\- sin w cos Q cos i, 
fj = sin o> sin i, 

ija, = — sin u) cos Q — cos ««. sin Q cos i, 

(18) \ Vy = — sin <" sin fl + cos <u cos ^ cos i, 
■q^ = cos f sin i, 

Za: — sin i2 sin i, 
Cj, = — cos Q sin i, 
Z^ = cos i. 
The mean anomaly and time have the relation 
M = nt — «/(,, 
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Pot tt let us take a new constant £ such that 

(20) — n^o = e — 7t, and 

(21) M = nt + e — ^. 

To, nt + £ is given the name of mean longitude, (measured' 
from the + x axis), and we may make 

(22) C = «/ + e. 

All the formidas are simplified when e = 0, that is when the 
orbit is a circle, and the motion is uniform. If, at the same 
time, the plane of xy is the plane of the orbit, both fl and :r 
become arbitrary, and nt -\- s — Z becomes the angle made by 
the planet with the -|- x axis. 

Introducing polar coordinates into (26b), we have 

fx = r [cos (u+ tt) -f sin (t> + ^ — ^) sinQ (1 — cost)], 
y — r [sin (u + ~) — sin (v + tt — ii)cosQ (1 — cost)],, 
z = r sin {v -{- - — ii) sin i, 

in which form they are convenient for computation. 

Case II, e = 1. 

The orbit is a parabola; a is infinite, and M and ^ = 0, or 
lose their significance. Equation (37), § 1, becomes easily 
integrable by substituting 

tan ^v = z. 

The integral then becomes 

/ (l+tos.)- =*/^-(^ + -^^-K-+T> 



and hence 

(24) 2(/-4)V^ =.tanit> + |tanH^^- 

This equation must be solved for v and the farther solution 
of the problem then proceeds as in the ellipse. For t = — oo, 

V = — T and r = -^ cc; for t = -j- (x, v — -\- tt, and r = + oo ; 

hence it appears that when — = 0, according to (18), § 1, the 

U 

2 
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planet comes from infinity with infinitesimal velocity, reaches 
its greatest velocity at perihelion, then withdraws again to 
infinity with a velocity which gradually decreases to 0. 

Case III, e > 1. 

Equation (30a), § 1, represents a hyperbola. Since r is 

positive, we must have 1 + e cos t; > 0, hence cos v > 

Putting cos (p = — <v must vary from — 180° + <^ to 180° — 4'. 

At these limits r = oo. If u is taken beyond 180° — 4; equa- 
tion (30a), § 1, gives negative values of r, and we pass to the 
branch of the hyperbola which does not inclose the sun. 
This plays no part in the physical problem with which we are 
engaged, since the planet remains continuously on the first 
branch. 

If we call [a] the semi-axis major of the hyperbola, it follows 
that 

or, by (33), (34) and (24), § 1, 

[a] = — a, 

that is, the constant a is negative in the hyperbola, and its 
absolute value is that of the semi-axis major. M and E become 
imaginary; that is, they are illusory in the physical problem. 
Yet an auxiliary angle F can be introduced through the equa- 
tion 



(25) tan ^ ^ = -J—^rj tan 1 1; = tan J ^ tan ^ v, 
and from (37), § 1, we get 

(26) ^^ 7_^°i^ "^ - e tan .P- loge [tan (i F + 45°)]. 
Hence, using the expression 

(27) M = tan (J ^-1-45°), 



(28) (-a)f -yl^-^J-log 



u. 
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When u has been determined by (28), i?' and v can be got 
from (27) and (25). From (18), § 1, it appears that the planet 

comes from infinity with the velocity ^/ , accelerates its 

velocity to perihelion, and then retains to infinity with a 

velocity which continuously decreases until it becomes -. / 

Case I represents the orbits of all the planets moving about 
the, sun. The two others occur with comets and meteorites 
which move sometimes in ellipses which are usually very long, 
sometimes in parabolas and sometimes in narrow hyperbolas. 

3. The Eeotilinear Path and the Pokmula op Lambeet 

and eulee. 

In addition to the cases of the preceding paragraphs, there 
may be another, that in which c'i^ = oZy = cf^ = 0. In this 
case equations (11), § 1, can be at once integrated, and we 
get, if pi, P2, Ps are the three constants, 

(1) ^=.y. = ^, . 

^ ' Pl P2 P3 

or the equations of a straight line passing through the sun. If 
we take this for the x axis, y and z = 0, and 

r = ± X. 

If the planet is on the positive side of the origin, it must 
pass through the sun to reach the negative side. At the instant 
it reaches the sun, however, the force becomes infinite, the 
principles of the Calculus lose their significance, and the dis- 
cussion closes at this point. We can then always put 

r = + as. 

The differential equation of the motion becomes 

This can be at once integrated, on multiplying by dx, and 
gives 



/q\ 1 ( ^^ Y - ii. _ A 

^^> 21 dt J ~ X 2a' 
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where — (T" is again the constant of integration. 

"We will now so select our time that when x = Xo, t = to and 

^^ , the velocity, is negative. The planet is then approach- 
ed/ ' 

ing the sun and (3) becomes 

dx 



dt= —^ 



Designating, finally, by /, the time at which the] planet 
reaches x^, and reversing the limits of integration, we have 

■ ^ 1 "^ dx 




2a 



1. If a is positive, then must x < 2a. Making, therefore, 

(3b) a; = 2a sin' ^ o, or \/x{2a — x) = a sin <p, 
we get 

<, — 4 = — = / d<f sm' i<p = —7= {<P — sm f ) 

Vz-'-J v." I 

rtl r • \^x(2a — x) \/x(2a — x)~\ 
I arc sin ^ ^ — I . 

L « « I fj 



V/ 



Xl 



Putting Xo = 2a and x^ = 0, or letting the body fall freely 
to the sun from a distance 2a, the time necessary for the fall 
becomes, since Pi = and Po = ^, 



(4) T^'^.. 



or, by (13), § 2, T i& half the periodic time of a planet moving 
in an ellipse with the mean distance o. 
2. If a = 00, we get at once 
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3. If a is negative, we may put 



X = — 2a 
and then 



le^ — e ^\ 



or 



(6) 



'■"'-^^/e^-i"' 



-^(^-'), 



2a) 



«0 



V/i^ L ^^ 

— log^ (^(a; — a) + Va? (as — 2a) J 1. 

If tlie initial velocity is directed away from the sun, there 
are also three cases: 

1. If a is positive. The velocity = 0, when a? = 2a, and 
the planet turns back toward the sun at this point. 

2. If a = 00, * The velocity = when r becomes oo ; that 
is, the planet goes off to infinity with a velocity which gradually 
decreases to 0. 

3. If a is negative. The velocity continues positive and 

decreases to -* , and with this velocity it disappears in 

infinity. 

From these considerations it appears that even when the 
path is rectilinear, it can be considered as an infinitely narrow 

ellipse, parabola, or hyperbola, according as — = 0. 



22 THEOEIES OF PLANETARY MOTIONS. 

It is now interesting to note that the formula, (3a), is cor- 
rect for the general motion in any orbit, if X(, and x^ have in 
the general case other but simple values, becoming in the recti- 
linear path simple distances from the sun. We shall prove it 
for the ellipse. It is clear that the time of motion between two 
points depends only on the distances of these points from the 
sun, their distances apart, and the semi-axis a. To find its 
expression in terms of these quantities, represent what depends 
on one point by the subscript 0, and on the other by the sub- 
script 1. Then, if we put 

^^ = /.and^4^ = ^. 
We find, by simple transformations, 

M,-M,^ ^-^ (A — 4) = 2 (/— e cosg sin/), 

'"] + '"o = 2a (1 — e cos g cos/), 

P = 2n (Vl — e'' cos^ g) sin/ 
?•, — r„ = 2a e sin g sin / 

To express t^ — 4 by r^,, r^, p, and a, we must eliminate 
e, /, and g from the above equations, and as in the first three 
e and g are contained only in the form e cos g, we have the 
result: 

The time of motion between two points depends only on 
a, r^ + ^01 and p. 

If we put e cos g = cos «. and then 

« + / == Pii, « — f = ft 
we find immediately 

h — to = — -= {<p — Bin c? ) , 
\ p- I 

and 

^' + ^0 + P _ sin^ ^ 
2a ~ ^'"^ 2 ' 



'•i + ro — p 



sm 



f"i 



2a "°^" "2 
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Comparing now (3a) with those which follow, we find, by- 
reversing the process of integration, 

/2 dx 



\ X 2a' 

Ti + n — f 
2 

which is Lambert's theorem. We shall find it in § 18 by quite 
another process. 

4. Solution of Keplee's Equation. Development of the 
cooedinates as functions of the time. 

In order to develop the coordinates as functions of the time, 
it is necessary, first of all, to solve Kepler's equation, 

(1) . ilf = ^ — e sin E, 

with reference to E. Numerous methods of solving this cele- 
brated equation have been devised, when M and e are given, 
and the simplest of these is that given by Gauss in his Theoria 
Motus. The later applications require a more general solu- 
tion, and there are two roads that lead to this, the one through 
Lagrange's series, (which seems to have been discovered by 
Lagrange in his study of Kepler's equation), the other through 
Bessel's functions. 

Lagrange's series enables us to develop x in ascending pow- 
ers of e, when the two have the relation expressed by the equation 

(2) x.= y + e <p{x), 

where <p{x) is any given function of x. The development of 
this equation runs as follows, — 

(3) ^-2/ + Y^(2/) + 2l dy +.31 gp 

e^ d'\_<p{y)Y I 
"^ 4 ! dy' ^ 

This series can be generalized by developing in ascending 
powers of e any function, f{x), in the place of x. It then 
becomes 
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, ^ QHUiyniliy}} < 

"•" 3 ! dy' "^ 

The question of the convergence of this series is one into 
which we shall not enter, but it has occupied the attention of 
mathematicians. The final result (given, for instance, by Serret 
in his Algdbre supirieure, Fifth Edition, Vol. I, page 480) is 
as follows: 

The equation x = y -\- e <p{x), when e and y are given, has 
several roots, and these are generally different. If e^ is the 
smallest for which, with a given value of y, two of these roots are 
equal, then Lagrange's series is convergent, so long as the abso- 
lute value (modulus) of e is smaller than that of e^ . In that case 
indeed, the series gives the root which has the smallest modulus. 

In the case of Kepler's problem, we must put 

X = E, y — M, 'p{x) = sin x, 
and the series becomes 

(5) J? = ilf + ^sxnilf+2-, ^^^ + 3^^jp- 

e^ 8'sin*Jf 



4! dM' 

To carry out the differentiations, it is convenient to develop 
the powers of sin M in terms of the sines and cosines of multi- 
ples of M. We then get 

(6) E = M + esiuM + ^ 2 sin 2M 

+ 3^ (3' sin 3ilf — 3 sin M) 

+ j^(4^sin4ilf— 4 X 2'sin2M) 

+ g^ (5* sin 5ilf — 5 X 3* sin ^M + 10 sin M) 

+ (r|-26 (6' sin 6if — 6 X 4^sin4il/ + 15 X 2=sin2ilf), 
and this is exact up to the sixth power of e. 
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To get r, the formula r = a (1 — e cos E) may be used. 
In this case, in equation (4), f.{x) = cos x, and we get 

(7) — = 1 — e cos ilf + ^ (1 — cos 2 Jf) 

— ^-m (3 cos 3ilf — 3 cos M) 

— g^3 <4^ cos 41f — 4 X 2= cos 2 Jf ) 
_^(53cos5ilf — 5 X 3' cos 3iJf + 10 cos Jf) 

_ ^1- (6* cos &M— 6X4* cos 4Jf + 15 X 2* cos 2ilf ). 
From this, since ? = ^^^ ^ , we get at once 

(8) -1 = cos Jlf — -J (3 — cos 2M) + ^^ (3 cos 31f — 3 cos ilf ) 

+ g^ (4' cos 4:M — 4:X2' cos 2 Jf ) 
_^ _£l_ (53 cos 5ilf — 5 X 3' cos 3 Jf + 10 cos M) 
_|_ ^L_ (6* cos 6M— 6x4* cos 41f + 15 X 2* cos 2M) 
, +g^(7^cos7ilf — 7 X 5^cos5J[f 



+ 21 X 8' cos SM — 35 cos M). 



E — M 



Also from 1 = a Vl — e^ sin E = a Vl - 
follows 

(9) "^ = sin ilf + -^ 2 sin 2ilf 

^ ^ aVl — e^ 2! 2 

+ 3f^, (3^sin3Jf-3sinilf) 

_j_ ^ (43 sin 4 Jf — 4 X 2^ sin 2ilf ) 

+ ^^ (5* sin 5Jf — 5 X 3* sin 3Jf + 10 sin Jf) 

+ ^1_ (6^ sin 6 Jf — 6 X 4' sin 4 Jf + 15 X 2' sin 2 Jf ) 

+ ^ (7» sin 7Jf — 7 X 5° sin 5 Jf + 21 x 3° sin 3Jf — 35 sin Jf ). 
7! 2 
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In order to get ij itself in ascending powers of e, series (9) 
must be multiplied by the expansion of s/\ — e^ : 

and this gives 

(10) -^ = sinilf + ~ sin 2if 

+ ^(3sin3Jf— Ssinif) 
o 

+ ^ (4 sin 4Jf — 5 sin 2if ) 
+ ^ (125 sin 5Jf — 153 sin 3 Jf — 22 sinif ) 
■ ^° (81 sin 6if — 104 sin 41f + 10 sinilf) 
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+ g^ (7' sin IM — 23125 sin 5-M" 

+ 4887 sin 3 if + 2285 sin Jf). 

Somewhat more difficult is the formation of the expression 
for V, and the development of the so-called equation of the 
center, by which name astronomers designate the difference 
between the true and mean anomalies. 



We have the relation tan ^ v -xhi-j^ — — ^an ^E. By the 

introduction of exponentials, and representing 2.71828 ... by 
[e], this equation takes the form 



[er-l _ / l + e [e] 



=vi 



■\iE 



[e]" +1 VI— e [e]^* + l 



, ,. Vl + e — Vl — e e 

hence, making — == =^^ = ^^^^^ ~ h 

^Vl + e+Vl-e 1 + vr^^ ' 



IE 



Taking the logarithms, this becomes 
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iv = iE + lege (1 — Key''') — loge (1 — fe[e]*''): 

Since fc < 1 and the modulus of [e]*^ = 1, these logarithms 
can be developed in series, and, passing finally to the trigono- 
metrical functions, we get 

V = J7 + 2 (fc sin^ + ^ sin 2-B + y sin 3£' + . . .) . 

To get V in ascending powers of e, the beginning must be 
made with h. 

k = ^=^= : that is, fc = -?r + -tt fc^- 

1 + Vl — e^ 2^2 

e k^ 

Insert in Lagrange's formula x = k,y = -^, <p{x) — -„-> 

and, if f{x) = a;* , we get 

, ^ _ e;^ _ie* + 2_ t'(i+3)e' + *' ,- z(i + 4)(i + 5) e* + «^ 



2» I 2*+2 ' 2! 2*+* 3! 2*+" 

If now E, sin ^, sin ^E. . . are developed in ascending 
powers of e and the proper reductions made, the expression for 
V becomes 

(11) V = M -\- eX2 sinikf + e' X ^ sin 2if 
+ e' (^ sin 3if — ^ sin if) 
+ e* f ^ sin 41f — ^ sin 2 Jlf j 
+ e' (^ sin 5itf - g sin 3ilf + ^ gi^ Jif) 

/■lOOQ ACT -|7 ^, 

Before the series (6) to (11) are used, their convergence 
must be assured. For this purpose the criterion mentioned on 
page 24 will serve. The equation 

E = M -\- e Bi-nE 

has two equal roots if the two differential quotients of both sides 
are equal. 
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l = ecos^, cos^ = -^, sin^ = yi — ^ = -^Vl — e' 



hence 

1 



arc cos — = M + i \/l — e\ or, 
e 

(12) — = cos {M + i Vl — e') = cos if cos {i VI — e') 

— sinJf sm(tVl — e'') = cos Jf !-* ^-J-! 

_s,nilfLJ _1.J 

If Jlf = 0, the equation becomes 

e ~ 2 

the smallest root of which is e = 1. 

U M= ^, 



e ^ 2i 

or, if we put e = ia, 

2 = «([e] + ^^+^-[e]-^^^), 

and from this, solving for [e]^ i + a^ ^ 

(13) 1 + Vr^^ = « [e]i^^+^. 

The smallest root of this equation is 

a = 0.66195 . . . , e = 0.66195 i. 

If any other value of M is taken, a root for e is obtained from 
(12), whose modulus is between 0.66195 and 1. Hence the 
conclusion : 

If e < 0.66195, the series (6) to (11) converge in every case. 

If 1 > e > 0.66195, these series converge only for a part of 
the path. 

If e > 1, the series diverge in all cases. 

For the major planets, moving about the sun, e is always a 
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very small fraction, and these series are serviceable, but for 
many of tbe asteroids their convergence is tedious. In the 
latter case another method is in use among astronomers for 
overcoming the difficulties of Kepler's equation. 

It is possible, for each value of e between and 1, as shown 
by Bessel,* to form a progressive series in terms of the sines 
and cOsines of the multiples of M, the coefficients of which are 
progressive series in terms of the ascending powers of e. Such 
series can evidently be made from series (6) to (11), of which 
the law of formation is evident. These series can be looked 
on as doubly infinite series, and all the terms can be collected 
together which contain the angle nM. In this way, in (6) for 
instance, the coefficient of sin M 

_ e^ e^ e'' 

- ^^ 1!2!2' '^ 2!3!2* ~ 3! 4! 2' "*" ' ' ' 

To make the discussion general, and especially to show the 
convergence of the series, it is convenient to begin with Fourier's 
theorem for the development of a function in a trigonometrical 
series. 

Since E — Jlf = e sin ^ remains unchanged when M is 
increased by 2 w, the value of J5 — M, according to this theorem, 
must, for all values of E, be equal to a trigonometrical series 
of the following form 

E — M = Oo + Oi cos Jf + a2 cos 2 ilif + Og cos 3 Jf + ... 
+ 6i sin Jlf + 62 sin 2 ilf + 63 sin 3 Jf + ... 

Then, according to Fourier, 

n,^^ I {E — M)dM =^j BBmEdM =0, 



because, in this integral, the elements from M = io M — r, 
destroy those from M = -a io M — 2r^. In the same way 

27r 

a„ = — I (E — M) dM cosnM = 0. 



i/<- 



• Untersuchungen des TheUs der planetari8chen Storungen, welclwr avx derBewegung 
der Sonne mtsteht. Abhandlungen, Vol. I, page 84. 
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There remain only the coefficients b„. They are 

27r 



^l/<- 



M) dM sin nM. 



Using integration by parts, we get 

HE — M) sin nM dM = — <^^^M ^^ _ ^^ 

+ — {dE — dM) COS nM. 

If the integration is from to 2-, the term containing (E — M) 
vanishes, and we have 

2jr 2!r 



!,„ = — I (dE — dM) cos nM = ~ I 
nnj n.J 



2jr 

= -/■ 

"V 



dE cos nJf 





2jr 



dE oosn {E — e sin -E7). 





Making for brevity ne = x, 

27T 



dE cos (m^ — X sin jB) 





"V 



277 



25r 

cos nE cos (a; sin E) dE 



-\ /sin nE sin (a; sinjE/) d£' 



The terms in the brackets are by Fourier's theorem equal 
to the coefficients of cos nE, or sin nE, in the development of 
cos {x BinE), or sin {x sinE) into a trigonometrical series. 
The development is most easily performed by using exponen- 
tials. If 
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[e]*^ = z, then 
1 

z 

sin E = — ^^. — , hence 

COS {x sm E) = cos I ^. / = '-J -^^^ ; . 

(^.i.^ = »i„ H'-i) ) r.p('-^)-M-t(- ^) 

\ \ 2i l~ 2i 

But \ 

Ml(-i) = wtw-S = (l + f + ^V®"+...) 

( X l2^J W , ) 

\ 22 "*" 2! 3! +•••/• 

Performing the nmltiplication and arranging by powers of 
z, a series is obtained of the form 

[6]=^*^' ^^ = J,{X) + Z J,{X) + Z' J,{X) + Z' J,{X) + ... 

Ji{x) , Mx) Js{x) Ji{x) 
z ^ z' z' '^ z* 

where in general, 

(M) J„ix) = 2^ (^1 — 2(2« + 2) + 2x4(2n + 2)(2n + 4) 

2x4x6 {2n + 2)(2n + 4)(2w + 6) ^ ' ' V' 

Series (14) is called a Besselian function. It depends on 
two quantities, x and n, and possesses many noteworthy proper- 
ties, of which the most important is that for every value of x 
it is finite, and its value is between — 1 and + 1. This follows 
directly from the definition 

27r 



i/« 



(15) J«{x) = ^ I cos (nE — X sin E) dE, 
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since this integral is always smaller than 

27r 



/ 



dE = 2x. 



Moreover, the roots of J„{x) = are all real, so that the 
curve y = J„{x) is sinuous, like the curve y — sin x, with the 
difference that the waves for the first curve are always flatter. 
Finally, it should be noted that it is always easy to write out 
J"„ + i(a;) from J,{x) and J„_i(a;), so that, by the transcend- 
entals JJ(x) and J^,(x), the others can be determined. 
By use of these functions * we get 
cos (£c sin JEJ) = 2 \_Jlx) + J^x) cos IB + J,{x) cos 4£ 

+ Je(ir) cos 6^ + ...J, 

sin {x siaE) = 2 [J,{x) sinE + J\ix) sin dE 

+ J,{x)Bia5E+ ...]. 

o 2 

Hence &« = — J-i'^) = 1^ Mne), and 

71 ft 

(16) E — M = 2 [ Ji(e) sin Jf + ^ J^i^e) sin 2M 

+ i J3(3e) sinSJf + . . . ]. 

The quantities r, ?, and v; can also be easily expressed with 
the help of the Besselian transcendentals. Taking 
r = a (1 — e cosE) = «„ + «i cosJif + Oj cos 2if + «3 cos dM + . . . 
+ bi sin ilf + 62 sin 2M+ 63 sin SM+ ..., 

and we have at once b, = bi = in — . ■ • . = 0. 
Farther, 

27r Stt 

a„ = jj- / (a — ae cos^) dM = a ^ I cos E dM 

2. J 2.. J . 



27r 

=,„_!? cobE {1 — e cosE) dE = a {1 + ^), 


*The Besselian functions are Important in otlier problems. Readers who wish 
fartlier information about them, will find their principal properties treated of in 
Todhunter's work, "An Elementary Treatise on Laplace's, Lamp's and Bessel's Func- 
tions." 
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and, for n > 0, 
a„ = — / a (1 — 



e cos E) cos nM dM 



27r 



1 I ., -rr^ sinnM 

— a{\ — e cosE) 



2'r 



ae 1 I 

Is 

n .J 



/ smnMsinEdE 





2jr 



net . 
— / SI 



u 
~2i I <^°s[('* 



sin n (£ — e sinE) sinE dE 



cos [(n — 1) ^ — WR sin^] dE 



+ 1) E — nesmE;\dE 



ae 



= -TT [J» + i(ne) — J"„_i(ne)]. 



Henco 



(17) 



-^ = 1 + 1^ + e [[J-.le) - J-„(e)] cosilf 
• +.MM_l.Z^eos2if+...J. 
The coordinate ij is derived at once from (16), since 



sin^ = 



E — M 



«V1 — e' e 

In the same way f can be obtained from (17), since 



e = 



a (1 — e")— r 



The development of t; is more troublesome, and the reader 
is referred to the treatment of it by Bessel.* 

* AnalytUche Auflmung der Keplersclien A.ufgabe. Abhaudlunget. Vol I page 27 

3 
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The development of — is simple. For 

1 1 I dE 



r a(l — ecoaE) a dM 
and, by (16), 

(18) — = 1 + 2 [Ji(fi) coslf + J,{2e) cos 2ilf 
+ J3(3e) cosSif + ...J. 
After developing t and -q, as indicated above, x, y and z may 
be expressed in functions of the time; for M and / are connected 
by the equation Jf=n^ + t — t: = Z — tt. Taking ? = as the 
plane of the orbit, the equations (26a) p. 8 become x = ff^ + -qri^, 
y = ^Sy -\- ^v<j, and z = SS^ -{- '?'?»; the coefficients of ?, rj and C 
being given by (18) p. 16. e and i are generally small; hence 
limiting the approximation to their second powers in the values 
of X and y and to their first powers in that of z, we get 

X = a jcos ^ + -s- [ — 3 cos ^ + cos (2 C — t)] 

+ -g-[3c0s(3: — 2!r) — 4cosJ+cos(27: — C)] 
+ ^ [cos {2Q — :) — cos f ] i , 

y = aKsinC + -^ [ — 3 sin tt -(- sin (2C — w)] 

+ -g- [ 3 sin (3 : — 2 tt) —4 sin C + sin (2 tt — c)] 

+ ^[sin (2fl — :)— siaC]i, 
,z = a t sin ( C — ifi ) . 
Finally, from (17) to the same degree of approximation, 

(20) r= ajl — ecos(r — -)+^[1_cos2(J:— 7r)]t 

and thence 

,(21) r^ = a' ]l-2ecos(:—7r)+ ^[3 — cos2(f — :r)]j., ' 

which will be used later. 

Formulas (19) can be completed by taking into account the 
higher powers of the excentricity and inclination, but we shall 



(19) 
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content ourselves with deducing a result which is of great 
importance in what follows. 

From (8.) and (10) it appears that when kae'^ cos XM, or 
fc a e" sin XM, is any term in the development of f and yj, and ^ is 
taken as positive, then we always have a — X either a positive 
odd number or = — 1. 

The terms for f in which a — X = — 1 are the following: 

(22) a(cosJ»f + ^cos2Jlf + 2^2 3cos3iJf 

+ ^A' cos 4ilf + j^, 5= co8^5ilf + . . .}, 
and the corresponding ones for ij are 

(23) a (sinilf + ^ sin 2 Jf + ^, 3 sin 3 Jf 

+ 3^4^ sin 41f+ ...). 

By equations (26a) p. 8 and (18) p. 16, the coefficient of f in 
X is 

f^ = cos (tt — ii) cos Q — sin (jt — fi) sin ii cos i 
— cos T -|- cos {2Q — jt) sin^ ^i — cos ^ sin'' ^i, 

and that for rj, 

f)^ = — sin ( - — it) cos Q — cos (it — Q) cos & cos i 
= — sin TT + sin {20. — -t:) sin^ i * + sin r. sin'' \ i. 

Hence, taking for S a term of the form kae" cos XM= kae'^ 
cos X (Z — t), putting it in (26a) p. 8 developing sin^ i ^ in a 
series on the ascending powers of i, and using the formula 
cos a cos /? = J [cos (a — /?) + COS (a + /?)], we get, in the 
expression for x, terms of the form 

kae^il^ COS {x: + r^ + ^^). 

where in every case 
A + ;- + 5 = + 1, and 5 := or i5= +2, 

and, also, 
a -\- p — ['^]is odd and positive, except when /9 = 0, in 
which case a — [A] may also = — 1. 

Here [>!] is the absolute value of the quantity -I. 



(24) 
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Terms of the same form can be obtained for fj, so that in x 
only the form given in (24) can be found. With the aid of 
(22) and (23), we can at once write out the terms for which 
a — [A] = — 1. They ar6 

(25) a[cos C + -|- cos (2: — -) + ^fg^ 3 cos (3: — 2;r) 

+ 3^^ 4^ cos (4C - 3.) + ...]. 

Exactly the same results can be obtained for y, except that 
cosine must be replaced by sine. Finally, it follows from the 
formula for z, (26a) p. 8, that in z there are only terms of the 
form Icae" i^ sin {K + y- -\- SQ), and for these X + y + d = 0, 
S .= ± 1, and a -f- /3 — [/(] is either even and positive or = 0. 

We will bring these results together. 

Let the development x be 

(26) £c = S A; a e° il^ cos {X: + ^ti + dQ). 
Then the development of y is 

(27) y =:'^k a e^if^ sin {X!: + r^ + Sii) 

with the "same coefficient k, and at the same time 

r /i + ;- + ,5 =. + 1, 3 = or + 2, so that X + y = ± 1. 
(28)<^ « + /? — [-^1 is odd and positive, or when /S = 0, in the 
[^ limiting case, the first sum = — 1. 

Let the development of z be 
(29) z = S/c' e" iP sin {XZ + y- -{- SQ): then 

+ ^ + <? = 0, a = ± 1, and 
4-/9 — [-*] is even and positive, or = 0. 
At the same time in all three cases, 

r a — [r] even, positive, or 0, 
I /? — ['5] even, positive, or 0. 
The five quantities «, /9, X, y, d can have all possible integral 
values, positive or negative, if the conditions (28) to (31) are 
fulfilled, and it only remains to determine the coefficients k and 
fc' which are pure numbers. This development is the more 
expeditious, in so far as all the elements a, e, i, jt, iJ, except e 



(30) I „ 
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(which, however, appears, in C = nf + e) are analytically 
expressed. If, however, the order is that of multiples of C, the 
development can be expressed as follows: 

X = S(Z cos a; -j- m sin Af ), 

?/ = S(i sin A? — m cos /If), 

2! = S(Z' sin a; -|- m' cos A;). 

5. Historical Notes on the Preceding Sections. 

Newton's law of gravitation is the source of our explanations 
of the motions of the heavenly bodies. Its correctness is 
confirmed by attentive and unbiassed observation, while the 
development of our knowledge of it is due to the inventive 
audacity and persistence of mathematical analysis. 

Observation shows that the stars apparently describe circles, 
their common center being near the pole-star. This is not 
the place to give the reasons which led Copernicus to conclude 
that these motions were only the reflex of a single rotation, and, 
hence to propose the hypothesis that The earth is a body 
hanging free in space rotating uniformly about an axis which 
passes through its poles. 

Aside from this motion, the stars remain at rest, — at least 
for the unaided eye and for the duration of a human life. An 
exception to this fixity is found in a few bodies, the sun, moon, 
planets, comets and meteorites. Of these, the first three move 
with some uniformity among the fixed stars, while the others 
show striking irregularities which were noticed in very early 
times. 

On the hypothesis of a motionless earth, Ptolemy (Claudius) 
undertook in the second century after Christ, in his work which 
was later called the Alm,agest, to reduce the observed motions 
to circles, or rather to combinations of circular motions. 
Though this assumption is now rejected, it must be admitted 
that it was in accord -with the ruder observations of antiquity. 
As observations continued and irregularities multiplied, they 
were obliged to combine a large number of circles into cycloids, 
until at last the entire wheel work became so complicated that 
only a few could grasp it all, and to these few was attributed an 
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extraordinary degree of learning. This circumstance, together 
with the religious respect paid in those days to authority, 
permitted the Almagest to appear as undeniable truth, and 
any explanation was right or wrong, according as it agreed 
with that authority or not. The hypothesis of the earth's 
rotation, which had been already proposed by the Pytha- 
gorians and Aristarchns, fell into almost entire oblivion, until 
Copernicus (1473-1543) appeared and shattered a structure 
which had existed for thirteen centuries. Copernicus's sys- 
tem was given to the world in a work which appeared just 
before his death and which was entitled De Orbium Ccelestium 
Bevolidionibus, libri VI. By assuming that the earth rotated 
on its axis and also moved in a circle about the sun, he reached 
the conclusion that the orbits of the planets were circles, and he 
explained the observe i irregularities by the fact that we observe 
these circles from a moving station of observation. He adhered 
to the theory of circular motion, but assumed that the center 
did not exactly coincide with the sun. 

The law of gravitation was soon introduced and was gradually 
brought to a high degree of perfection by the successive labors 
of a few great men, each one of whom took up the work where 
it was left by his predecessor. Tycho Brahe (1546-1601) took 
new observations with perfected instruments, especially on the 
planet Mars. Relying on these observations and explaining 
them by the Coper nican theory, Kepler (1571-1630) succeeded 
gradually in evolving the three laws which are called by his 
name, and which he published in his two works De motibus 
stellae Martis and Harmonices Mundi. He even expressed 
clear views on universal gravitation, but he was overcome by 
work and vexations and left the crowning of his labors to a 
successor who, instead of his method of bold and happy specula- 
tion, employed a powerful synthesis. 

Meantime, Kepler's contemporary, Galileo (1564-1642) awoke 
mechanics from the sleep of a thousand years, into which it sank 
after the death of Archimedes. Galileo'6 work appeared as Dis- 
corsi e dimostrazioni Maiematiche iniorno a due nuove scienze 
atlenenti alia Meccanica, ed ai movimenti locali. The year of 



PROBLEM OP n BODIES. 39 

his death was that of the birth of Isaac Newton who first con- 
ceived the idea of gravity in 1666, and scientifically grounded 
the law of gravitation in 1686— the latter in a work entitled 
Philosophiae Naturalis Principia Mathematicn. It can not 
lessen Newton's credit that Boulliau had already expressed this 
law, but only as an assumption without any proof. By the aid of 
the law of gravitation Newton proved the laws of Kepler and ex- 
tended their validity to the comets, the bugbears of earlier times. 

Newton's surpassing genius appears in a clearer light when 
we consider the state of science at that time. Mechanics was as 
yet barely outlined, the Infinitesimal Calculus owed its origin 
largely to him, and .that powerful analysis did not yet exist 
by the help of which our demonstrations attain such extraor- 
dinary simplicity and transparency. Newton's method was, for 
the most part, synthetic, yet his results can be reached only with 
considerable difficulty by the analytical methods which now 
add so much to our facility in the solution of problems. 

With the_ development of the analysis, for which we are 
especially indebted to Leibnitz and Bernoulli, the subject was 
simplified and the problem was reduced to the form of three 
total simultaneous differential equations, the integration of 
which can be performed in many difPerent ways. The method 
employed in this book is that invented by Laplace and given in 
his MScanique ciUste. The literature on this subject, and 
especially that of the derivation of the coordinates by Kepler's 
equation, is remarkably large. The principal contributors were 
Euler, Gauss, Lagrange and Bessel. 

6. The Peoblem op n Bodies: The General Integeals. 

If more than two points attract each other under Newton's 
law of gravitation, we can, on the principle of composition of 
forces, get the components of the force acting on any point by 
adding the corresponding components of the forces exerted by 
the other points on this point. If we designate the points by 
Pi, Pa, Pa .... P„, each point with its proper index, and if we 
represent the distance between any two points P^ and P„ by 
r^f,, so that 
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.„. ^ d SC-t 7 7 1 '^2 "^1 I "^S "-'1 1 

(2) * TO, -vrf- = fc' I m, TO2 ——3 f- TOi TO3 ^—3 h • • • ^ 

CW- ^- #12 '13 

+ Wi TO„ 



(1) J-v = V(a;A — x^y + {y-K — 2//.)' + {^x — ^^)'. 

, - <i i. t^'^aji d"?/, d^^i , ., 

we get for the componeats m^ —rj^ , to, —rpf . to, -^ra- or tne 

first point by (2), § 1, and the parallelogram of forces, 

^ '^\ 7 2 I 2 "^1 I "-3 "-^J 

X„ Xi \ 

Similar equations for the other points are obtained by sim- 
ple exchange of subscripts. An exceptionally elegant form can 
be given to them, if it is remembered that the right-hand mem- 
bers of equations (2) are the partial derivatives of a function of 
the coordinates with respect to those coordinates whose moving 
force is in the left-hand members. This function, as the differ- 
entiation at once shows, is 
/3\ Y ^ /^2 rmjjrh , w., m , w.„«_, toA ^ ;^2>v^ "'X "»^ 

This function, the existence of which was first shown by 
Lagrange, is, after the example of Green (1828) and Gauss 
(1839), called the Potential of the forces. It plays an impor- 
tant part in other branches of Mechanics and Physics. Intro- 
ducing V, equations (2) take the simple form 

(4) * ->^=|^ (. = 1,2. ..n). 

V satisfies several partial differential equations from which 
by the assistance of (4), integrable total differential equations 
can be formed. Since F is a function of the distances, it is a 
function of the differences of the coordinates, and consequently 
the sum of its partial derivatives with respect to any coordinate, 
as X, is equal to zero. Therefore 

(=) • » = 2f ■ 

Further, by a rotation of amount ^ about the axis of x, y and z 
become 

y = y' cos <p — z' sin y, 

z = y' Bin <p -\- z' cos <p, 
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By this transformation F remains unchanged and independent 
of p; consequently its partial derivative with respect to y is 
equal to zero. Hence 

dy, d9 dz^ d<p 

_ dv dv 

-~^'^^^y'^^~ ■■•■ 

Or 

dv dv\ 



(6) * = 2( 



From (4) and (5) we get at once 

(^) * = 2- 1?- 

By a single integration these become 

(8) ~ * 2™"5 = '*"" 
Finally, by another integration 

(9) * "Simx = aj + aj, 

which equations, o^, aJ, being the six constants of integration, 
prove the law of the conservation of the motion of the center of 
gravity. For if its coordinates be represented by i, rj, Z, and the 
sum of the masses S m by Jlf, we have 



(10) 


e = 


M "> = - 


"Si my ^ 

M ' ^ ~ 


'2mz 


M 


and hence 
(11) 




* M^ = 


aJ + aJ. 





By elimination of / from (11) we obtain two independent 
equations of the first degree between f, tj, Z. The center of 
gravity must, then, move in a straight line with constant 
velocity. It is 



VO' +©'+©'- 



V«.^ + a;+n,^ 



M 

If Ux — tty — a^ = 0, the center of gravity is fixed. 

The sun and its planets and comets form a closed system 
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whose members gravitate toward each other, while the outer 
forces, due to the fixed stars, are very small, on account of the 
great distances of the latter. The center of gravity of the solar 
system, falling generally within the sun, will move, if it moves 
at all, in a line so nearly rectilinear that its curvature will be 
sensible only after the lapse of a long period. This motion is 
the proper motion of the sun or of the solar system. Gauss con- 
cluded from the proper motions of the stars that, with a high 
degree of probability, the sun moved toward the constellation of 
Hercules a result, which was first found by Sir W. Herchel. 
Later spectroscopic observations have confirmed this result. 
From (4) and (6) follow at once, 

(12) ♦ o = 2»(»&-^i?)^ 

The equations are integrable at once, and give 

(13) •o=24^S-'l)- 

Equations (13) are the integrals of area, because, in accord- 
ance with § 1, page 4, they express the fact that The sums 
of the products of the masses and the projections of the areas 
described by the radius vector vary as the times. 

doc doc 
From (4) by multiplying each equation by its —Tr-'—Tr- ■ • , 

dy, dy^ dz^ dz^ j jj- j. 

"Sri r d'^x dx d^y dy d'z dz'\ 
^ ™ l"dF 'di ^ 'W ~dt '^ ~dF ~di J 

2( dV dx dV dy dV dz\ 
^dx dt^ dy dt "•" dz dtJ' 

By integration, this becomes 

This is the equation of the kinetic energy for this particular 
case. It expresses the fact that one-half the sum of the pro- 
ducts of the masses into the velocities differs from the potential 
by a constant only. 
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It should be noted that the kinetic energy, and therefore, 
some velocity, can become infinite, according to (14), only when 
V is infinite, or when one or more distances of the points = 0. 
In that case, however, the differential equations (4) lose their 
significance because some of the right-hand members become 
infinite. The rules of the Calculus are applicable only up to 
the instant of collision; hence, in this entire discussion, there is 
a preliminary assumption that no collision occurs, at least none 
during the time selected. ' 

The integrals (9), (13), (14) are the only ones so far discov- 
ered for the general case, and it has been lately shown by 
Professor Bruno that no other algebraic, nor Abelian integrals 
exist. While the investigations of the mathematicians have, as 
will be shown in later paragraphs, brought to light relations of 
the highest interest, there is, nevertheless, reason to think that 
the analytical functions so far introduced do not suffice for the 
solution of the problem. Systems of differential equations are 
generally not submissive to integration; their very generality 
gives them an obscurity which is not likely to yield to any other 
than a complete general treatment. 

As the center of gravity plays so important a part, it is very 
often advisable to refer the motions to it, by employing a moving 
system of coordinates, whose origin is at this center and whose 
axes are parallel to the original axes. If the coordinates in this 
system are represented by primes, and those of the center of 
gravity referred to the stationary system by ?, ij, C, then 

(15) * x, = x/ + e, 

and so forth. If these are introduced into (4), f, i?, f, disappear 
at once from the right-hand -members, and they disappear from 

d^S d\ d'"'^ 
the left because —rrr = -^rw = ^tt = 0- In other words: 
dV dt^ dV 

The law of gravitation applies also to the relative motions 
about the moving center of gravity. 

The entire motion of the system, then, consists of two parts: 
a motion of the system as a whole, represented by that of the 
center of gravity, and an internal motion about the latter. 
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The integrals (9), (13), (14) must remain significant for the 
primed coordinates, but the constants of integration must have 
other values, which may be represented by b's. Naturally, then 
b^ = bj ^b,= b; = &. = bj = 0. 

Further, from (15), if we put '^m — M 

^ dz' , ^ dif d-Tj ^ , 
' ' dt dt dt 

and, since S mx' — 'Smy' = S mz' = 0, and by (11), 

d£_ _ f/^ _ Oy' o^ — rij (i„ 
'^ dt dt~ M' 

we get 

,Mi\ * "S:" ( ,dz' ,dii'^ „, „ cja. — ajay 

(16)* ;2i"*l2/'^-^ ■^j = a =a ^g= 

Finally, 

. „. ■^ m dx^ + *y^ + c/z^ _ "ST'^ '^^'^ + <^2/'^ + ^^'^ 

+ 2 c/r 

This equation shows that the kinetic energy of a system of 
bodies is equal to the kinetic energy due to the motion of the 
bodies about their center of gravity, plus the kinetic energy 
due to a motion, equal to that of the center of gravity, of a body 
whose mass equals tiie combined masses of the bodies. 

Froni (17) we get, therefore, 

(18) 21 •» C^' + iy-""^ -) = F- + c. = r+ o 

1 f / + fl/ + a,' 



2 de 

MdS' -j-dv' + dZ' 



2 1/ 

where V is the same as V except that the relative coordinates 
are used. 
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To equation ( 17 ) Lagrange gave a form which admits of a 
highly interesting conclusion concerning the stability of the 
system. • 

Introducing into (4) the primed coordinates, and multiplying 
the equations in order by a;,', t//, z,', etc., and remembering that 
F is a homogeneous function of the coordinates of the degree 
— 1 and hence, satisfies the equation 

we get 

(19) ^ra[x'^^ + y'-^^z ^^} = ~ V, 
and, adding twice equation (18) and reducing, 

(20) ^p = F' + 2C'. 

This equation can be given a form in which the mutual 
•distances of the planets alone appear. It is 

By multiplication by mx m^ and addition, 

S m^ m^ r,; = ^m^m^ [{x^ ' + y^ '^ + z,! ') + {x; ^ + 2// ^ + z; ^)] 
-S2m;im^(a;;i'a;/ + 2/^: 2/^ + 2;;i' V)=-2»^2;m;,(a;;i'^ + 2/;i'^ + ^r^i'^) 
- S [ra;i'' (x/ ^ + 2/;i' ^ + ^a' + 2 m;i m^ (a;^' a:;/ + y^ y^ + sr;^' z^)]. 

The last sum = (Smpiccx')' + {:S,m'^yx'y + (S?»;iz;i')2 = 0, 
and (20) becomes \ 

(21) W ^/ ^^^ -F' + 2C7'. 

F' is always positive. IE C is also positive the right-hand 
member is positive and greater than 2 C. The first derivative 
of 2m;i OT*r;i,^^ will then increase continuously. If it is origi- 
nally negative, it will at some time = and will afterwards 
be positive, so that in this case Sm;i m^^rx^^ grows with acceler- 
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ated velocity to infinity. A distance r^^ must eventually become 
infinite, that is one point must at last separate itself from the 
others to an infinite distance. If by stability of a system is 
meant the condition that these distances always remain finite 
(never and never go), we can say: 

In order that a system may be stable, C" must be neither 
positive nor zero; that is, the kinetic energy must be less than 
the potential. 

It does not, however, necessarily follow that when C" is nega- 
tive the system is stable. Only partial stability can be con- 
cluded from it since not all the distances can become infinite. 
For if all points separated infinite distances from each other 
V would = and the right-hand member of (21) would be 
negative. S mx m„ r-^^ must finally become smaller, and at least 
two points approach each other, and this is impossible since at 
infinity the attraction = 0. 

The conception of complete stability, as defined above, is of 
the highest importance for astronomy. The solar system, 
including only sun and planets, is, in all probability, a stable 
system. The labors of Laplace and Lagrange and of later 
astronomers culminate in the problem of stability, and they have 
shown that this conception can be narrowed down to a great 
degree when applied to this system. Unfortunately, however, 
they have not succeeded in giving an entirely rigorous proof, 
nor, in general, in fixing the conditions of stability. At present 
it can only be said that our solar system may be stable, and, 
with great probability, is stable without limit as to time. 

Finally, we will add a paragraph on the conception of the 
invariable plane, as represented by Laplace for our solar system. 
The expressions 

^ at dt dt dt dt ^ dt 

have the remarkable property that, with a rotation of the system 
of coordinates, they are transformed in the same manner as the 
coordinates. Taking the familiar transformation formulas 

(22) * X" = X' a^ + y' H^ + z' n. 
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and representing the first set by A', B', C", the transformed 
ones by A", B", C", we get from (22) 

A" = A' i^„n — Tyl^.) + B' {ry a. — s r.) + C" (s /?. — /?, «J, 
or, by known relations between the nine coefficients, 

(23) * A" = A'a,-\- B'P, + C'r.. 

If we represent by CJ', CJ', CJ' the constants which replace 
CJ, Cy, C/ of equations (16), we get similarly, , 

(24) * CJ' = CJ a. + CJ /?. + CJ n- 

The constants of integration are, then, transformed in the 
same way as the coordinates. If a new system is selected such 
that CJ' = CJ' = 0, then two equations fix the x" axis com- 
pletely, but not those of y" and z". For from them is derived, 

CJ : CJ : CJ = §yn — Yy^^ ■ ry<^z — «yr. : «!//*» — ^"^y = °-<^'-^^'- n, 
and hence, 

Cx n . ^y 



(25) 



s/CJ' + CJ-' + CJ' VCJ' + CJ' + CJ 

CJ 



^/CJ' + CJ^' + CJ' 



and 



(26) CJ' = VOJ' + CJ' + CJ\ 

The y" z" plane, thus determined, is Laplace's invariable 
'plane. The sum of the areas projected on it is a maximum, 
while for every x" plane it is zero. The invariable plane makes 
but a small angle with the ecliptic, and has the exceptional 
advantage over the latter, as well as over that of the equator, to 
which are generally referred the spherical coordinates of the 
stars, that it is absolutely invariable, while in the course of 
thousands of years the ecliptic and the equator change their 
position in space to a notable amount. A proposal to use the 
invariable plane is, however, for the present illusory, because it 
can only be fixed after an absolutely exact knowledge of the 
masses of the planets, and, besides, all astronomical tables now 
employ ecliptic or equatorial coordinates. 

If at any moment all points are in one plane and all the 
velocities in the same plane, they will always remain in this 
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plane, and it becomes the invariable plane of the system. This 
is approximately the case with the solar system. 

If GJ = Cy' = CJ = 0, every plane is invariable. This would 
be the case, for instance, if all the points were at rest at a given 
instant, or if they were all in one straight line and their motion, 
was confined to it. 

The motions in the solar system are referred by astronomers,, 
not to the center of gravity, but to the center of the sun. This 
requires some modification in the formulas which will now be 
given. 

Let the Gaussian constant k = 1. Let rrii be the mass of 
the first planet, x^, 2/,, Zi, its coordinates with reference to the 
sun, Xi, ijx, z^, these with reference to the center of gravity of 
the system, etc. Let f, :?, C be the coordinates of the sian referred 
to the center of gravity, and let its mass be M. The potential 
F' has the value 



+ 2 



sf{x{ - -^r + {y{ - -nY + (0x' - 0' 



W{x^ - x;y + (2/a' - y;Y + W - V)^ 

The equations of motion become therefore 



^ dt' - 


dS ' ""' dt' ~ dx, 


But, 




(27) X, = x: — e. 


2/i = Ui ~V, Zi - 2/ — C, etc.. 


and if we put 




T._^ 


m;^m^ 


^V{x^'- 


-oc;y + {y'/-y^'y + {z^'-z^'r 


^ 


w-xm^ 


^V{x^- 


- ^^Y + (.y^- y^y + {zy,- z^'- 



Va3/ + yx + zx^ = r^, 
M -\-m-), = /i;,, 
we get 
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dt' 



dp 



'^^nr^ — ■"'3 -A 



X, , 1 dV 
. . . etc. 



Introducing finally, 



m.\ 






m, 



x-Ka^ft + yxVii + ^aZ/. 



where m may be any number not ^, the equations of motion take 
the form 



(28)* ^ 



^1 Xi 8i?] d'^x^ 
^i^^ d^' ~dF 






The qualities i?i , i?2 ... are called perturbing functions, for 
reasons which appear later. They depend only on the masses 
of the planets and on their distances from each other and from 
the sun. When x^, 2/1, Zi, etc., have been determined by (27), 
f, ij, C are found by the equation 

iff + ^mx' = ilf? + Sm (a; + ?) = 0. 

Hence, 

'S:mx 



(29) 



H + Sm' 
and consequently 

Sma; 



,etc. 



' M+ Sm' 



The integral equations (16) and (17) also take on a some- 
what different form. They become 



(30) 



2"'(^§~^§)+^(^'"^^™ 



dz 
di 



dz 



dt 



3 = c/. 
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(30) 



and 



clx 
di- 



'Emy'S.m^^ = C,', 



]c = 



Jf +Sm' 



2f[(S)"+(l)"+(rn"] 

7. Peoblem op Theee Bodies. 

Three bodies only will now be assumed, not because the 
results obtained for three can be extended to a larger number, 
but because the formulas obtained with this limitation present 
an extraordinary symmetry. No new integrals will be afforded, 
as has already been shown. It will appear, however, that by a 
skillful and elegant use of the integrals already found, the pro- 
blem can be notably simplified. This is especially the case 
when the development is reduced to the parts which are inde- 
pendent of the system of coordinates, making what Hesse calls 
the reduced problem of three bodies. 

The system of nine differential equations are, in this case, 

d'x; dV 



(1) 



in which 



•(2) 
<3) 



T' 



dt' 



nil Vlr, 



dX; 



(«■= 1,2,3), 






+ ^^^5J!?i,^a 



r^,u = V(a-/ — ■»>)' + (2// — y^y + {zx — z^^y. 

This is a simultaneous system and requires for its solution 
eighteen integrations, of which ten have already been performed, 
—six for the law of conservation of motion of the center of 
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gravity, three for the areal law, and one for the law of conserva- 
tion of energy. Aside from these results, the system can be 
reduced to one with only two variables a;, and /, for instance. 

If the first of the equations ( 1 ) is differentiated with t as the 
independent variable, we get 



(4) 


^' dt' ~~ dx.dx,^^' ' ox.dy,^' ' dx.dz^'^' 




+ 8a;.. 8x2"^ ' dx.dy,'"' ' dx.dz, "'^ 




+ dx, dx, ^'' ' dx< dy, ^^ ' dx, dz, ^' 


wher 


e «'i = -^ ! Vi = -§i , Wi — ~ , and it will follow that 
dt dt dt 


du,- 


d'^Xi 


dt ~ 


~ dt' ■■■• 



The right-hand member of (4) is a function of the coordi- 
nates and their first derivatives. If (4) is again differentiated 
with respect to /, and the second derivatives are eliminated by 

(1), —rrr is also a function of the coordinates and their first 

derivatives, and it becomes evident that -^rnr is a function of the 

di" 

dloc • d QC- 
same quantities. Fixing the attention only on x,, —7^ , ~rrr' 

d^ X- 

— TTT ' etc., it appears that in these equations there are only 

sixteen elements, (the eight other coordinates and their first 

derivatives), which, have a perturbing action, and, to eliminate 

these we must have seventeen equations. The proper way to 

d'^ T ■ d' T ■ d^^v- 
do this is to express -777^ > —jir ■ ' " ~ffw ^s functions of the 

nine coordinates and th^ir first derivatives and, by means of the 
seventeen resulting equations, to eliminate the eight remaining 
coordinates and their derivatives. The final result is an equa- 
tion of the form 

-f( ^ ^l3. d^^Xi'\ _ „ 

(°) J l*" W dt' ' '" df' J ~ ' 
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that is, a differential equation of the eighteenth order between 

Xi and t. 

When (5) is completely integrated, the problem becomes 

one of pure elimination, and the previous expressions for 

d^ X- d ^^x ■ 

~jX¥ ■ ■ ■ ^Ji8 S'l'e more than enough to calculate the remaining 

coordinates and their derivatives. 

In the place of a coordinate, any function of the coordinates 
and their first derivatives may be employed. This v/ill in gen- 
eral lead to a differential equation of the eighteenth order 
between the function and the time, but in special cases it may 
lead to an equation of a lower order. Indeed, it may be the 
case that the equation is of the first order and takes the simple 
form 

dt 

and this is always the case when <p is an integral of the system. 

In general, au elimination of all the variables but two, and 
even the elimination of a less number, will not be of use because 
the order of the differential equations rises as the elimination 
proceeds and their number is decreased. 

The fact that equations ( 1 ) are independent of the system 
of coordinates selected gives them a property which was first 
clearly pointed out by Lagrange in his celebrated paper Siir le 
prohUme des trois corps. It is that a special system of 
unknowns can be given, such that with them the problem 
requires only nine integrations,— nine less than the general 
system of equations. The unknowns must be so selected that 
they depend only on the mutual distances of the bodies, and, in 
this case, they are preferably r,2, i^^, r.^^. The problem thus 
transformed is Hesse's reduced problem of three bodies. 

Besides the fact that this redaction reduces the order of the 
system by nine, there is another and a deeper ground for it. In 
anv system of moving points, without further hypothesis, there 
are only changes in the distances and directions, and the latter 
can always be expressed by the former. It is therefore clear 
that, aside from all hypothesis, our real knowledge of the motions 
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of bodies in space can not surpass that given by the reduced 
problem. The laws of the motions of bodies are deduced from 
observation and also from hypotheses, which, however simple 
and credible they may be, are still hypothetical. If we remove 
the results of the latter from our problem, what remains is the 
reduced problem. 

Observations alone would never have disclosed Newton's 
law, even if we had been able to measure the distances directly. 
It is only on the hypothesis that the fixed stars are infinitely 
distant and at rest that the real changes in direction can be 
determined. Farther, the principle of conservation of the 
motion of the center of gravity of our system is an hypothesis 
without any basis in direct observation, created by Newton out 
of his principle of action and reaction; and, however great its 
probability on philosophical and other grounds, it is incapable 
of a rigorous demonstration. 

The reduced problem for two bodies is expressed by (16), § 1 

//;\ \ dtJ dt 

dr r' 

which is of the third order, while the general problem requires 
twelve integrations. The problem then is, to get for three 
bodies the equations corresponding to (6). This has been done 
by Lagrange in the most elegant manner, and to lay the founda- 
tions for it, we will first transform equations (1) by introducing 
the components of velocity which will be indicated by major 
letters, thus: 

(7) * x.= 5;. 

Equations ( 1 ) now become 

(8) * «^.§ = |^,(^^ 1,2,3). 

If we take Xi and JT,- as variables, then (7) and (8) will together 
form a system of total differential equations which can be used 
for (1). It will be noticed that by this process the number of 
these equations is doubled but we now have equations of the 
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first order only, instead of the second, and this is more con- 
venient for many transformations. 

Equations (1) retain their form if, instead of the given con- 
ditions, others are introduced by orthogonal transformation in 
a new fixed system of coordinates, or in a system which moves 
uniformly relative to the given one. Taking (7) and (8), we 
see that they retain their form if we put 



where «, /5, y are the nine coefficients of an orthogonal trans- 
formation, and a and b, any six given quantities. Hence (7) 
and (8) permit the transformation (9), and if they are together 
of the 18tli order, it follows that, if we consider only such func- 
tions of Xi and J^, as permit this transformation, they will be 
reduced to the 18 — 9 = 9"^ order. It is clear that we may 
take ri2, rjs, rj, for such functions, but it is better first to con- 
sider all the nine functions, which are independent and by 
which the others may be expressed, as may easily be shown. 
A function which permits the transformation above depends only 
on the differences between the quantities a;,- and between the 
quantities Xi. Putting 

/ I /-\\ j '^\ '*'2 <^ ) "^2 »*-3 '^ ■) •*-% 



* -Xi — X^ — X'" , X2 — -X3 — X', X^ — Xl X" , 

then any such function depends only on the primed quantities. 
The number of these is eighteen, but it immediately reduces to 
twelve, since 

* x' -\- x" + x'" = 



(11) 

L * X' + X" + X'" = 0. 

This reduction would destroy the symmetry and we will there- 
fore retain all the eighteen x', X', etc. 

If we define the twenty-four expressions [■<, m], [■*, /"iJ, 
[^1, /i], by the formulas of Hesse, 

r IX, ix] = x'^x'' + y'^y- + z^zr'' = [/^,A], 
(12) \ [A, /.,] = ic^X" + y^Yi^ + z^Z^ 
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they will permit the transformation required and it is clear that 
they may be expressed linearly, by (11), but for symmetry we 
shall rather take, 

^[l,l],[2,2],[3,3],orr,3^n/,r,3^ 
(13) Ul,l'J,[2,2'],[3,3'], 

L[l',l],[2',2],[3',3], 
and 



(14) 

or, by (11), 

P=[l,2']-[2,1'] = [2,3'] 
Considering the results of (11), 

(15) 



/- = [1,2']-[2,1'], 

[3,2'] = [3,1'] 



[1, 1] + [1, 2] + [1, 3] = 0, 



[1,3']. 



r[l,l] + [l,2]H 
1 [1,1'] ^[1,2'] 



(16) 



+ [1,3'] = 0, etc., 

we find by simple transformations 

[l,2] = -i([l,lJ + [2,2]-[3, 3']), 

[1', 2'] = - i ([1', 1'] + [2', 2'] - [3', 3']), 

[l,2'] = -i([l,l'] + [2,2']-[3,3'])+p, 

[2,l'] = -i([l,l'] + [2,2^]-[3,3'])-^, 

I, etc. 

There are also other simple expressions which permit the 

transformation (9). These are determinants of the following 

type: 

X' ,y', z' 

x" , y", z" 

X', F', Z' 

If two such determinants are multiplied by rows, expressions of 
the form [/l, m], etc., will be obtained. For instance 

[1, 1 ], [2, 1 ], [1', 1 ] 

[1,2], [2,2], [l',2] 

[1, 1'], [2, 1'], [1', 1'] 
As nine independent functions, which admit (8), are suf- 
ficient for expressing all the others by them, it follows that 
there must exist one equation containing the nine quantities 
(18) and p. To find this equation, let us take the vanishing 
determinant 



(17) 



D = 



, etc. 



ly 
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X' , y' , Z' ,0 

X" , y" , z",0 
X' , Y', Z',0 
X", F", Z",0 

and form the squares by rows. The square is 

[1,1], [1,2], [1, 1'], [1, 2'] 

[1, 2 ], [2, 2 ], [2, 1'], [2, 2'] 

[1,1'], [2,1'], [1', I'J, [2',1'] 

[1, 2'], [2, 2'], [1', 2'], [2', 2'] 

and if we introduce therein expressions (16), we immediately 
obtain the equation sought, but in an unsymmetrical form. 
From inspection of (18) we get an equation of the form 

(19) Ap' + Bp' + C=p, 

and 



(18) 



0, 



(20) 



=V 



— S + V -B' — iAC 
2A ' 



in which p is expressed in terms of the quantities of (13). 

We now pass to the formation of the differential equations 
between the nine quantities of (13) and the time, or rather, 
since we retain p, between (13), pi and 1 To this end we first 
form the differential equations between 



and 


* x', x", x'", 
X, X", X", 


introducing, for brevity. 




m-^-\- m^ "4- ?H3 = 


(21) 


1 1 

„ 3 3 — Pi) 
'13 '12 

1 1 

„ 3 3—^2) 

'21 '23 

1 1 



M, 



^3 3 Ps) 

'32 '31 

. Pi + Pa + Ps = 0. 
From (7) and (8), with the aid of (2), we get them, by a 
simple transformation, in the form 



PKOBLEM OP THREE BODIES. 



57 



(22) 



ClX , ... 

dx' _ 



x" p,) — M—,, 

'23 



from which the others may be written by cyclical interchange 
of the indices. The differentiation of (12) and use of (22) and 
(16), with simple transformations, gires 

^%^ = 2C1,1,, 

^^\P = [IM'J -f (P. ([3,3] -[2,2]) 

M{l,\^ 



(23) 



+ (Pa -P.) [1,1])- 

' 23 

^i^ = m,p,([3,3']-[2,2;]) + (p3-P2)[l,r]) 

2Jf [1, r] 



dt 



from which the six others can be written by cyclical interchange 
of indices. 

Finally it follows that 

^ = m, [2, 3] J3i + m, [3, 1] 2h + m, [1, 2] p^ 
(24) = — |([l,l] + [2,2] + [3,3])(mi^, + m,p, + m3P3) 

+ TWiPi [1,1] + jMjPz [2,2] + r»3p3 [3,3]. 

Since r.^ = [1, 1], etc., equations (23) and (24) are the ten 
differential equations between [1, 1], [1, 1'], [1', 1'], etc., p and 
t. The quantities p and r, according to (13) and (21), are 
directly given by [1, 1], 2, 2], [3, 3]. 

Of the system (23) and (24) there is one integral known, 
namely, equation (19), and, since this contains no arbitrary 
constants, it is either a particular or a singular one, but which 
it has not yet been determined. When p is eliminated by 
means of it, equations (18) represents a complete system of 
differential equations between [1, 1], [1, 1'], [2', 2'], etc., and /. 

If only the three distances and the time are to be retained 
in the system, then [1, 1'], [1', 1'], etc., must be eliminated 
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from (23). This is easily done, since [1, 1'], etc., are at once 
derived from the first of these, then [1, 1'] by substitution in 
the second, and then also p by the distances and their first and 
second derivatives relative to the time. These substituted in 
the last give a final equation of the form 
1 d' [1, 1] dP, , ^ 

where 



(26) 



P. = f (([3,3]-[2,2])p,-[l,l](p3-i5.)) ^^ 



3 



23 



ft = m, (([3, 3'] - [2, 2'])p, + [1, 1'] {p, -p,)) - 



2ir[l,l'} 



The expression for p is to be substituted in (25). The inter- 
change of indices will then give the two other differential equa- 
tions of the third order. 

From these an integrable equation can be formed for, from 
(26) 

Ml 7)1-2 fUs cHy.mi rtii m^J ' 

Hence, from (25) and its analgues; we get 

i ^ (^2 ^3 raa' + Wis wii }-3i' + mi JWj r^i) 

dM fP, , P, , P,\ d , ,^^^, 

Then, by integration, 
or equation -(21), § 6. 



d^ 



If equations (25) are multiplied, in order, by 



3 * 3 ' 

Wj 7*23 TTl^ 7*31 

3- , and the products added, the p disappears. It follows 



that 



._hd'[l,l] dP, -1 1 
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^" L* df ~df~^']iii;vj- 

Besides the integral (27), the equations (25) have another, 
a combination of the surface integrals, found by Lagrange. 



(29) 



m, rwa *K3 ' 

(A?\ I (v. 0. , (g, g)a ^^. 

mi ^2 wij ' 

(-'■ ^)i , {S,yi)2 I (g, ^)3 _ g 

■m, W2, m, ' 



where, for brevity. 



(30) 



vx- 



dt 



— ?/, -^ = Kn, Vj\, etc. 



The combination given by the new integral is the sum of the 
squares of the areal integrals. For 

, g (>?, Ol (^, C)2 + (C, 0. (g, e)^ + (c, r;)i (f, ,), 

mi mj 
But, by a known proposition of determinants, 

(^,0.^ + (c,f).^ + (f.^).^=[l,l][l^^]-[l,l']^ 

= [l,l](i[l,l]"-Pl)-(i[l,l]')^ 

(^,Oi('?,02+...=[l,2][l',2']-[l,2'][l',2] 

= [1,2] (i[l,2]" + ^i±^— ^)_((^[1,2]')^- A 
etc. Consequently 

(31) a^^v^,^^\>^^'\^^\y^^r-:p.)-m,m' 

ma 

[l,2](i[l,2]" + ^^-|^^^ 

+ 2 ^^ ^ 

mi mj 

+ .... 
And (31) is the integral sought, when for p its value in (20) is 



)-(a[l,2]')^-/'^) 
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taken. The system is reduced to the seventh order and con- 
sists of 

1. A differential equation of the third order (28), 

2. " " " " second " (29), 

3. " . " " " second " (31). 

If / is eliminated from these equations, the order is reduced 
to the sixth, and this is the extreme of reduction rpached to the 
present time. 

When the reduced problem shall have been completely 
integrated, the final solution of the entire problem will, as 
shown by Lagrange in his celebrated memoir, depend on a 
single quadrature. 

If equations (29) are multiplied in order by ?i, jji, fi, we 
get, by appropriate addition, 



(32) 



ni2 dt 

dri2 _ 
TUidt 

d:. 



dl, 
rriadt 

dvs 

m^dt 

dZ, 



«-i + H + cCi. 



m^dt m^dt 

The left-hand member is a function depending on the dis- 
tances. If it is squared, by compounding the columns, and the 
previous formulas are used, the desired form is at once obtained. 
In the same way the expressions a'l^ + &'J2 + cCs, and o^a + hrj^ 
+ 0^3 may be determined. If ?, ij are taken in the invariable 
plane, a = 0, and 6 = 0, and from (32) and the corresponding 
equations fj, Cj, C3 can be obtained at once, that is, the position 
of the plane in which the three bodies move, in its relation to 
the invariable plane. 

In order to get the six remaining coordinates, the five fol- 
lowing equations are to be used. 

' ?i + f 2 + f 3 = 0, 

^1 + '?2 + 'Z3 = 0, 



(33) 



e 2 I ^ 2 _ 2 

^1 r vi — '23 

•2 + '/a'"' = ni' 

"« ?3 nr ^n — '12 



r 2 __ 
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and only one more relation is needed. 
Putting 



tan tp = -^, 



we get 






.V-"[(i)"+(SO']-G=¥)' 



dt 

The right-hand member is, from the preceding, a known func- 
tion of /, consequently, (34) gives, by direct integration, 

,3,, ^J Vv[(§)Mf]-Ovf T,^, 

1 23 

This and the five equatioas (33) determine the sis required 
coordinates. 

It appears, then, that the last integral (35) of .the problem 
of three bodies is obtained by a simple quadrature. The reason 
for this has been given by Jacobi in his celebrated paper on 
the principle of the last multiplier ( Vorlesungen tiber Dyna- 
mik), where he showed that the problem of three bodies belongs 
among those cases where the last multiplier is directly applica- 
ble if the other integrals are kuown. 

8. Special Cases of the Peoblem of Three Bodies. 

While the reductions given in the preceding paragraphs are 
the extreme ones permitted by the general problem, it is possi- 
ble in several special cases to go farther and reduce the problem 
to a lower order or even to solve it completely. These cases 
will now be discussed. 

I., In which ihe plane of ihe ihree bodies remains con- 
stantly parallel to itself. 

In this case* the plane of the three bodies is constantly the 
invariable plane. The right hand members of (32), § 7, and its 
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two corresponding equations, are = because they are in the 
ratios of the distances of the three points from the invariable 
plane. The left hand members, which must also vanish, depend 
only on the distances and their time derivatives, and conse- 
quently we get three new integrals of the reduced problem, 
between which, however, an identical relation exists. They are 
perfectly symmetrical, and may be written 



(1) 



^2, 


?3, 


dt 




fa, 


fl, 


dt, 

dt 




fl, 


^2, 


dt, 
dt 


'J2, 


13, 


dt 




'^IS, 


l?!, 


dl?2 

dt 




'Zij 


%. 


dt 


'2, 


fs, 


di 




-3, 


Ci, 


d?2 
dt 




■=lj 


f2, 


di, 
dt 



m-, 



III, 



To get the distances themselves, these determinants must be 
squared, and when squared by compounding the columns, give 



(2) 



[2,2], [2,3], [2,1'] 
[2,3], [3,3], [3,1'] 
[2,1'], [3.10, [1M1 



[3,3], 


[3, 1], 


[3, 2'] 


[2.1], 


[1,1], 


[1,2'] 


[3,2'], 


[1.2'], 


[2'.2'] 



[1,1], [1,2], [1,3'] 
[1,2], [2,2], [2,3'] 
[1,3']. [2,3']. [3',3' -| 



We shall soon see that the expressions in equations (1) and 
(2) are not alone equal, but also = 0. 

For [/, //] and [//, //], their values from (31) and (33), § 7, 
and for p its value from (20) are to be used in order to get two 
new integrals of the reduced problem. By their help the order 
is reduced from seven to five, and finally, by the elimination of 
i, to four. 

This result may also be reached directly. By taking the 
plane of the three bodies as the x y plane, z — 0, and hence the 
relative motions of the bodies may be expressed by a system of 
the eighth order, composed of four equations each of the second 
order. The reduced problem is less by unity, hence of the 
seventh order, because the direction of the coordinate axes 
plays no part in it. The equation of the kinetic energy and of 
the law of areas afford two integrals, which reduce it to the 
fifth and finally, by the elimination of t, it is reduced to the 
fourth order. 
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II. In which the three areal integrals are equal to zero. 

Here a = b — c = 0, and the right hand members of (32), 
§ 7, vanish identically, hence also the left hand members. 
Equations (1) and (2) remain as in the previous case. This 
leads to the conjecture that, in this case also, the plane passing 
through the three bodies remains constantly parallel to itself. 
This is capable of proof, as follows: 

Developing the first determinant of system (1) by columns, 
we get it 

<^) =^§ + ^W+^f- 

in which 

By equations (12), § 7, these expressions are unchanged when 
the subscripts 1, 2, 3 are cyclically interchanged. 
The other determinants therefore become 



(5) 



= a'^ + b'^ + C'^, and 
at at (It 

Calling the three determinants of (1) 2h! Pn Ps, we get 

Pi ^ Ih ^ Jh^ 
iii-i tiL, nis ' 

and further, identically, 

Pi + P2 + Ps = 0. 

Designating the common value of the preceding fractions 

by^-, 

Pj = /im,, p2 = ^-m,, p., = Xm^, 

hence 

A ()»i + IVo + W:j) = 0, 

and as mj + m^ + m, cannot vanish, 

(6) ''- = 0, and hence pi = p^ — jh = 0, 

The quantities A, B, C, have a very simple geometrical mean- 
ing; they equal twice the three projections of the triangle whose 
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angles are at the three points. By their ratios, they therefore 
determine the position of the plane of these points. Equations 
(6) show that the relative motion of the points is in this plane, 
and the above proposition follows from it. 

This case is, consequently, included in case I and affords no 
new reductions. 

III. In lohicli the three ureal integrals and the constant 
of the kinetic energy are equal to zero. 

In this case the system of the fifth order, (found after the 
elimination of t), can be reduced to an order lower by unity. 
This follows from a principle of great simplicity and import- 
ance, which may be viewed as an extension of Kepler's third 
law to the general problem of n bodies. 

The differential equations of this problem ia their original 
form are 

dt' dXi 

The second members of these equations are homogeneous 
functions of the coordinates, of the degree — 2. If we write 
kxi, kyi, kz, for a;,, t/,, z, and t0 for t, k—^ will appear as a factor 
ia both members, and when it is suppressed, the equations have 
their original forms. From this it follows that from any solu- 
tion Xi, yt, Zi, another solution kx,, ky^, kzi, with a constant 
factor k can be obtained, if tk^ be substituted for t in the 
expressions for these coordinates as functions of t. This can 
be expressed as a proposition. 

From any solution of the problem of ii bodies another can 
be deduced in which all the linear magnitudes are increased or 
decreased in a constant ratio. For such systems the squares of 
the times, from the first to the last places respectively, must be 
proportional to the cubes of the linear magnitudes. 

When attention is turned from the position of the orbits in 
space and time, and fixed only on their positions with reference 
to each other, the system can be reduced to the eighth order, 
as has been shown, without the introduction of a single constant 
of integration. If again the linear dimensions are not consid- 
ered and only the form of the system is taken into account. 
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another arbitrary constant (the h above) is eliminated and the 
order is reduced by unity. But the two given integrals (that of 
the kinetic energy and that of the sum of the squares of the 
areas) determine but one of the two integrals in the second 
case. If the two constants of integration are given, they must, 
after the above substitution, be multiplied by determined powers 
of k (the first power + or — ), and the product of the two is the 
only general integral for this case. 

It is otherwise when these constants each = 0, for they do 
not then change on this substitution, but remain = 0. In this 
special case the last system of the seventh order is reduced by 
two units. 

So long as we confine ourselves to real quantities, this case 
can occur only when the three areal integrals are separately 
zero. Then there is a further reduction of two units, and hence. 

When the three areal integrals and the constant of the 
kinetic energy vanish, the given system can he reduced to the 
third order. 

I. will not delay farther on this case, as it is a special one for 
which the mathematical formulas can be at once written out 
after the above explanations. 

IV. In which the three distances of the three gravitating 
points remain constant. 

It must first be shown that this is possible. 

For a given instant, assume that r^, rj,,, f^i are given and 
that their first and second time derivatives vanish. Then, for 
this instant, the quantities Q and the three derivatives of (25), 
§ 7, also vanish, and we have from these equations, if the third 
derivatives of the time also vanish for the same instant, 

therefore either 

(a) r-^2 ^ *'23 ^ ''ai ) 
and, since they are real, 

(a) 1*12 ^ J'23 ^^ fait 
or 



66 



THEORIES OF PLANETARY MOTIONS. 



(b) />-0. 
These two cases are to be considered separately. 

( a _) 7*12 ^23 '^31 • 

The triangle formed by joining the three points is, for any 
■given instant, equilateral and the first and second time deriva- 
iives of the distances vanish. Under this assumption, derivatives 
jhigher than the third also vanish, that is the distances remain 
.constant. For differentiating the first of equations (25), we get 



1[1>1]"" = 






y 



- Wi p 




in which the right hand member vanishes for the given instant 
;since — ^ contains no term free from the first or second deriva- 
tives. In the same way it can be shown that derivatives of 
iigher orders also vanish. 

If r is the common value of the three distances, then by (26), 

M 
r 
■and (18) becomes 



Pi 



P.= 



r-, 


-h--\ 


0, 


P 
2 


^r\ 


r\ 


+ 2 ' 





0, 


+ i- 


M 

> 


1 M 

2 r 




0, - 


1 M 

2 r ' 


M 
r 



= 0, 



ir = SMr. 
The first of the determinants in (2), this section, becomes 
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P 



-ir^ -^ 



r\ 



+ 2 ' 



+ 



2 

M 
r 



I Mr 



iy- 



and the two others likewise vanish, and this case becomes a 
special form of Case II. Equation (34) gives for the angular 
velocity with which the triangle turns in its plane 



dp 
7?^ 



V^ 



M 



IM 



If all the motions are referred to the center of gravity, it 
appears that they are as if the invariable triangle turned in its 

plane around its center of gravity with a velocity -yj—^ • 

Or inversely, if the three gravitating points form the vertices 
of an equilateral triangle and if each has a velocity, in the 
direction perpendicular to the line joining it to the center of 
gravity, such that in the time dt, the angle through which this 

line turns = J^ dt , then the triangle rotates as if the 

system were rigid. 

(b) p=Ai. 
In this case, by (24) 

(I) [2, 3] m, (-^ - -^) + [3, 1] m, f i, - ^) 

^'31 ' 21 ^ -' 12 '32 -^ 

+ [l>2]m3(^3-Aj = 0, 

^'23 '13 ^ 

and with the help of this equation, it appears that the dis- 
tances are again constant if their first and second time deriva- 
tives vanish for a given instant. 
From (18), it follows that 



= 



[1,1], [2,1] 
[1,2], [2,2] 



Pi 

■i(P,+P,-P3), 



■i(Pi + P,-P3) 
P 



which is satisfied by either determinant vanishing. 
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= 0, 



If the first determinant vanishes, we have the equation 

[1,1], [2,1] 
[1,2], [2,2] 

which, by (23), § 7, becomes 

(r,2 + 'a + rs, ) (ri2 + r^^—in ) (»"i2— r.^s + nO (— na + n^ + ni) = 0. 
As the distances are positive, one of the last three factors 
only can vanish, and the equation shows that the longest side 
of the triangle equals the sum of the other two. Selecting r^^ 
as the longest side, we get 

(II) r^ = r^i + rn, 

and in the case of real orbits, the only ones belonging to the 

physical problem, the points must be in one straight line. 

From (I) and (II) the ratios of the distances can be obtained. 

If we represent r^, i\3, rjj respectively by j;, , x,, X3, then 

(III) a^i = j"o + .T3, 

and 

[2, 3] - - U^,' + x:/ - xn = + X, X,, 
[3, 1] = — ^{Xs' + X{ — X{) = — X, X,, 
[1, 2] = — ^{x;' + x.i' — X3') — —x,Xo, 

and (I) becomes 

(IV) mi (a^s' — 0-2') a?,' — nh (a;,' — x^^ ) X2 — m, (ic/ — x^) xi = 0, 

that is an equation of the fifth degree, while in general (I) is 
of the eighth degree. 

The conditions (2) of this section are also fulfilled, and the 
relative motion about the center of gravity, or about any one of 
the given points, consists of a rotation in a plane of the straight 
line in which they lie, here assumed rigid. The angular velocity 
is, by (34), 



kAjL '23 ?'iQ 

from which it appears that 

'Tii n, r,n 



(Y) = 
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equatious which can be obtained from (I) and (II). 
Taking now the second case above, the equation 

A , - KPi + P. - Pa) 

-i(p;+p,-P3), p, 

can be written 

VPi + VP; + VP3 = 0- 

Equation (V) can, with the aid of (I), be brought into a 
very elegant form. The transformation, which is not an easy 
one, is most simply performed as follows: 

If, for brevity, 

A =m[1,1] + z;[1,2] + H1,3], 
■ B = «[2, 1] + v\_2, 2] + w\_2, 3], 

_ 1~ _ 1 _ 1 

It ^ J V o , IV o J 

23 '31 ' 12 

then 

P, = m. A — Mu [1,1^, 

P, = m,B— ilfi;[2,2]. 

p _|_ p p 

The expression ^ can, from (I), be expressed 

in two forms, namely, 

— i(Pi + P,-P,)=m,B- Mull, 2], 

- UP, + P2- P^) = m,A - Mvll, 2], 
and (V) becomes 

= ilf^Mt;([l,l][2,2]-[l,2T) 
— M[m,v (^[2,2] — B [1,2]) + ^2^ (P [1,1] — ^[1,2])]. 

But 

^[2,2] -P[l,2] = M([l,l][2,2] - [1 ,2J)+ m;([1,3][2,2] - [2,3][1,2]) 
= (M-tc)([l,l][2,2]-[l,2]^), . 

P[l,l]-4[l,2]=«([l,l][2,2]-ri,2J)+^[2,3][l,l]-[l,3][l,2J) 

= (.;-«;) ([1,1] [2,2] -[1,2]=). 
Hence, 

= M {[l,l^[2,2^ — [l,2J) {m,vw + m^wu + m,uv), 
or 

='ilf ([1,1] [2,2] - [1,2]=) (m, r,3^ + m,r3,' + ffl.r,/). 
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This equation divides into three. The first and last factors 
can not vanish, as long as only positive masses are considered. 
There remains only the middle one, and that brings us back to 
the previous case where the three points lie in a straight line. 

If negative masses are admitted into the problem of three 
bodies, the first or third factors might = 0. Then the planes 
of the three orbits no longer constantly coincide, but they rotate 
about an axis which is generally inclined to the original plane. 
The rotative orbits of two of the gravitating points are circles 
about the third, but their planes do not pass through it. 

Moreover, it is worthy of note that the case in which the 
sum of the masses vanishes represents a remarkable limiting 
case of the problem of three bodies. There is then no center 
of gravity, the expressions 2 ma?, Sm?/, Sms depend only on 
the relative coordinates, and the six integrals of the center of 
gravity relate only to the relative motion. If there are only 
two bodies, the path of the one relative to the other is a straight 
line described with uniform velocity, and the relative coordinates 
are linear functions of the time. To get the actual path, these 
functions are to be inserted in the original differential equations 
(1), § 1, when they become determinable by direct quadrature. 
A special case is that in which the relative coordinates are 
constant, when each point describes a parabola in space. 

If there are three bodies for which mj -{- m, -\- m, = 0, the 
order of the reduced problem, in general the seventh after use 
of the areal integrals and the proposition of kinetic energy, can 
be reduced by two, because equation (27), § 7, is at once inte- 
grable and gives 

But this can not be farther reduced by elimination of the 
time, for this is contained explicitly in the preceding expression. 

V. In which the angles of the triangle, formed by the three 
bodies, remain constant. 
In this case put 
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in whicli r^, r^, r^ are constant and u alone is variable. Intro- 
ducing these quantities into (25), § 7, we get 

,,/ du\ dii 



dtJ _ p, dt Ai 



Here P/ is what P in (26) becomes when r^, r^, r^ are intro- 
duced for r,3, rgi, rja and 

(VI) ^' = (^ - ^3 -■ • 

In p remains yet u and its first and second derivatives in a 
somewhat complicated form, as is shown by (20), § 7. To get 

an equation in u, which shall contain not p but only -^ , the 

above equation must be differentiated again, and we get 

_..Judiir\ rl ( ^^ ^ 

\. dt ' -n, W d<^ „ A, du , A, dii 

(VII) ?-i^ jTi — = Pi u 3/j — ji j7- H r -TT • 

^ ' dV dt ' u* dt u^ dt 

Multiplying the first equation by 3 —-tt and adding, it 

tt CtT 



appears 



(Ylla) 



dt' + u dt dt' I 
f du \ du 



= pM d ^:— + 3 ^^ ^) + ^ / , 

\ dt u udt I u 

in which p' is the value of -jj from (24), § 7, when r^, r^, r^ are 

inserted in the place of r^s, r^j, rjj. 

From (VII) can be formed two similar differential equations 

with the coefficients r.,', P^', A^ p' and r^^, P,', A^ p' respectively. 

du 
If -^ does not = 0, that is, if the distances are not constant, 

then, as easily appears, must the coefficients of the equations 
be in proportion, and 

(VIII) r,':r:-:ri = P^:P,!:P,' = A,p':A,p':A,p'. 
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These make four mutually consistent equations between the 
three quantities r^, r^, r,. 

Taking the first and third sets of ratios and assuming that p' 
does not vanish, or, if it vanishes, nevertheless, 

it follows that 

r-r-r-n + n + n = A,.A,.A.:^ + ^^ + ^. 
' nil fh '"3 ™i ^2 m^ 

But, by (VI), 

— + — + — = 0. 
Till rrii rrii 

Since — + — + — cannot = 0, it follows that 
m-i m^ rus 

Ai = A2 = A3 = 0, and 

(IX) r, = ?-2 = n. 
We will assume that this = 1, then 

?*j2 = 7*23 ^ ''si '^*) , 

and the triangle is again equilateral. 

The remaining conditions of (VIII) are likewise fulfilled, 
since it follows from (IX) that 

P/ = P/ = P3' = — ilf. 
Equation (VII) now takes the form 

du du 

(X) d"'^=—M^. 
^ ' dt^ u^ 

It is easy to show that, in this case also, the motion is in one 
plane. The differential equations (11), § 7, become now 

d%_^ MSi 

d\ _ Mr,, 



di' ( Vfi^ + V^' + fiO' ' 

d% ^ Jf^i 
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which are the differential equations for the relative motions of 
two gravitating points the sum of whose masses = M. Hence 

The relative motion of any two bodies about a third is exactly 
the same as if the masses were united in the third, leaving the 
mass of the other two = 0. 

There remains the case when p = 0, but not ^4, = ^2 = ^3 = 0. 
"We then get from (VIII) 

n'P,' — n'P,' = 0, 

7VP/ — lVP3' = 0. 

If p' is written out as it is found directly from (24), § 7, 
we get 

n^P/-r/P/-/ [1,2] 

_ r [2,2][l,l]-[l,2T [3,2][1,1]-[1,2][1,3] -| 

r [2,2][l,l]-[l,2T [3.1][2,2] - [2,3][1,3] -| 
~ "*' I r,' + r.f J 

-ilf([2,2][l,l]-[l,2T)(i-^). 
But, 

[2,2][1,1] - [1,2T = - ([3,2][1,1] - [1,2][1,3]) 
= -([3,l][2,2]-[2,3]Cl,3]) 
= A, 

when A is an abbreviation, as follows 

A = (n + »'2 + n)(^i + n — n)(n — n + r^){— r, + r, + r^). 

The preceding equation, since p' = 0, then becomes 

n^P/ - n^P^ = A [m.(^ _ i,J + ^, (i, _ i,) 

- ^3 (^ - ill = - A {A, + ^2 - A,) . 
In the same manner 

n'Ps' — n'P^' = — A (^1 — ^2 + ^3) , 
n^P/ — n^P/ = — A (— ^1 + ^2 + ^3) , 

or, if it is not true that A^ — A^ = A3, then A = 0, that is, 

the three points must be in one straight line. 
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It appears that in this case also the orbits must be iti a fixed 
plane and that the paths of two points about a third must be as 
if they were attracted by the third only. But the attraction of 
the third is not that of the sum of the masses, but a somewhat 
more complicated relation exists. 

VI. In lohich one mass, m^, or two masses, nii and m^, — 0. 

Let mi = 0, then the first of (25), § 7, passes over into 



(H- 



{rtin, + wis) 



which can be at once integrated, so that we get r^^ as a function 
of 1 After substitution of r,3 in the two other equations of 
(25), they become differential equations of the third order 
between r^^, r^ and i, of which there is no known integral except 
when, as-Jacobi has shown, r^^ is constant. 

VI is nearly the case in the solar system for the three bodies, 
sun, earth and moon. The relative motion of sun and earth, or 
better of sun and the center of gravity of earth and moon, is 
nearly independent of the moon's position, and the latter is 
determined after the former. It is historically of interest that 
this idea was the first incentive to Lagrange's investigations. 

If )», and m.i,= 0, r,3 and -r.., and generally the relative- 
motions of the first and second points about the third, may be 
directly determined by § 1. The motions of the first relative 
to the second then follow at once, and it appears thiit the third 
equation of (25), § 7, can also be integrated. This case is 
approximately that of several bodies with very small masses 
with reference to their relative motions about a single body 
with large mass, and these are closely the conditions for the 
sun and planets. 

9. Historical Notes on the Problem of Three Bodies. 

The investigations of the preceding paragraphs are espe- 
cially due to Lagrange, who, in 1772, published his classical 
treatise entitled, Essai d'une nouvelle mMhode pour r6soudre 
le probUme des trois corps. His most noteworthy advance was 
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in the formation of equation (34) for the determination of p; 
this was especially creditable to him because the theory of 
determinants was then in its infancy. Beyond this point he 
turned his investigation in the direction of the system formed 
by the sun, earth and moon, expressed in the symmetry which 
was always so sought by him. His greatest contribution to the 
problem was in its reduction to the seventh order, — a reduction 
which is equivalent to the production of a new integral. 

Jacobi gave another kind of reduction in his memoir pub- 
lished' in 1843, and entitled, Sur V elimination cles noeuds dans 
le probldme des trois corps {Crelle's Journal, p. 115). He 
introduced into the differential equations the relative coordi- 
nates about the center of gravity and then considered two new 
fictitious gravitating points such that the coordinates of the 
three points, relative to the center of gravity, become linear 
functions of the coordinates of these fictitious points, and the 
conditions ISimx = 'Simy = Sm0 = are identically fulfilled. 
When these new coordinates are introduced into the expressions 
for the potential and the kinetic energy, the latter take on a 
somewhat different form. The system thus formed is of the 
twelfth order, but is reduced by four by the aid of the areal 
integrals, and the law of the kinetic energy, and it then appears 
that, by making the invariable plane the plane of reference and 
introducing polar coordinates, the problem can be so trans- 
formed that the nodes of the two variable planes are determin-, 
able by a simple quadrature and there remains a system of the 
seventh order. This method is remarkably elegant, yet its tal- 
ented author did not succeed in reducing the problem beyond 
the point reached by Lagrange. 

The reduction by one order in the differential equations, 
accomplished by Lagrange and Jacobi in such different ways, 
can be performed on the equations in their original form, as 
has been shown by Radau, Sur I' elimination directe du noeud 
dans le probldme des trois corps, {Comptes rendus, LXVII, 
1868 p., 841) and by AUegret in his Mimoire sur le probUme 
des trois corps {Journal de MatMmatiques, 1875, p. 277). 

The labors of later mathematicians have resulted in many 
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noteworthy transformations of the problem of three bodies. 
Bertrand and Bour {M6moire sur le probUme des trois corps, 
Journal de V6cole polytechnique, 1856, p. 35) have brought 
the reduced problem of the eighth order, by ten known integrals, 
to a canonical form in which the function' H does not explicitly 
contain the time. This will receive attention in the following 
sections. Bour has succeeded in putting the expression for 
kinetic energy into such a form that it separates into two dis- 
tinct parts. One part depends only on the form and position 
of the triangle made by the bodies, and on its position and 
changes of position with reference to the invariable plane. By 
using this form Mathieu {Mimoire sur le probldme des trois 
corps, Journal de MatMmatiques, 1876, p.' 345), by introducing 
a system of eight variables, which have a very simple geometrical 
meaning, has succeeded in obtaining a canonical group of differ- 
ential equations. 

However interesting these studies may be, they do not 
reduce the order of the final system. This has been done, so 
far, only in the two cases where either the motions are in one 
plane, or all three areal integrals = 0. The second case is, 
as has been shown, only a special case of the first (only for 
three bodies, however), because the motion must be in one 
plane when the three areal integrals = 0. The order can 
then be reduced by two, as shown by Allegret in the memoir 
cited above. Allegret thought that by special transformations 
this simplification could be made general, but he fell into an 
error which Mathieu has pointed out. Another simplification 
which was introduced by Hesse in his memoir, Ueber das 
Problem der drei Korper, {Crelle's Journal, 1887, p. 47), also 
proves illusory, as J. A. Serret has shown, in a note to Lagrange's 
memoir. This celebrated problem still stands where it was left 
by Lagrange, a century ago, and though a multitude of versions 
of the problem have been developed, Bruns shows {Ada Mathe- 
matica XI, p. 43), that they give no prospect of its more com- 
plete algebraic solution. 



SECOND DIVISION. 



The General Properties of the Integrals. 



10. Poisson's and Lagrange's Formulas. 

While it is true that only the integrals already given have 
been so far obtained, yet they do not include every result o£ 
value in the problem of n bodies. Certain highly important 
properties have been discovered, both of the known integrals 
and of the unknown. While these properties were at first 
deduced by Poisson and Lagrange from the system which has 
been discussed, they have been shown by Jacobi to be funda- 
mental and to belong to a much more general system. His 
profound investigations, the framework of which will be given 
in what follows, have been generalized and simplified by Pro- 
fessor A. Mayer and Professor Sophus Lie. To arrive at them, 
it is convenient to bring into another form the differential 
equations of § 6. 

If the components of the velocity of the bodies be intro- 
duced as new independent variables by means of the equations 

the equations of motion become 

du, dV dvt dV dw, dV 

when, as before, 

By the introduction of r<,, r., uu as new variables, their 
number is doubled, and also that of the difPerential equations 
(1) and (2) form a closed system of simultaneous differential 
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equations. At the same time, all the differential equations are 
now of the first order. 

Equations (1) can be put in the same form as equations (2), 
when, for the kinetic energy, we put 

(4) r= ^Sm,. (7(/ + v,' + w/). 

For then 

dT 





du, -'"■•''- 






and (1) become 








(l.r, dT 

(It C'll; 


(hj, dT 

(It dVi 


(Iz, 
at 


dT 

" du- 



This can be still farther simplified. For, if in the place of 
Hi, Vi, lUi, other new variables be introduced by the equations 

(5) ^- C", = m,w,, T"; — niiVf, Wi = m,Wi, 
we get 

(6) T=^^^^{VJ+rr + Wn, 



dT 

^=; — = niiUi 
r II 



mi 



dT 
dUi 



Finally, putting 

and noting a;,, ?/,, z, occur only in V, and f7,, T'^,, Wt only in T, 
we get the equations of motion in the following form 

" da^ ^ dH_ _^ ^ aff (Jzi _ dH 

cit dUi ' lit dv, ' (It ~ dWi' 

dUi_^_d]S dVi _ dH dW,_ dH 
dt 



(8) 



dxi 



(It 



Qyi 



(It 



dzi 



For the same of simplicity employ p. for x,, ij„ Zi, and g,- for 
Ui, Vi, Wi, and n for 3 12, and the equations (8) become 
dp, _ dH 



(9) 



dt 

dqt 
V dt 



dH 

d2>; 



{i = 1, 2, . . n). 
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To pass from (9) to (8), we have only to substitute 3n for n; 
a",, y,-, Zi for pr, Ui, F.-, Wi for g,-. 

The differential equations of motion have thus been brought 
to the form (9). This form can be given to very many prob- 
lems of mechanics, and since, when once found, they recur after 
the most various transformations, and from them are most 
easily developed the dependent formulas, they are said to be in 
cononicnl form. 

In order to give all possible generality, we will assume that 

ihe function H of (9) is any given function of p,- mid g,-, and 

also of the time t. With this entirely general assumption for 

S, the equations (9) can be treated as follows: 

r) 77" r^ T-f 

Multiply equations (9) by -^ — and -^ — . and we get, by 

addition, 

y^^> ^V8p, dt ^ dq, dt J ^■ 

If H does not contain /, this passes at once into 

(11) ^.= 0. 

and hence 

(12) fi"=C, 

when C is the constant of integration. If H contains /, equa- 
tion (10) becomes 

(13) i^ = ^, 
^^^^ ' dt dt 

a non-integrable equation. 

The integration of equations (9) introduces 2n arbitrary 
constants, a^, n^, (is, ... a2„. To Lagrange is due the concep- 
tion, that these constants may be regarded as independent 
analytical magnitudes, an idea of the greatest importance in 
very different ways. The object of the integration is to obtain 
p, and g,- as functions of t and of the 2n constants. The result- 
ing expressions must be of the form 

(P.^p.ia.,a„as...a,.,t) ( • .^ j^ . . . «), 
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where, in the second members, the parentheses contain the 
functions which are to determine the quantities placed before 
the parentheses. (This notation is commendable for its clear- 
ness and simplicity.) 

If equations (14) are solved for the a's, the results are 
functions of pi, qi, t, of the form 

(15) a,- = ciiip,,... p„, *'••• Q'" t)- 

Equations (14) are the inverse of equations (15), and con- 
versely. For equations (14) maybe obtained from equations 
(15) in the same way that the latter were obtain'ed from the 
former, t merely playing the part of a parameter. 

It is evident that, in the choice of constants a., there is much 
arbitrariness. For if a system a,, . . . a2„ has been selected, 2ra 
independent, constant functions of them may be introduced into 
(14) and (15)^ and thus we may pass from the given system to 
a new one, a/, a^, . . . aj. This is a circumstance which will 
later prove of great usefulness. 

As a result of this, we can consider the integration of the 
canonical equations as dependent on the 2ra equations (15); 
that is, we can form 2n functions of p;, g,, i, which, with the 
help of (9), have the property of becoming constants. Jacobi, 
in this narrower sense, calls such functions integrals of (9). 
The integrals are therefore functions of pi, g,-, t, which contain 
no arbitrary constants, but which with the assistance of (9) 
become themselves arbitrary constants. 

These functions satisfy a linear partial differential equation 
of the first order, which may be regarded as their defining 
equation. For if a {p^, p,, . . . p„, q^, q^, . . . q„, t) is such a 
function, then 

(15a) f = 0, 

or by total differentiation, 

UD) " - 8^ +^ ep, cit ^2id^ ~dr-^- 

This equation by (9) is transformed into 
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^^'> dt^ ^dp, 6g, ^ 83, dpi ' 

an equation which must be identical, since it contains no arbi- 
trary constant. It is the partial differential equation mentioned 
above. Conversely, if the function a satisfies the equation (17), 
we can obtain (16) and (15a) again from this; therefore a is 
an integral. 

The discovery of2n integrals of (9) coincides with the deter- 
mination of 2n particular solutions of (17), and thus the prob- 
lem is again reduced to the consideration of this partial differ- 
ential equation. The identical integral, a = constant, is not here 
considered. 

We shall now introduce a much simpler method. If / and p 
are two functions of p. and qt, (which may also contain t), we 
can put 

(18) if,.)- 2, d^M~2jd^M' 

so that, {f,9)=-{9,f), and (/,/)=0. 

The differential equation (17) then takes the form 

(19) ||+(a,£r)=0. 

And from this we can proceed, in the following manner, ta 
Poisson's Theorem: 

The three functions f,<p,<P are functions of pi and 3,- , and. 
they may also contain t. Hence 

( ,^. ,.-\_^V 8(/.y) 8^_ d{f,9) ^\ 

in which another summation index i ' has been selected. Substi- 
tuting the value of (/, f ) from (18), gives 

\Kh9),V) 2^^dp,dp/ eq/dq,' ^^dq,dp/ep; eq,r 
• i = li=l i=li=l 

i = nl'=n i=ni'=n 

2a dq<dp/ dp, ■ 8g/ 22dp, dp/dq<' dq,r 

i = l«=l i = li' = l 
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i = n i'= n i^ni' = n 

^ ^ 8i5.- 8g/" 85, ■ dpi' ^ ^ 8qi 8g/ ' dp/ dp/ 

,/V-^ 8'/ 8y Q^ i^>^ ^'^ ^^ 
■^"^ ^ 8g.- 8g/' 8i3.'8p,'^" ^ ^8i>,8g,''83/ 8p/ 

i = l i=l i = l i =1 

The four double summations containing the second derivatives 
of'/ are collectively symmetrical with respect to y and 4', as 
may be seen by permuting the summation indices. Their alge- 
braic sum, for an instant, being symbolized by 

the above equation becomes 

((/,?,), ^) = (/,[p,^ ])-(?, [/,^]). 
Adding to this the similar expressions for {{9,4'),f) and 
{i4',f),9 I, gives the identical equation, 

(20) (if, 9), 4')+[(9, '!'),/) + [</■,/ ),9) = 0, 

by means of -which Poisson's formula may be easily obtained. 

Differentiating (19) with respect to j3,/ and g/, which maybe 
done by assuming that it becomes identical on the substitution 
•of a from (15), we get 

, da 



(21) 



"dp/ , dia,H) ^ 

et + dp, =^' 

d ^ " 

8^ I d{a,H) 

di ^ dq/ -"• 



8 h 
Multiplying the j&rst of these equations by -^ — and the second 
i_j 00,' 

byrg— y.- where h denotes any function of p and q, and taking 
the sum with respect to i', gives • 



'■ = "' da ^ da 

d- 



<22) ^h± i8p/ dh 8g..^ ]+ f{a, H) ,b] ^ 0. 

trXdq^' et dp/ ' di I ^ ^ 



(23)2 
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Exchanging a and b on the assumption that b is also an integral, 
and subtracting the two equations gives 

' da g da g db p, Sh\ 

"dp,' db dq,' db da 8p/ da dq,^ 

, dt 'dq,' dt 'dp,' dq/ dt "^8p/ dt J 

The first term is =?i||^. Further 

( (6, il), a ) = (-(fl-, 6),a) = -((il, 6),a), 
and consequently equation ( 23 ), by the use of ( 20 ), becomes 

(24) ^-^h[ia,b),H)^0. 

But this equation may be obtained from (19) by writing (a, 6) 
for a. This establishes Poisson's proposition: 

(25) If a and b are two integrals of the system (9), then (a, b) 
•is also an integral of this system. 

By applying this proposition, we see that 

If a and b are two integrals of the system (8), then 



<2^><«.»=2isCS' 



db da db , da db 



8 Ui 8 Ui 


■ dx, 


' Qyi 


■ dv, 


db da 

dyr dz,' 


db 

dwi 


da 

8w/ 


db^ 

dzj 



da 

dVi 
is also an integral of the same system. 

Hence it follows that, by pure differentiation, Poisson's propo- 
sition furnishes a new integral from two given integrals. The in- 
tegral thus obtained may be entirely new, or it may be a function 
of the two already known, or it may even reduce to a constant 
or zero. If it is a new integral, it may be combined with the 
original ones, giving two more integrals, and this process may 
be continued until the integrals obtained are merely combina- 
tions of the earlier ones. This will occur when 2n iutegrals 
have been obtained, or the cycle may close earlier. The follow- 
ing investigations illustrate these interesting conditions. 
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As an application of Poisson's proposition, we will obtain the 
third areal integral from the other two. We have 

a = :S,mi{yiWi — ZiVi), 

6 = S ■?»,■ {Zi Ui — Xi w,). 

And, according to (26), these give 

(a.b) =^y — ( TOiO . Zi + miO. Wi 4-JW,Wi.O — miZi.O-\-miVi . rriiX 

^ ' '^ ^ mi ^ 

— miyi.miUi) = S m,- ( x.-Vi — yiiii ), 

which is the third area! integral. With this the cycle is closed. 
The application of Poisson's proposition to all the previous inte- 
grals furnishes no new integrals. 

The areal integrals, the integrals relating to the motion of 
the center of gravity and the integrals relating to the kinetic 
energy, each form a closed system of integrals. 

We shall next consider Lagrange's proposition. After sub- 
stituting equations (14) in (9), the latter must be identically 
satisfied for each value of Oj , Oa, . . . Oj,,, t. Hence, equations (9) 
may be identically differentiated with respect to a\. This gives 
^8H 



d'p< ^ 8g, 



d a^dt 9 Oa 

i' = n 



Idq.dx)/ 'da„'^ dqidqi' 'da/, J' 
and similarly, 

da>.dt 2j I 8jp.-9p/ ■ diiK "^ 9p,8g,' ' da^r 

Now let a^ denote a new constant, and multiply the first equa- 
tion by ^-^ and the second by — -Tj-^ and add the products. 

O Ofi O O fi 

The sum with respect to i is 

1 = n 



2r d'Pi dqi 9^g, ^A 

yduKdt do^ daKdt ' da^' 



i=l 
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-n V = n 



8^if 8p,/ 8 Pi d'H dqy_ dp, \ 
"^ 8p,8p,' ' d(iK' da^ "*" 8p.8gi/ ' da^ ' da^ '' 

The second member is symmetrical with respect to 0\ and 
a^, consequently 

^r d'p, dq< d'q, dp, e'p< 8g, 

^ 8a^ 8i 8(U^ 
or 

(27) Ar^"r|£^-#^-l^- 1^)1=0. 

This equation proves Lagrange's proposition; viz: 
The expression 



1=1 



being independent of i, is only a function of the constants a. 

Moreover the expressions [(T^, a^J have also the property, 
that 

(29) [a^, OaJ^ — [oa, 0|^j and [oa, aAj = 0. 
Por the system (8) 

i = n 

/on\ r n "^:^ T ^^' S"' 9"< ^^' i ^2/.- 8'»^< 

(30) [aA,a,]=:;^n»,[g^- 0^-0^ ■ g^ + g^-g^ 

«=t 

dvi dy, dzi _ Siu.- dwi _dzi\ 

d ax da^ da\ da^ da^ daf^J' 

Lagrange's formula will not, like Poisson's, furnish new re- 
sults from certain conditions, for the formation of the expres- 
sions [«A, a^ J already requires a knowledge of all the equations 
(14) and hence of the solution of the problem. Nevertheless 
the two formulas are so closely related that each may be regarded 
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as the converse of the other. Lagrange, although he mentions 
Poisson's formula, seems to have overlooked this relationship. 
In order to determine this relationship, we shall collect some 
proportions in determinants for use in what follows. 
Let it be assumed that the determinant 



(31) 



Cn 1 ; Oj, 2, 
^2 J 1 5 ^) 2) 

^211 ) 1 ) f'zn I 2 1 



tf 1 > 2» 
• f'l ! 2m 



of the 2«"' order is not equal to zero. The minor belonging to 
any element a\, ^ will, after having been divided by J , be deno- 
ted A^,x, so that 



(32) 



_1 dJ 



Likewise let a determinant be formed of the A's, 

A-i, 1 , A-i, 2, . . . ^1 
■^2) 1 > -^2) 2) 



(33) 



D 



^^2"! I J -^2nj 2) 



A.,,. 



On account of the conjugate relation between J and D, we shall 
call these conjugate determinants. From the second determi- 
nant 
,„., 1 dD 

and at the same time 

(35) JZ)=1. 

From the known relations among the elements of J and D, 
we have 

(36) ttA,! J.i,X + 0^,2 242, A + ... + a\,2,.^2,.,\= 1, 

(37) Oa,! J.1,;^ + 0X, 2^2, ;..+ •••+ a\,2n^2.,, >l = 0, ,<l^/., 

and likewise 

(38) n,,AA,i + a2,^^A,2 + . .. + a2„,A^x,2«= 1, 

(39) a,,A^^,i + «2,A-4M.2 + ... +a2„,A^^,2„ = 0, ,a>/.. 



poisson's and lagean«e's formulas. 



87 



If we form the 2n equations 

(40) ai,Aa;i + a2,\X2 + . . . + a.i„,KX^n = yK,{>^ — 1, • . . 2n), 

and solve them with reference to Xi,X2, ... Xi„ as unknown 
quantities, the results are of the form 

(41) ^1,a2/i +^2,a2/2+... +Cli«,ky2n = Xx 

and, in the same manner, the solution of the 2n equations 

(42) aK,iXi + Ox, 2 352+ ... +ax,2„a;2» = 2/A, (-* = 1, ... 2n), 
.gives 

(43) ^x,i2/i + ^A,2 2/2+ •• • + -4a, 2„ 2/2„ = ajx. 

These are the most important properties of the conjugate 
determinants ^ and D, and they are also valid when the determi- 
nants are of an odd order. The developments which follow are 
valid for determinants of an even order only. 

If the square of J is formed by combining the rows or col- 
umns according to the rule for multiplication of determinants, 
the result is a symmetrical determinant. By a slight modifica- 
tion, as — so far as I know — was first shown by Brioschi, this 
may be made a skew symmetrical determinant, that is, one in 
which the constituents of the principal diagonal are all zeros and 
those symetrically placed with respect to this diagonal, are equal 
but with opposite signs. This may be shown by taking the 1" 
row of (31) with the negative of the (n + 1)'* row, the 2"'* row 
with the negative of the (71+2)"' row, and so on. In order to 
make \ this plainer, replace the a's in the last n rows by Vs, so 
that the determinant becomes 



(44) 



J = 



^1 J 1 > '^l J 2 ) • • • ^1 J 2rt 

'32 , 1 , Cf2 ) 2 ) • • • ^2 , 2n 

^n J 1 ) ^n ) 2 J • • • ^M > 2« 

Ol ) I > Ol ) 2 > • • • "1 ) 2H 

0» , 1 J 0„ , 2 J . • • 0„ , 2rt 



The transformed determinant then becomes 
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Oi , 1 , - 0] , 2 , . . . Ol ) 2n 

^nj !■) ^» > 2 ) • • • ^« ) 2n 

I <^1 ) I > ~r Cl'l) 2 I • • • ~r *1 ) 2n 



T (Jfol I ) ~r '^»> > 2 > • • • I" C^n ) 2n 

Further, if the columnB are compounded, it becomes 



(46) E=^A' = A'' = 



Cl , 1 , Ci , 2 , . . . C] , 2» 
^2 I I > C2 , 2 , . . . C2 , 2n 



^2n, 1, C2M, 2 J • • • C2n , 2« 

where, in general, 

(47) Cx , fi = a, , X 6, , ^^ + 02 , A &2 , ^i + . . • + a„ , ^ 6„, n 

Oi , A Cti , ^ O2 , A Ct2 , |i • . . On , A ^« J fi , 

and hence, as sho.nld be the case 

Ca , ^ + C^ , A = . 

Further, denoting the constituents of the last n columns of (33) 
by the letters B. , it becomes 

•"1 > 1' -^1 ' 2l • • ■ -"11 »> -Ol ,2, • • • -Dl , n 



(48) JD = 

■^2n J 1 ) -^2rt J 2» • • • -^2n ) n J -^2n ,!»••• -02>, , 

By writing D in the new form 

-"1)1) ■0],2, • ■ • + -^i , 1, . . . 4" -'^1 ) n 

(49) Z)'= 

and combining its horizontal rows, it becomes 

^1 > I ) f^l ) 2 J • • ■ t/l ) 2»I 



(50) F = DD' = D' = 



where 



^2m J 1 ^2n J 2 J • • • ^2m j S 
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(51) Cij,, ^ = A^,j B^,i-\- ... + A^,„ B^,„ 

and also 

It follows at once that 

But a still closer relation exists between the skew determi- 
nants E and F. Like (44) and (48), or /I and D, they are con- 
jugate. For, in accordance with the definition of conjugate 
determinants 



^ da^,,' ^""'~ J 86^, A 
,„x _18Z> , 18Z) 



In order to derive the corresponding expressions for E and F, 
we write (47), with the aid of (53), in the form 



">'~ D^y 



dP dP dP dP 



^>' > /» r>'2» « /I « D ~r 



8Z) 8I> 8Z) dP 



8 JSa , , 8 4;^ , I ■ ■ ■ 8 -Ba , „ dA^,, 
or, also with, regard to (49), 



). 



""" £)D'l 



dP dP' dP 8 Z)^ 



Ca,,i n7-»'l«z? «^ "r...+ 



. dP dP' , 8Z) 8D' 



Consequently, Ca , ^ is equal to „ „, times the sum of the prod- 
ucts of the minors of the f-"* row of (48) with the corresponding 
minors of the A"" row of (49). According to an extension of the 

theorem for the multiplication of determinants, <^'^!i^~jyf), times 

the minors of the product of (48) and (49) and therefore of F 
which contains the term Ca,^. 
Therefore 

(54) CA,,= ^g^^, 
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and likewise 

and consequently E and F are conjugate determinants. 

Therefore, ii x^, . . . , a"2„ is a system of 2 n variables and if a 
second system y^, . . . , 2/2» is determined by the linear substitu- 
tions 

(56) Ci,xa;, + C2,Aa;2+ . . . +C2„,a j?2„ = 2/a (^ = 1, 2, . . . , 2 n), 
then 

(57) C,.>.y,-\-a,>.y,+ ...+C,„Ky,n = x^ (A- 1, 2, . . . , 2 n) 

are the solutions of these equations. 

Still other relations exist among the four determinants D, J,. 
E, F. By allowing the index ;j- in (47) to take all values from 
1 to2?i and solving the resulting 2 n equations for a,, \, . ■ . ,a„, \, 
bi, X, . . . ,b„, \, we obtain 



(58) 






A — Cx , 1 Jji ) (X ~r Ca , 2 -Dg ) (1 ~r • • • ~r ^A ) an -02» > n > 

A ^^ CX , 1 ^] , m -p Ca , 2 ^2 J n ~r • • ■ ~r Cx , 2„ -4.2n ) ;u • 



These equations show that the determinant /I' may be ob- 
tained identically by combining the rows of E with the columns 
of D. By proceeding in the same manner with (51), we get 

( KQ\ J ^X, fi = t/1, X 0;^, 1 + . • • + (v2», A O^, 2>>) 

L -^A J JLL -— C'l , A Clfx , 1 ~r • • • ~r ^2n , A ^/x , 2» • 

These developments of the determinants can be directly ap- 
plied to Poisson's and to Lagrange's Theorems. The equations- 
(15) are the solutions of (14). If they are substituted in (14), 
the equations become identical, and in this sense the differentia- 
tion of (14), therefore, gives 



(60) 



Q__'plh~ 8oi I I 8ffA dp.,. 



, _ 9pA djh^ , _§Pa da^ 

da, apA ^ ■ ■ ^ da,„ dp>,'^ ■ • 

and so on. And likewise, by the substitution of (14) in (15> 
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0: 



(6i) 

Therefore, if we put 

(62) 



On, dp^ 
dp, da^ 






dqidui^ ■ ^ > ' 
.dcr^dqi . 
^ dq, da; "^ • ■ 



QOk 

dp^ 
do, 
dq, 

QPjt 
dq. 



— a 



ii-t Kt 



= b. 



Vj a, 



*A,J iu. J 



= B. 



A ) jU. 



in which x = 1, 2, . . . 2n and /j. = 1,2, .. .n, the quantities O/,, f^^ 
bx,f^, Af,,\, B^, \ form two conjugHte systems Z) and ^. The 
result of the combination here becomes 



dof^dau , daKda^ 



or simply, 

(6B) 

and, further, 



or simply, 
(64) 



dp.dq,^ 

6qi Qpi 


QP2 9^2 

dq-i dpi 


C\,^ 


.---{a> 


,,a^). 



+ . 



o, 



iii J A ■ 



dp, dq, dp^ dq, . 
Qax da^ dax d(i^ 



dpi dq, 
8a„ do). 



dPi dq^ 



da^ dciK 



Therefore, it appears, that if Poisson's ir expressions and 
Lagrange's n^ expressions are arranged in determinants, the 
two determinants are conjugate and in this consists the remark- 
able relation between the two theorems. 



11. Development op Poisson's and Lagrange's Formulas 
FOR THE Elliptic Elements of the Orbit of a Planet. 

The formulas of the preceding paragraphs can here be applied 
at once. If we put 
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(1) 

then 

(2) 

and tbe differential equations of the motion become 
dx _ dH dy _ dH dz _ dH 



(lx_ dy 
dt~^' dt ' 


dz 
dt^""^ 


„ u' + v' + w' 


V- 


^^- 2 


\fx'^-f+u' 



(3) 


'dt" du' ai~ dv' dt dw' 
du dH dv dH dw dll 

['dl.~ 'dx' dt" dy' dt dz ' 


In this case, equations (26) and (30) of § 10 become 


(4) {a^,n^)- g^ Q^ '^ dy dv'^ dz dw 




das. ddy. d(u da^ d'U dn^ 
du dx dv dy dw dz ' 



._dx du dy dv . dz dw 
(5) L"A,or^J-0^g,,^+9^,-0„^+0Q^g„^ 

dti dx d_v^ dy_ _^ dw_ 'dz_ 
dciK 9«M da,, 9a^ dax da^ ' 

The six constants of integration are the elements of the 
orbit. In order, they are 

o, = rt = the mean distaucp, 

ffj = e— eccentricity. 

n^ = Q= longitude of the ascending node, 

0,= i = inclination of the plane 6i the orbit, 

05=-= longitude of perihelion, 

Oe = e = mean longitude of the planet for the time f = 0. 

In this case it is best first to compute Lagrange's quantites 
[a^i.fV]- Then, by substituting for S and // their values in 
terms of t, and remembering that Z^ is zero, the formulas 
(26a) § 1 can be at once used. The component velocities may 

be immediately obtained by writing -^ or - instead of S and 
--JT- or H' instead of //, in equations (26 a). 
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■Therefore, putting 

(7) * X=.^$,+ Hri, 

in which ,!^x,^w, etc., denote the six coefficients of (26 a), we 
get 

(8) * tl = S'.^^+H'r,^. 

The derivatives with respect to ^ and i are the easiest to 
obtain since they alone appear in the Zjs and /j^'s. Hence 
their determination presents no difficulty. The element a ap- 
pears twice, explicitly as a factor, and implicitly in the angle. 

Denoting the entire derivatives by enclosing them within 
parentheses and leaving the derivatives, which arise from the 
explicit appearance of ((, without them, we have 

fdx'\ _dx _. ox dM _ dx 8 dxin __ x ofu 
\WJ~d7idM~da " dTi '~2dl~a ~ a~ 277' 
etc. 

Qx ()x I /J- 
Remembering that, in u = ^ — ^yry -v/ s > the element (i ap- 
pears only in the power — ^, it likewise follows that 



-. Hence 



ydaJ 


— 


u 3 i du u . ?> ix 
%i 2adi~ 2u"'"2ar^' 


The element e 


appears only in Jf=7i< + ^ — -. H 






^ dx dx\ u 






97" dtn~n' 






du dul PX 
dl~ dtn~ m-" ^^"^ 



(9) 



The element - appears twice, once in ^ and H, aijd again 
explicitly in the ZJs and rjjs. 

Denoting the entire derivatives with respect to - by enclos- 
ing them within parentheses and tlie parts of the same, which 
are obtained by the clifFerentiation of f^ and /;„ without them, 
and rememliering that - appeai-s in M only in the relation e — -, 
we have 
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(10) 



rdx'\_dx dx 
f du~\_ du 8u 



It is somewhat more difficult to form the derivatives with 
respect to e. From the equations 

S = a(cos-E/ — e) 



Tve obtain, 



a\/l- 



■e SID 



E 



(12) 



i — — nn 



siuE 



1 — ecos£' 



r/ = an ■ 



\/l — e'eosE 
1 — eco^E 



In order to form the derivatives of ?, rj, ?', >;' with respect 

dE 



io e, it is only necessary to know 



de 



By differentiating 



-M'=jB— esinJRJ, 



-we get, 
(13) 



dE 



BinE 



de 1 — ecos^' 

With these preparations it is not difficult to compute the 
ihirty-six derivatives of the coordinates and the component 
velocities with respect to the elements. 

In order to form the expressions l_a!„a^], the number of 
which in this case is essentially fifteen, a special value of t can 
be at once used in the thirty-six derivatives. We can, for exam- 
ple, put M —E — and thereby much reduce the necessary 
■computations. 

Moreover, five of the combinations can be immediately 
-obtained iu another wny. 

The equation for the kinetic energy, in this case, is 



<14) 



H= 



I'- 
2o' 



which, by the substitution of the coordinates and velocities in 
terms of the time and elements, must become identical. In 



poisson's and Lagrange's fobmulas. 
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this sense, the differentiation of equation (14) with respect to 
any element k, {a being excepted), gives 



<15) 



dx ~8k'^--- '^du dk^'" 



Using equations (3), and remembering that t appears only in 
ni+£, we have 



dx dx , 



, du du , 



and it follows immediately from (15), that 

[c,fc] = 0. 
Hence 

(16) [e,e]=[e,i2] = [.,t] = is,.] = 0. 

But if k is the mean distance a, the second member of (15) 
is not 0, but 5—2, and 



n [a, e] = 



2a' 



hence 
(17) 



K^J = -i-y/^- 



The element s is thereby fully exhausted. With the help 
of the above preparations, the ten remaining combinations can 
be obtained without difficulty. The results are as follows: 



(18) 



[a,e]=-i^-J, 



[0,a]: 



— cosi //'(I — e') 
~2 V a ' 



[e, i2] = _e( l_cos i) -v/ 5^ 
r T I '^-^ 



_ [i2, i] = — sini \//j.a(l — e'). 

The remaining Lagrange's combinations are all = 0. Conse- 
quently, the determinant F, (50) §10, becomes 
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aj=a 


a^=e 


a,=i2 


a4=t 05='^ ae=£ 


a 




0, 


0, 


[a, i2], 


0, [a,-], [a,c] 


e 




0, 


0, 


Ve, fl], 


0, [e, tt], 


Q 
i 


(19)i^ = 


-[a, fi], - 
0, 


0, - 


0, - 


-[i2, i], 0, 
0, 0, 


r. 




— \.(i,7:\- 


-[e. -J. 


0, 


0, 0, 


e 




— [a. ^], 


0, 


0, 


0, 0, 



All the elements of this determinant to the right of the sec- 
ond diagonal are zeros, consequently it is equal to the negative 
product of the elements of this diagonal, or 

(20) F= ([a, .] [fl, z] [e, 7r])' = i//ae^sin^i. 

Since so many of the elements are zeros, the calculation of the 
minor determinants is easy. Dividing them by F gives 



(21) 



(a,e)=-2^-J 



(1— vi^^') vr^^ 



(e,0 = + 

(fl,0 = - 

(,-, e)=- 



(i s/i>.a 
1 



sint v'/^<'t(l — e^)' 
1 — cos I 



%\ai \f ixa(\ — e^) ' 
1 — cos i 



sin i sj p.a[\. — e^) ' 

All the remaining Poison's combinations are = 0. The deter- 
minal E, (46) § 10, accordingly becomes 



a 




0, 


0, 


0, 


0, 


0, 


-in,^) 


e 




0, 


0, 


0, 


0, 


~{e,-). 


-(e,0 


a 


(22)^- 


0, 


0, 


0, - 


-(^,0. 


0, 





I 




0, 


0, 


(".0, 


0, 


-('», 


('.0 


- 




0, 


(e,-), 


0, 


{i -), 


0, 





s 




(",0, 


{e, 0, 


0, - 


-a 0, 


0, 
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These tables, (19) and (22), were given simultaneously by 
Lagrange and Laplace. They show that nine of the combina- 
tions [oa, a^] and (a^, (if,) are equal to zero and that they do 
not contain the elements e, k and fl. By a proper selection of 
elements which are functions of these, it is possible to carry the 
reductions further. This will not be done, but in the following 
paragraphs a general theory will be developed which can easily 
be applied to these special cases. 

12. The Canonical System op Constants op Integeation. 

The developments of §10 will now be continued with the use 
.of the same notation. 

If a and b are any two given functions of Pi and g^, a third 
function of them is defined by Poisson's expression (a, 6). Con- 
sequently, if a and 6 are two integrals, which may also contain 
the time, (a, &) represents a third integral. Again, if ai, aj, . . . a^„ 
is a complete system of integrals, there are, neglecting the sign, 
^n{ii — 1) such combinations, and we shall show that they s.11 
take very simple values when a proper selection of the integrals 
is made. 

In order to reach the fundamental idea of the investigation, 
we shall next consider Poisson's expressions (a, 6) for themselves, 
without reference to their use in the theory of the integrals of 
our differential equations. 

Let a,, CTj, . . . a„ be any number of given functions of p,- and 
Qi, and, further, let 6 be a given function of a, , aj, . . . a„, which 
does not explicitely contain Pi and g^. 

Then 



(a.^>)=2(-----^ 



i = n 



dpi dqi dqi dpi J 
da>^ i db da, , db da. 



L dp, 1 8«, eq< "*" da, dqr"-J 

i = l 

daUdh day db da, '\"| 

dqi V da, dpi '^ da,dpr'" Jy 
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Consequently, 






Further, if 6i is a function of a, satisfying the same conditions 
as a, it follows that 

(2) (?>.&:)= 2 2 ^"^'"^^8^8^/ 

After these preparations, which show that Poisson's combi- 
nation of "functions of functions" can be at once traced back 
to the first functions, we assume that a^ is any given function of 
Pi and q,. Then let another function /9i of Pi and q,- be so de- 
termined that 

(3) («i,A)=l. 

Then, with respect to /?i , this is a linear partial differential 
equation of the first order, with pi and Qi as independent varia- 
bles; and /?, may, therefore, be selected with all the arbitrariness 
allowed by the theory of these equations. Now let ft be deter- 
mined in any fixed way. 

The partial differential equation 

(4) {aub)=0 

for a third function 6 has {2n — 1) independent integrals and the 
general integral is an arbitrary function of them. As one of 
these integrals, we may take «], since it gives the identity 
(a,, ai) = 0. Let bi, 62, . . . b2„-2 be the remaining (2w — 2) inde- 
pendent integrals of (4). If we substitute «,, ft, b for/, y, ^, in 
the fundamental relation (20), page 82, [§10], we immediately 
obtain, by reason of (3) and (4), 

(5) («>,(/5i,?>)) = 0, 

that is, (ft, 6) is also an integral of the partial differential 
equation (4) in b, and consequently the (2n — 2 ) expressions 
(/*», ^). ■ ■ • (i^u ^"-2) depend entirely upon a,, 6, , . . . b^n^,. Let 
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c be any selected function of these 2n— 1 elements. Then, 
from (1), 

fin fir f)n 

(6) (ft c)=-^+(A, 6,)!^+... +(A, &.„_.); "^ 



Since the coefficients are functions of a, and 6,, . . . 6„ only, 
it follows that 

(7) (A,c) = 0. 

This is a partial differentia] equation in c, with a,, 6i,... 62„_2 as 
independent variables. It has 2n — 2 independent integrals, 
which may be denoted by c,, Cj, . . . C2„_2. Since they are func- 
tions of t^i, 6], . . . 63„_2J they also satisfy the equation 

(8) (a.,c)-0. 

The (2n — 2) functions Cj, Ca, . . . C2„_2 have now the property 
that any combination {c\,Cii) depends on them alone. Thby 
form, according to Lie, a group. This may easily be shown as 
follows: 

Since «! , ft , Ci , . . . C2„_2 are 2w functions of p.- and g, , between 
which there is no identical relation, every other function of 
Pi and g., including (cx, c^), can be expressed by them. But 
since (ca, c^) satisfies thecondition {^i,{ck, c^) ) = 0, it cannot con- 
tain a, and since it satisfies the further condition ( "i , ( Cx , c^ ) ) = 0, 
it cannot contain /Jj. Therefore, as stated above, (ca, c^) is only 
a function of c itself. 

From the quantities c, select one c, and call it a^. If /Sj is 
then a function of c, the equation 

(9) {a„P,)={a„C,f^+ =1 

is a partial differential equation in ^^ with a2. C2, . . . C2„_2 as 
independent variablQS and §2 is one of its integrals. From the 
differential equation 

(10) («2,d)=(«2,C2)|^+...=0, 
^ 0C2 

which has ( 2n — 4 ) independent integrals besides d = a2 , we shall, 

on the contrary, select them all and denote them by d], . . . d2„_4. 

By reason of (9) and (10) it follows again from (20), § 10, that 



loo TfiEOBlES O* ?LANETAR¥ motions. 

(Aj, d) depend only upon a^, d,, . . . d,„_t. Letting e denote a 
function of 0^, d,, . . . d2n-4. 

(11) (A.e)=-| + (A,dog+...+(/5.,d.-,)0£^=O. 

is a partial differential equation in e with a^, d,, . . . d^n^t as 
independent variables, and has (2n — 4) independent integrals 
61, . . . e2„_4. Since aj. A,ei . . . e2„_4 are functions of Ci,...C2„-„ 
they likewise satisfy the equations (7) and (8), and, conse- 
quently, 

and 

(ai,e^) = (/3i,eA) = 0. 

The functions e form a group, as did the functions c; there- 
fore the combination {e\,e^) is a pure function of e. Now, con- 
sider this as a function of p.- and g., and restore the 2n functions 
«i,/5i.«2,/52,e,, . . . e2„_4. Since 

i<h,{e!.,e^) ) = (a2,(ex,e^) ) = (A,(e\,e|,.) )=(iJ2,(eA,e^) )=0, 

it appears that it does not contain «i , 021 A. /^2- 

It is evident that this process which we have followed through 
two steps, can be continued indefinitely. New partial differen- 
tial equations are successively obtained containing always a 
decreasing number of independent variables, and no restriction 
is made in the selection of the integrals. In the end, the fol- 
lowing result is reached: 

If «! be any given function of Pi and g',, then, in an indefi- 
nite number of ways, (2n — 1) other functions «2) •■•«»> i^i ••• /5„, 
may be determined, such that, 

' («a,/3a)=1 

<^^) !::;!:!=o <'>^ 

. (/J^,/J^)-0. 

It is the fundamental idea of this development, th^t the equa- 
tions (12) formw(2n — 1) simultaneous partial differential equa- 
tions between 2« functions a and /J, and the 2w independent 
variables p< and g<. Now, in a system of more than (2n — 1) 



Canonical constants of inte^bation. 101 

partial differential equations between 2n functions of 2n vari- 
ables, certain fixed conditions must be satisfied. These condi- 
tions are here satisfied and in such a manner that the solution 
possesses the greatest generality possible for a system of n(2n — 1) 
differential equations. For, we are limited in no way by the 
integration of the successively appearing partial differential 
equations, in which the given variables are successively replaced 
by new ones. This principle, which is also of importance in 
other branches of mathematics, e. g., in the theory of those dif- 
ferential equations which are fundamental in the theory of inva- 
riants,* deserves the closest attention. 

Moreover, one solution of the equations (12) is at once 
obtained by putting a;i = p^, P\ = q\, {^ = 1,2, .. .n). 

These results can be at once applied to the integrals of the 
differential equations (9), § 10, after introducing a new variable 
r, making (2n + 2) variables in all, and putting 

H' = H+r, 

80 that H' contains only pi, Qi and t. 

Further, for uniformity, introduce the expressions t = qo, 
t=po, and consider H' as the function aof p and q which is 
taken at will in (3). Then (3) becomes 

^ ' ^ydpiOqi oqiOpiJ 

i = 
i = n 

~ ^y~dpi d% dq, dp, J ef dr^ tit' 
i=i 

in which p and q are independent variables and A, a depend- 
ant variable. It is at once satisfied by A=f — q^, and we shall 
take this quantity for ft in equation (3). 
The equation (4), which may be written, 

0-(-H',a), 

has (2w + l) independent solutions. One of them is if' itself 

See Arnohold, Ueber eine fundamentale Begrundung der Invartantentheorie. 
Berlin, 1863. 
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and the others can be so selected as to be independent of r. 
For, if we put -^ =0, the differential equation 0= (a, H') be- 
comes 

(13) 0=(a,^)+||. 

This equation is consistent, since its cofficients do not con- 
tain T. It is indeed equation (19), §10, the one which defined 
the 2n integrals of equations (9). For the given value of A, 
( A = f = Qo), we also have 

4 = 71 

n-/d ^_^^^'^^^^« dA da\ 
U -■ (A, a) _ ^^ g^-g^-^g-j. 

* = o 

In order to show clearly the fundamental principle of the 
method, we will, for a moment, put H' — a„, A = t = Pa, so that 
(«o, /°o) = 1, and in general («„, a) = (/S,,, a) = 0. 

From this follows, finally: 

If we take a system of 2( m -)- 1 ) variables pi, 9., ( i = 0, . . . n), 
and determine «„, a,, . . . «„, /?(,,/?!, ... /3„ in such a way that they 
satisfy the conditions (12); then as a special case, we can put 
«o = -H' = H+po, /So = qn, where H is independent of p„ and g„, 
but is an arbitrary function of the quantities p and q. The 
equation (a„, /3„) = 1 is then immediately satisfied. The remain- 
ing functions «!,...(/„, /5i, . . . ^„, can be so selected as to be 
independent of /3„. In the combinations {a^, ^k) of these 2n 
functions, there will be no derivatives with respect io p^ and q^. 
Finally, if we put p^ = t, g„ = i, the functions «,,...</„, A, ... /?„ 
satisfy equations (19), §10, for a. They are therefore integrals 
of (9), §10, which satisfy the conditions (12) of this section. 
By reason of (54), (55), (63) and (64) of § 10, Lagrange's com- 
binations [a;^, a^j give 

r k./SaJ=i, 

(14) J [«^,/S,] = 0, (^>;.), 

I [«A,«^] = [/?.,yJJ = 0. 

The In integrals «,, ...«„,/?,,... /?„, which satisfy the con- 
ditions (12) will hereafter be called a system of canonical inte- 
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grals, or also, since they do not change with the time t, a system 
of canonical constants of integration. Among these there is 
one of extraordinary simplicity. It is obtained by putting 
«i = p/, l^i—qt', where p/ and g.' denote the initial values of 
Pi and qi for a fixed epoch t = t. The equations (14), § 10, here 
become 

(15) / P'""P'^P''' ■ ■ • P-'' 3'' • • • 3"'' ^> ^') 
1 2< = 9*(i>i'. • ■ • Pn', g,' . . ■ qn', i, f) 

and their solutions for p./ and g/, (15), § 10 

(16) I ^" =^.'(^1 • • ■Pn,q^ . . . q., t', t) 
I 2/ = g/ (pi ■ . . Pn, gi . ■ . g„, ^', t)- 

The equations (16) are obtained from (15 by interchanging 
the primed letters with the ones not primed. If in (15) or (16) 
t = i' , they become identical, and, in this case, give. 

(17) Pi = p/, qi = qi'. 

In Poisson's expression {a, b), we now substitute for a. and b, 
the two functions which form the second members of (16). 
Since they are independent of t and since no derivatives with 
respect to / occur in (a, 6), t may receive any value t' before 
differentiation. But then the functions p/, qu pass directly into 
Pi and 3,, and we have 

C (Pa', 3v) = l, 

(18) \ (PA',g^')=0, (^</-), 

L (p^'.p».')=(q'a',«m')=o, 

therefore, the conditions for a canonical system. 

Finally, resuming the unanswered question, will the repeated 

use of Poisson's theorem afford all the integrals from two given 

ones, a and 6? One of them a may at once be taken = a,; the 

other one b is then a function of «< and ft and equation (11) 

give, at once, 

db 



(19) 



(a, 6)= "o^i consequently, 



(a,(a, 6))=g— 2, 

(«.(«.(«. »)))= 0^3. 

etc. 
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Therefore, if b, taken as a function of /Jj, satisfies no differ- 
ential equation of the (2w — 2)'" or lower order which contains 
«! and 6 only in its coefficients, we get from (19) (2m — 2) new 
integrals which with a and b make the necessary number. If 
there is such an equation, the combination with b may, or may 
not, furnish the remaining integrals. In every case there is a 
possibility, and it is generally true, that two integrals will de- 
termine all the others, although there are exceptions which can- 
not be determined beforehand. 

It is in this sense that we are to understand what Jacoby has 
said in his Vorlesungen ilber Mechanik, (Werke, Supplement- 
band, p. 269). He says: 

"That the importance of this theorem ( Poisson's), which has 
so long been known, has not been recognized, is due to a remark- 
able circumstance. The cases in which it was used happened to 
be the very ones in which the newly formed expressions gave no 
new integral, but in which the resulting expression was identi- 
cally equal to zero, or equal to a number differen.t from zero, 
perhaps 1. These cases are exceptions in the general theory, 
but are very common in the applications. The integral, which, 
by combinatioQ with a second, is to give all the others, must 
necessarily be one belonging to the special problem. But the 
first integrals, derived for a given problem, are usually those 
which depend upon general principles, (such, for example, as 
the law of areas), and are not those which especially belong to 
the special problem. Hence we can not expect to obtain the 
other integrals from them." 

It should, however, be noted, that when this integral belongs 
especially to the special problem, it may not afford all the inte- 
grals, although, in the general case this is necessary. 

13. The Canonical Constants fok the Elliptic Elements 

OF THE OeBIT of A PlANET. 

The principles of the preceding paragraphs will now be used 
in order to obtain a system of six canonical elements to replace 
the elements a, e, fi, ?', ^, £, given in § 2. The determinant (22), 
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§ 11, shows that the combination of a with the other elements, 
except e, gives 0, and with c it gives 

The distance a is determined by the equation 



If we put 

(1) 
we get 

and 



^ {da? + dif + dz') /i_ ^ 

/ \ /• \ 9"i I 1^ 



v^ 



1 = 1. 



For /Sj we could at once select ^ = , but instead of 

this, we shall select the time 4 of perihelion passage, which, 
according to (20), §2, is determined by the equation 

(2) *^ = -n + n-^- • ^ 

K,A) = («.-^) + Gx,^)=l. 

and 

(«!, fl) = (oi, i) = (a,, n) = (fli, e) = 0. 

Further, by (22), § 11, we also have 

(/9„ a) = (-i,fl } + g,i3) =i((_c, ii) + (7r,i2))= 0, 

(A,.)=^[(-.e) + (.,.)] = -^(^. 
7a 
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Therefore, ift) is any function of aj, e, i2, i, n with the excep- 
tion of 1, it folios from (1), § 12, that 

db db a{l — e') _ dh 86 (1— e^) 

The partial differential equation (;?j,6) = 0, with h as the 
function sought and a,e,Q,i,-!t as independent variables, has 
the four independent integrals. 

, 1—e' 2a(l— e^) , „ , • , 
For u^, 6, might at once be taken, but instead we shall select the 



moment of velocity which = V-"a(l — e^)= v'/^( — i^i). and 
hence 



(8) </2=V/'a(l — e^)=\liJ-'p. 

By reason of (19), §11, 

(«„i2) = 0, (02,0 = 0, (a„^)=-l. 

Therefore we might put /?2 = — '^, but we shall take 

(4) A = ^— 'T, 

that is, the angle between the ascending node and perihelion. 
Then we have 

(«2. A)=l, 
• (2,fl) = 0, 



If c is a function of a^,^ ,i, 

, . , dc cos i do 

(ft, C)=— 7^ ; TH-.. 

doj aj sint dz 

The partial differential equation (ftjc) =0 in c, with a^jQ, i 
as independent variables, has the two independent integrals,- 
Ci = i2, and C2 = a2 cos t= Va'«(1 — &') cost. 
Further 

(C,,C2)=1, 

hence 

(5) a3 = a, 



(6) ;?3=A//'a(l — e^)cosi. 
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We have therefore found a canonical system, whose relations 
to the original elements are expressed by the equations 



(7) 



'2a' 



•^1= \/l^a{l — e'), 



n n 



\as = Q, /33=v';ia(l — e^)cos't. 

The introduction of the equations (7), gives 

(«i, ft) = (a2,iS2) = («3> ^3)= 1, 
while all the remaining Poisson's expressions between a and /S 
vanish. 

As has been shown, the system (7) is not the only one which 
can be formed, but, so far as the relations which the new con- 
stants bear to the old ones are concerned, it is the simplest. 

« 

14. Peopekties o¥ the Involution Systems. 

In § 12, we have seen, that, it pi,. . .p„,qi,. . .q„ denote 2w 
independent variables, 2n functions of them «!, ...«„,/?!,... /J„ 
can be so determined that 

(1) (a,,A) = l, 

(2) (ax,/?^) = 0, iX>f,), 
(3-) («A,«„) = (/Sx,;5j = 0. 

Such a system we shall, after Lie, call an involution system. 

The simultaneous differential equations (1), (2), (3) to the 
number of n{2n — 1) are to be regarded as the definition of the 
involution system, and from them we are now to develop its 
other properties. 

In this case the functional determinant is 

8^,' ■••8^' 8^"--%; 



(4) 



D = 



8a» 
■dpr' 

Qp.' 



da„ da.„ 8a„ 

■•8^' 8^'---8^„ 
••8p„' eq,'---dq„ 



8A^ 8A. 9A^ 8A. 
dp,'---dpj . dq,'--- dq„ 
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If we consider the (2rCf derivatives as independent ele- 
ments, without reference to their meaning as derivatives, they 
satisfy the n(2n — 1) equations of condition (1), (2), (3), and 
these equations of condition furnish a series of noteworthy 
properties of this determinant which possess an unmistakable 
similarity to the properties of the determinant of an orthogo- 
nal substitution. The determinant of an orthogonal substitu- 
tion has the property that the combination of any two rows or 
columns gives or 1, according as they are different or not, 
and there is a somewhat similar relation between D and the 
determinant 



(5) 



D'= 



8 A 



«/?! 8/9: 



Qq^'" dq„' dp,' 



8/3„ 

89/ ■• 


8/?„ 
• dq„'- 


8A, 
8ft'--- 


da, 


da. 


da. 


83.' ■■ 


■ eq„' 


dp,'--- 


da„ 


da.„ 


da„ 


83/ • • 


■ 8g„' 


dp,'--- 



8^ 

'dp„ 

8A. 
dp„ 
da, 
dp„ 

8^ 
dp„ 

which is derived from D by exchanging the last n rows and 
columns with the corresponding first rows and columns, and 
taking the signs as indicated. The combination of the rows of 

(5) gives, by (2) and (3), 1 when they correspond, and when 
they do not correspond. 

Hence 

and consequently 

(6) 2)=±1. 

The analogy may be carried further. If we- solve the 2w equa- 
tions 

«. = «.(Pi,.-P„,gi,...g'„), 
/5i = ft(Pi,-...p„, ?,,... g„), 
for the p's and q's, we get 



(7) 
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(8) 






and, if the functional determinants of (8) take the two forms 



(9) 



z) = 



da,' 



da,'- 



dpi , 8^1 



(10) 



+ 



83, 



8Pi 



8/3,""'' 8/?.'""' 



8ei I §Pi 

'8a/ •• ••^Sa/--' 



then, according to §12, ^ and ^' are conjugate determinants 
with the same symbols as D and D'. It can now be shown that 
D and ^' are identical and that D' and ^ are identical. That is, 
that 

8p^^ 8ftc 
8 H;^ 8g'x 

8pA. 8«v 

8/3^" 8g. 

dq\ _ dof, 

8/5^ " dpK 

This follows immediately from equations (59), § 10, by substi- 
tuting in them the expressions given by (62), (63) and (64), and 
at the same time putting a and P in place of a and h, and then 
using the equations (1), (2) and (3). 



(11) 



(/,/i=l, 2, . . .n). 
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Determinants like D, whose elements satisfy the equations 
(1), (2) and (3), are called canonical doterminants.* 

A conclusion of great importance can be obtained from the 
equations (11). For, if Pi and P, represent any two of the p's 
and g's, the expression 

da, dP, da,'dP, ■■■"•" 8/3i dP^'^ ■ ■ ■ 

is equal to if P, and Pj are different, and to 1 if they are 
alike. If in this, we substitute for the derivatives of « and P , 
their values from (11), we obtain at once 

in which the Poisson's expressions are obtained from the earlier 
ones by replacing a and ^ hy p and q. Hence, the important 
result: 

The solution of an involution system for the primitive vari- 
ables, gives again an involution system. 

Finally we will deduce the following proposition: 

If Ui, ft is an involution system of the original variables p,-, qi, 
and we form a second involution system At, Bi of a,-, ft, then 
the latter is an involution system of p.- and g,- when the expres- 
sions «,-, /3,- are replaced by p.-, g,. 

Denoting Poisson's expressions by {Ax, B,,)^,^ and {A^, B^^, , 
in which the subscripts «, ^3, in one case, and p, q in the other 
indicate the independent variables, we have at once from equa- 
tion (2), §12, 

(13) (A,,Pj„,p=(A,,P^)^,„ 

which proves the proposition. And, further, (13) gives the fol- 
lowing general result: Poison's expression 

"^n r da, da^ 9a, da^ ~\ 
.^ V. 9p.- 9 gj dqt dpi J 

♦Canonical Determinants also appear in other problems. See Clebscli and Gor- 
dan's Ahel'sche JPunctionen, p. 300. 
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of any two functions a, , a^ of p,-, qi remains unchanged, in form, 
when Pi, qi are subjected to a canonical substitution. 

What precedes is a preparation ^r our problem, the com- 
plete integration of the partial differential equations (1), (2) 
and (3), and consequently, the determination of the most gen- . 
eral form of the canonical system. 

We shall proceed to this problem, by first considering n func- 
tions 

(14) a.. = a((pi. Pa . . . p„, 3i, ^2, • • • 3»), {i = 1, 2, . . . n), 

and the- \n{n — 1) partial differential equations between them 

(15) (aA,«^)=p. 

We may assume that these equations represent the condition 
that the product of the two determinants 



(16) D^,,= 



dp,''"dpn 



8«„ . 8a» 



Da,^ = 



da, 

9*"- 


da, 

•83„ 


9«n 

dqr 


8«n 

' dq. 



obtained by combining the rows, shall be a symmetrical determi- 
nant. If, for brevity, we put 

8ax_ 9«x 

dp,-^^"" dq, 

the determinants become, 



(17) D.,^ = 



Pui, •••Pi. 



D ' = 



t^n ) 1 3 • . • Pn) n 

and equation (15) becomes 

(18) 2pA,.-, g,x,.- = Sppi,.-,gA,<. 

i i 

We will now form the minors of (17) and put 



«i.i,^--3i 



3»> 1) • • • 9»> n 
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■Pa) h — 



1 dDa,p 



1 dDa 



D^ 



dp, 



|LtJ X 



^""-D^,, dq„,' 



and arrange them as determinants. 
-P] > 1 ) • ■ • -f^i > " 



(19) F,= 



P P 



-F„ = 



Qi, 11 ■ ■ ■ Qit t 



Vm )!)••■ Ti!» ' < 



Multiplying (18) by P„ a, Qp, ^., where r and p are indices 
selected at will between 1 and n, and letting ^ and ^ take all 
possible values, and summing the resulting equations, gives 

2pA, iQil., i Pr> K -Ppj (J. = ^Pl^ti ?*■, .• -Pr> A. "?>»!• 

Each three-fold sum can be combined into a single sum. The 
first member, being summed for A, gives 

2(g^t, i Pp, M SpA, ( P,., x). 

But S j3a,(P,,a is either 1 or 0, according as i is or is not 

A 

equal to r. Consequently the first member of the above equa- 
tion becomes 

■^ Qli-lr Pp J |U. • 

By summing the second member, in the same manner, for /*, 
we get it 

= ^q\,fPr, A 
A 

Finally, substituting i for A and t^ , A for r, and /^ for p, and 
we obtain 



(20) 



2g(, A Pp., i — ^<li, iJiPk,i> 

I i 



and, hence the following interesting proposition of determi- 
nants: 

If a determinant (jDa,^) has the property, that the product, 
formed by combining its rows with those of a second, is a sym- 
metrical determinant, then the product formed by combining 
its columns with the rows of the conjugate to the second, is also 
symmetrical determinant. 
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This proposition has an important application to our differ- 
ential equations. If we consider q as only a parameter in 
(14), then D^,^ is a functional determinant. If (14) are now 
solved for the p's so that they are expressed in terms of a and 
q, we get 

(21) Pi—Pi{ai, fla. ■ • • ««, 3i, 32, • • ■ <ln) {i = 1,2, . . . n), 
then Fj, is the functional determinant of (21), and 

The derivatives are enclosed in parentheses to distinguish 
them from (9) and (10), from which they are evidently entirely 
different. The substitution of (14) in (21) gives identically 
Pi = Pi. If (21) is differentiated in this sense with reference 
to qt', it follows that 



^ OQi' J A V da.). J d Qy 



If the indices i and i' are interchanged, we get 



-(t)+?m) 



8«A 

8a.- ^ ' T ^ 9«A ^ 6qi ' 

According to (20), the sums in these equations are equal. 
Hence 

<^) (© = (fe> 

These equations show that the second members of (21) are 
partial derivatives with respect to g of a function 

(24) V= V{a„ a^,. .. a„, q^, q^, . . . q„), 
and that 

(25) p, = ~ {i = l,2,...n). 

Since equations (15) follow from equations (23), it follows 
that equations (15) represent the necessary and sufficient condi- 
tions that the solutions of (14) for p should give the latter as a 
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partial derivitive of V with respect to q. But we may also 
exchange p aud q; (14) then becomes 

(26) g. = (Z<(«], «2, ■ ■ • '^n,Pl,P2, ■ ■ -Pn), 

and, 

(27) 9. = I?. {i = l,2,...n). 



Equations (27) must be the reverse of equations (25), and 
hence it follows that 

If Pi reprftsents the partial derivatives of a function V with 
respect to g;, and if g^ be expressed in terms of Pi, then g,- is 
the partial derivative of a function W with respect to pi. This 
function W is easily determined and upon it the so-called 
Legendre substitution depends. 

If the first set of equations (8) are solved for /?, we get 

(28) A = /J.(«I, «2, ...««, Pl,P2, ■ ■ . Pn), 

and since {p\,p^ — 0, the function is 

(29) W'=W'{a„a„...a^,p„p„ 

and is such that 

„ dW 



■Pn), 



(30) 



da. 



We may now go further. If in (26), we form the deriva- 
tives I o-^ )) we get the quantities §/, ,-, which are the minors 
of the system D„, , in (17). And if, in (28), we form the deriva- 
tives I >,— 1, they are likewise the minors of the system 

dpi @Pn 

d^'--- 8/5, 



9Pl QPn 



But, by equations (II), this determinant passes at once into 
J>a,2 except that each element must be taken with a negative 
sign. Hence, 
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and by (27) and (30) 

Therefore, W+W is of the form 

W+W' = <p,{p, ,... p„) + ^,{a, ,...«„), 
or, 

W—<p,{a„ . . . a„) =_(TF'-p,(p,, . . .p,)). 

Since in (27), the differentiation is only with respect to p, we 
may subtract fj from W, and correspondingly for W. Hence 

(31) w' = — W, 

and we reach our result; viz: 

If ai,l^i are an involution system of p, and q,-, 

.g2\ '^s = "-iPi, ...p„,qi,...q„), 

Pi — HPi, ■■ ■Pn,qi, ■ ■ .*.), 
and if the ^'s and q's are expressed in terms of the a's and p's, it 
follows that 

(33) q.= ^^ ^.^-^ 
^' dp,' '' 8g,' 

where W denotes a function of the a's and p's, 

(34) W=W{a„...a„,p„...p„), 

and, conversely, the equations (33) give an involution system, if 
they are solved for the a's and /S'§ as unknovms. 

This completes the formal integration of equations (1), (2) 
and (3) so far as it is made to depend upon the selection of 
some function W and a pure elimination. 

(15) Canonical Tbansfoemations of the Canonical System 
OF Differential Equations. 

We return to the system 
,-,. dpi dH dq, dH 
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and apply to it the so-called contact transformation of Pi, qi into 
new variables P,, Qi, 

( Pi^Pi(p„ ... p„, q„... q«), 

'^ ' i Qi = Qi{Pi,... Pn, 3i, • ■ . q.), 

r p,= pc{Pu..-P«, Qx,-.-Q.), 

^ ^ 1 *= qdPx,...P„, Qx,...Qn), 

in which (3) are again the solutions of (2). Thg name of this 
transformation comes from geometrical considerations and it 
consists in the use of an involution system for which 

(4) {P>.,Q>) = 1, 

and all the remaining Poisson's combinations are equal to zero. 
Prom (2) it follows that 

dP, ^-^ r dP,dpK.dPj^dqK\ 
dt ^\.dpK dt "^ 8gx dt J 

- ^ f 8-P. QH QPj QiP] 

^{P,H). 

If in H, which is a given function oE p, and g.-, the substi- 
tution (3) be made, it becomes a function of P. and ft. In this 
sense, equation (1), §12, gives 

■ ^^(P,ft)+ . +|^(P,,§„), 



or, by (4), 
g dP,_ dH dQ,_ dH 

^^> ~di~W>' 'dt--d^,' (*-i.2,...n), 

where the second equation is obtained in the same manner. 
From this it follows that a contact transformation is the only one 
which leaves the canonical form of equations ( 1) unchanged. This 
transformation is of great use in our problem, for its use changes 
the form of the function H, and in a new form, it may happen 
that the problem will be easier to handle. The transformation 
of this paragraph is substantially that given by Jacobi in Sur 
VMimination des noeds dans le probldme des trois corps. 
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If V denote any given function of p. and Pi 
(6) V=V{p„...p„,P„...P„), 

this transformation follows from the equations 

as soon as the P's and Q's are computed from them. 

A special case occurs when equations (6) contain the P's in 
linear and entire functions; (7) then gives 

V = ~{P,Q, + P,Q,+ . . . +P„Q^) 

and, therefore, §,,...§„ are given functions of p,-. And, further 
it follows from (7), that the q's are linear functions of the P/s 
having the p/s as coeflScients. From these the P/s can be ob- 
tained and they are linear functions of the g/s. 

As a special case, we shall now assume that the Q's are linear 
functions of the p's, 

(8) Qi — ai,iPi + a2,iP2+ . . ■ +a„,ip„ 
Then from (7) it follows, that 

(9) g.=:— a.., , Pi — a.-, 2 P^— . . — a.-,„P„, 

and it remains only to solve equations (9) for the P's. 
For the problem of three bodies, § 10, we have 

dXi _dH dUj _ dH 

dt dui ' dt Qxi ' ' ' ' 
where 

/•in\ rr_ "^1^2 w^ma mam, '^^ m/ + v,^ + w? 

^ ' ~ ri2 rjs r,i ^ mi 

We may, .therefore, take the coordinates a;,-, y,-, Zt b,s p^, . . .p^, 
and Ui, Vi, uh as g,, . . . q^- And for ft, . . . ft we shall use fa, 
f;3, f, 'Ja, iJis, 1, Za, Z^, Z, these being so taken that 

{f„= «lX,+ <hX2-\- '^3«'-3, 
f =7?ii£Ci + m2X2 + m3X,, 
with six other corresponding equations giving ry and C in terms 
of y and z. 
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The constants « and /? must satisfy the conditions 

''l + «2 + «3 = 0, 



^^^^ lft + A + /33 = 0, 

from which it appears that the expressions 

(13) aj/Sj — ftfflj, 02/^3 — /^2«3. ''aft — A«i 

have a common value, which we shall take = 1. 

We shall here denote the P/s corresponding to f , rj, C by ^ /j., i^. 
The equations (9) then give 

r M, = — v» — A h — ^1^ . 

(14) <^ M2 = Va /?2'*3 — »l2'<, 

If we put, 

(15) M = ?», + Win + WI3 , 

it follows, by reversing and using (12) and (13), that 

(16) Mx, = ?+ia{l%ins ,?3?»2) f3(«2'W3 «3»K2), 

with eight other analagous equations. From these 

(17) («, — ■r, ) — — '^J^ + --^ 33, etc. 
Also 

(18) r% = («,_x,y^+(i/,_2/,)^ + (^,_2,)2 

= (?/ + va' + :a=),J/-2(f .f^ + ,„,p + r<.rp)/?3a3 

In the same way we may form rl and ri, and, hence, the six 
distances are entirely independent of ?, >?, J. 
If the six constants satisfy the new equation 

(19) o^ oA 'Hfi,^^ 
m, j», wij 

and if, for brevity, we put 






{20) 

the kinetic energy becomes, by (14) 



m,3 m, »i„ ma' 
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(21) 'S^ u^ + v^' + w.' ^ K' + ^.J + vJ A^^ + V+^g' 

^ nii m„ mp 

+ M(X' + !,' + ,'). 

The function H falls therefore into two parts, 

/oo\ rr, _ m,m2 w^ms mam, /ta' + M^ + ^'a^ , V + zV + ^is' 
^ ' tI ri, rl "*" 2m„ "^ 2m^ 

S"=-^Jf(/l' + ^i' + ^2). 

Hence, for f , ij, f, A, //., i-, we get the system of the sixth order 

(23) | = MA, ^-0,etc., 

which can at once be integrated. For the twelve other varia- 
bles, we can limit H to the part H' and obtain a system of the 
twelfth order, 
.9,x dc„ dH' dK dH' 

The system (23) can be at once integrated and gives proposi- 
tions concerning the center of gravity. The system (24) fur- 
nishes the relative motions of the points, and is a complete canon- 
ical system of the twelfth order. It is worthy of notice that 
there are only four equations between the six constants « and ft 
and that some discretion is also possible in their selection, which 
under some circumstances proves serviceable. 

Four integrals of the system (24) are known, those giving 
the kinetic energy and the propositions concerning areal veloc- 
ity. By introducing these in (24), it is possible to reduce these 
equations to other ones, also having the canonical form, but with 
only eight variables and t. Finally by eliminating t and another 
variable in this new system, a canonical system of the sixth 
order can be obtained, but the symmetry disappears. This 
system has been formed in many ways, but with difficulty in 
retaining the canonical form, and the function H on which 
everything depends, losing its original simplicity. 

This process has not given us any further reduction, for 
Lagrange had reduced the problem to the same order. And 
Lie, by the more complete representations of the the theory of 
groups, has sliown that further reduction of the known integrals 
is impossible. 
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16. The Partial Differential Equation of Hamilton 

AND Jacobi. 

In the integration of the systems 

(1) -dt=Wr -di--^/ {^-l,2,...n) 

2n constants, «,, «2, •••«..) /^u /^2i ■ ■ ■ l^n are introduced. 

In § 13, it was shown that these constants can always be 
selected such functions otpi and qi, which may also Contain t, 

,„-, f"«i = «((Pi,- --Pn.qi,- ■■ q„,t), 

\ ^i = l^i{Pu ■■■Pn,qi,---qn,t), 

as to form an involution system. From § 14, it follows that, if « 
and p be regarded as the independent variables of (2), and if 
/S and q be expressed in terms of them, the resulting equations 
take the from 

(3) ..■=^, A = -|^, (^ = 1,2,....), 
where W denotes some function of p, a and t, 

(4) W=W(p„...p„,a„...a,„t). 

We shall now examine the function W more closely. The 
first system of equations (3) furnish n integrations of the sys- 
tem (1) with n arbitrary constants « . If we substitute the values 
of qi in 

(5) H = H{pi,...p„,q,,...q„,t), 

it becomes 

QW dw 

(6) H=Hip„...p„,^^,...^^,t). 

If we also substitute the values of qi in the first of the sys- 
tems (1), we get a system of n differential equations in which 
Pi and t are the only unknown quantities. If the same substi- 
tution is made in the second of systems (1), a similar set of 
differential equations, between Pi and t, is obtained, which 
is not independent of the first system. Now, the total differen- 
tiation of (3) with respect to t, by the aid of (4), gives 



or, by (1), 



therefore 



HAMILTON AND JACOBl'S EQUATION. 121 

dt dpidt'^ ^ dpidpK dt ' 



' dp, ~ dp, dt'^ ^ dp,dpK d^K 
d'w . dH 



dp,et '^dp, ' ^dqAdpJ~ ' 

where, again, the values of q>, are to be substituted in \-j^) • 

Qtt' 

In the formation of ^ , the expression (5) is fundamental. 

But we may differentiate (6) with respect to p.-, which here 
appears doubly inasmuch as it is also contained implicitly in 
W, and if we denote the partial derivatives of (6) with respect 

to p, by ( ^ J, in order to distinguish them from the preceding, 

it follows that 

VdpJ dp,^'^dq,dp,' 

and by the introduction of the former equation, this takes the 
simple form 

^rdw 



.h) 



where H has the form given by (6). The equation (7) shows 
that the expression 

(8) ^+H = . 

is entirely indedendent of p,. We can further show that it does 
not contain «,-. Differentiating (8) with respect to a,., we get 

dA_^s^dHdq^ , d'w _ s^dp^ y.daj , %daj 






doi, ^dq^da,^ da.dt .^ dt dpK ^ [dt 

A 

8 
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f 

But the second member of this is = 0, since it is the total deriv- 

QW 
ative of -^r— , that is of a constant with respect to the time. 

Hence 

ew 



(9) 



0: 



<ir+-) 



(10) 0=^+H{p„...p„,^,...Q- t). 



da, 

The equations (7) and (9) show that (8) is a pure function of 
the time with no arbitrary constants. But, since the derivative 
of this function /(i) vanishes in the differential equations (1), 
it may be subtracted from H, and then 

dW ( dW dW 

This equation, in which p and t are the independent variables 
and W the function to be determined, is the partial differential 
equation of Hamilton and Jacdbi. 

Jacobi has shown that its complete integral immediately 
furnishes the integrals of the system (1). This will now be 
proven. 

By a complete integral, or a complete solution of (10), is 
meant, according to Lagrange, a solution which has as many 
independent arbitrary constants as there are independent vari- 
ables. The number in this case is n-\-\. One of these is a 
constant belonging to W and this may be neglected. Let the 
remaining n constants be «!, 02, ■ • • «»> so that W has the form 

(11) W=W{p„...p„,a„...a„,t). 
Introducing 

(12) S.= 0^, 

we can at once give the integrals of the system 

in which the value of g,, obtained by differentiating (12), is to 
be used. (In the second member of (13), p and t represent the 
variables and the a's the parameters). If (10) is differentiated 
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with respect to a parameter «(, it follows, since it is contained 
only in W, that 

dt ~^dq, dp, ' 
and hence, by (13), 



0: 






dt ' ..iLJ dt dp, 
or 

dt 
Hence, the sxpressions, 

<•« *=-!? 

represent the n integrals of (13), and by solution for pt will give 
these as functions of the time t, the arbitrary parameters a , and 
the constants of integration /5. 
. Bjj the total differentiation of (10) with respect to p,-, we get 

J i-8^J ^( aH ^lg^J ) dH 

dt "^^\8gx 8pA rdp, 

dpK y-dpj ] dH 
dp, rdp, 




or, by (12), 

nS) d_q,__d_H 

^^^> dt- dpr 

Equations (13) and (15) reproduce the complete system (1); and 
(12) and (14) are its integrals with the %n arbitrary constants a, 
and A. 
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• The fundamental idea in these investigations consists in the 
disclosure of the intimate connection between the theory of 
partial differential equations of the first order, and the theory 
of simultaneous differential equations. This connection, for 
linear equations and also for equations containing two inde- 
pendent variables, has been known since the time of Lagrange. 
By a slight generalization, it easily appears, that the one problem 
can be transformed into the other. The reader is referred to 
Jacobi's masterly investigations. 

17. H Not Containing the Time. 

Up to this time, H has been a function of p., g, and t. If it 
does not contain t, the partial differential equation (10) of the 
preceding paragraph becomes 

dW , „C QW dW 

Since (1) does not explicitly contain t, a peculiar transfor- 
mation may be used, in which the transformation formulas 
depend upon the yet undetermined W, instead of given funct- 
ions. Substitute, in (1), a new variable for t, such that 

(2) ^ = -'^' 

(3) t = t{p,,...2j„,h), 

and for the function W, a new function V, such that 

(4) v=W-(t—e)^ = W+{t—.)h, 

where e is a constant selected arbitrarily. 
Remembering that 

(5) W=W{p„...p„,t), 

and making the substitution (3) in (4), we have, by differentia- 
tion 



(1) 0=g^+4^.,...p„,g-,...g-J. 



fdW\ 



ev_dwdt dwet .All' ,.. ^ 
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(7\ dV _dW dWdt .,dt_dW 

Accordingly, equation (1) becomes 

(8) -. + H(p,,...p„,g,...g) = 0. 

In this case, Pi, . . .p„ and h are the independent variables. 
The derivative of V with respect to h does not occur; hence, 
this equation can be integrated as if h were constant. In this 
sense, the complete solution of (8) has in its expression 

(9) V^V{p,,...p„,h,a,,...u„_,), 

n — 1 arbitrary constants «], . . . a„_j besides the additive one 
depending on V. The latter, we shall not consider. With equal 
propriety «!,... a„_i may be regarded as constants or as arbi- . 
trary functions of h. We shall consider them as constants. 
Returning to the primitive function W, we have 

(10) W=V—{t—e)h=V—h^. 

If the substitutions (9) and (7) are made in this, W takes the 
form 

(11) W= W{p„ . . .p„, «„ . . . a„_,, t-e), 

SO that the earlier constants a, ,...«„ , now have the values 

(12) "i, «2, ••• «..-!,£■, 

Therefore, the quantities (12) are half of a system of canoni- 
cal constants of integration. The others are determined by the 
equations (14), § 16, which here, have the form 

8 W 
<13) ^^ = -y^ (* = l,2,...n-l) 

and 

(14) _ ^„ = ___^ + _^ = _ft. 

But the derivatives of V in the form (9) can also be at once sub- 
stituted in (13). For, according to (10), 

dw_ev dvdh_ ^dh_dv 
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• Hence the substitution, which changes W into V, need not be 
taken into consideration, and we get the following final result: 

If there is a system of total differential equations 

(1^^ df-a^' Tt- dp: ^^-^'■■■^)' 

in which H does not contain the time t, the completeintegral 
V of the differential equation (8) can be formed, in which 
«i,a2, • • ■ ««-i are the arbitrary constants. The solution of (16) 
will be given by the formulas 

/?. = — ^— , {i^l, ...n — 1), 

. dv 

and the n pairs of canonical constants of integration are 

For the special system (8), § 10, the partial differential equa- 
tion (8) is 

revv rdvy (dvy 
Ad^J +leyj ^IdzJ 



J ^- I 4-1 -= — I -4-1 

(17) h=-y,'^+^y, 



and the equations (13) represent the final equations between the 
coordinates, while the velocities are at once determined by the 
formulas 

,,„, dx, dv dy, dV dz, dV 

^ ' dt oXi dt dyi dt dZi 

The partial differential equation (17) was first obtained by 
Hamilton, but he did not see the deeper conclusions to be drawn 
from it, and the way in which he proceeded was quite another. 
He defined V as the "action," and we shall see how easily his 
definition may be drawn from (17). If V be determined from 
(17) as a function of the coordinates, and its total derivative 
with respect to t be taken, we get 
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(19) dV _^ rdVdx, dVdyi dVdZt-\ 
^ ' dt ^Vdxidt'^dyidt'^ dzi dt J 

and 

t 

V=2 Tdt+C, 

and, if we suppose, that V Tanishes for a definite epoch f, 

t 

(20) ■ V=lJTdt. 

t' 

The action V is, accordingly, equal to twice the double inte- 
gral of the kinetic energy with respect to the time. Moreover, 
this integral can be at once obtained from (21), § 6. In this case 

V = ^^ ~ — -. If we consider only the relative motion of the 

center of gravity, C'=h, and therefore, since T= V'-\-h, 
t t 

(21) ' F = 2 /"(F'+/i)df=^^.^^^^|P^|— 2fe(/-/'). 

Finally we will give Hamilton's derivation of the partial dif- 
ferential equation (17), because it is the best known and depends 
upon a well known principle — the so-called Hamiltonian Princi- 
ple. It has, however, been shown by Jacobi that this derivation 
is made with an unnecessary limitation which tends to cover the 
true relations. 

Hamilton started with the equations 

d'x,_dU d%_dU d%_dU 

iiA) '^'-af-d^,' "^'df-dy,' "^'df-d^' 



(23) C7=2 



m/,ini^ 



If we multiply the equations (22) in order by the virtual vari- 
ations 8xi,8yi,dZi, and, for brevity, put 
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,_.. dXi dlji dZi 



we get 






Now 



d^x . d C dx ^ \ dx ^dx d ( dx 



dfdx^ '\ dx .dx d ( dx . ~\ ^.fdxy 

dtldt'''J-di'di = dtldi''')-^'ldiJ- 



The preceding equation, therefore, becomes 
dt 



d ""^ fdXi ^ , dVi . , dzt . ^ 



=:dU+ST=5{U+T), 

and hence, on integration with respect to t, between the limits 
t' and t, 

(25, 2-(t'- + t'- + t'-)i 

* t 

- d(U+T)dt = d ( V+T)dt. 
t' t* 

This equation, in which 8xi, ... denote any selected infini- 
tesimal variations, was Hamilton's starting point. 

The coordinates and velocities are functions of the time and 
of 6n constants. For the initial values of these, corresponding 
to the time t', we shall take x,', j/,', 2/, u/, v{, w- so that the final 
equations take the form 

( 26 ) asj = aji ( a;/, 2/1', 2,', . . . Ml', Vi', rt)/, . . . ( « — i' ) ). 

By the differentation of (26) with respect to *, we at once 
obtain 

(27) M, = Mi(Xi', 2/1', Z/, . . . M,', U/, w/, . . . {t — f ) ). 
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The action 



'=2 Tdt 



then takes the form 

(28) V=V{x/,...u,',...{t-t')). 

We will transform (28), by obtaining u', v', w' from (26) and svib- 
stituting them in it. This gives 

(29) V= V[x„ y„ z„... xU 2//, V, (<-«') J- 
The equation for the kinetic energy is, in this case, 

(30) h= _ 2 ^"+S4m,(M/ + «.= + «'/). 

If we substitute for Ui,Vi,Wi their values given by (27) and 
then for m/, vl, w- their values given above, h becomes a func- 
tion of the old and new coordinates and of the time {t — V). 
If from this we find {i — t') and substitute it in (29), we get, 
finally, 

(31 ) F= V(x, ,y„z„... X,', y,', z-l, ...h). 

This is the form of the equation, which Hamilton took as the 
basis of his investigations. We shall now assume, that, in (25), 
the variations 8x, Sy, Sz are not entirely arbitrary, but determ- 
ined in the following manner. Consider the motion of a system 
from the time t' to the time t. It is first determined by the 
■coordinates and component velocities. If we suppose that these 
are changed infinitesimally, we have another motion which is 
similarly determined. Prom one instant to the next, the con- 
figurations and velocities will change infinitesimally. The 
changes or variations will be represented by SXi,Syi,dZi, dui, 
Svi, Swi, and the initial variations by Sx/, dy.', fe/, 5m,., dv/, Sw/. 
Then from (26) and (27), we have te,, etc., in the form 

Sx^=ll^,Sx,'+...+^M'+-..,etc. 

By the aid of (30), the integral in the second member of (25) 
■becomes 
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« t 

= j{2T—h)dt= l2Tdt—h{t^t') = V—h{t—t'). 

V t' 

With the limitations now made, 

t 

d {U+T)dt = dVS\_h{t—t')^ 
ti 

It can now be shown, that, 

(32) W=(^-*')- , 
By the substitution of the expression 

(33) (.t—f) = (<—«') (a^i. • • • <> ■■■h), 

the element h in (31) is brought back into the form (29)- 
Therefore, 

dv _ dv e(t—f) 

dh~d{t—t') dh ' 

where V in the second member is taken from (29). 
Now 

t t 

V=2 Tdt= {T+U)dt + h{t — t'), 

t' it 

consequently, 
where 
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Further, it follows from (25), that, if the upper limit t changes,, 
so that the final variations Sxt, Sy^, fe,. become Uidt, Vidt, Widt, 

2r=p, 

and hence 

and, consequently, 

dv _ ev e{t—t') 

dh^d{t—t') dh 

_ dh d(t-n _ 

-<•* ^h(t—t') dh -* *• 

The last two terms of the equation preceding (32), therefore = 0, 
and by substitution in (25), we get 

(34) S m.- (Uf Sx; + Vi Syi -f- Wi Szi) — Sm.- (m/ Sx/ + v/ 8yl -\- w- dz'i) 

Now, the initial variations of the coordinates and component 
velocities were taken at will, consequently the number of initial 
and final coordinates may be taken the same. Therefore, for 
every value of i5x,-, . . . Sx/ . . ., the equation (34) must consist of 
two parts 

ev 



(35) 



dv 
m.M/ = — g^,, etc. 



If V, the action, as assumed in (31), ig a function of the 
initial and final coordinates and of h, the second system of (35) 
gives at once by differentiation, 3w integrals, and the first sys- 
tem gives the components of the velocities, while (32) deter- 
mines the time employed. With this limitation the action V, 
cannot be used for the solution of the problem, formation of 



132 THEOEIES OF PLANETAEY MOTIONS. 

(31) requires that the problem be already solved. The second 
system of equations (35) can, of course, furnish only (3w — 1) 
equations between the current coordinates a',, 2/,, z.-, and the 
relation between them may be at once obtained, by noticing 
that the equation (30), which, by means of the first of equa- 
tions (35), becomes 

■(36) k= - ^^ + i ;S ^"^ n. ' 

must also subsist for the initial values, or 

fdvy fdvy fdvy 

This last equation may be regarded as a second partial differen- 
tial equation in V. 



18. The Pabtial Diffekential Equation of Hamilton 

AND JaCOBI foe THE MOTION OP THE PlANETS AbOUND 

the Sun. 
In this case, the function H has the value 

(1) H=--'^ + -^±^, 

and the differential equations of the motion are 

, „ , dx _ dH ^ dy _ dH dz _ dH 

^ ' dt~lhi' dt^lh' dt~dw' 

,„> dM_ dH dv _ dH dw _ dH 

*■ ' , di^^'e^' dt~~'ey' 'di~~^' 

and Jacobi's partial differential equation is 

It is now necessary to find a solution of (4), which contains' 
two arbitrary constants besides h and a constant depending on 
V. In his Vorlesunger iiber analytische Mechanik, Jacobi has 
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shown how this can easily be done by the introduction of elliptic 
coordinates. We shall, however, here use V in Hamilton's 
form, that is expressed by h, x, y, z and the initial values of the- 
coordinates, x', y', z', 

(5) V=V{x,y,z,x',y',z\h). 

Now, it is clear, that the action V, depends only on 

1. Semi-axis major of the conic section, therefore on 

2. The distance of the initial place from the sun, 

r' = \/x'-' + y" + z'\ 

3. The distance of the final place from the sun, 



r= \/ x' + y- + z\ 
4 The distance of the final place to the initial place, 

P = \/{x—x'r-+{y-y'y + {z-z'y. 

For, it is easy to show that these four magnitudes are sufficient 
to determine the form of the conic section described by the 
planet and also the velocity at each point in the orbit, as well as 



V = 2 Tdt= / {ii' + ■d' + w') dt. 



We may, therefore, write V in the simple form 
(6) V=V{r,r',p,h). 

Consequently, 

QV dVdr dVdp^dVx dV jx—x') ^^^ 
Qx ~' dr dx dp dx dr r dp p ' 

If we use the equation 

x{x—x')+y(y—y')+z{z—z') = r''—{xx' + yy' + zz') 

= r' + i{p'-r'-r") 
.. =^{p'-{r+r'y + 2r{r + r')), 
then 
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/8FV, rdVW fdV\'_(dV\' fdvy 

\d^ J ^Vdi' ) ^Vdi J "yd^ J ^ ydp } 

dVdV( {r + r') l{r + r'y—p-' \ 
'^ dr dpV p r 2p J' 

Therefore the equation (4) takes the form 

The corresponding differential equation for the initial coor- 
dinates, therefore, becomes 



+ 



\x\(QyX I rQ^yi I dVdV {r^r') -\ 
l^]\dr' J^Kdp J ^'^dr' dp p J" 



In these differential equations r, r' and p are the independent 
■variables and V the function to be determined. It is convenient 
first to integrate the equation (7), and then to specialize the solu- 
tion in such a way that the condition (8) is satisfied. Since 
derivatives with respect to r and p only occur in (7), r' may be 
regarded as a constant parameter and the integration effected 
by the method given by Lagrange for this case. The solution 
may also be obtained in other ways, for example, by the intro- 
duction of new variables. If we put 



(9) 




-Hr + r' + p)=p, 




and, tiberefore, 








(9a) 




r=p + q—r', 
P=P—q, 




we get 








dr * 


fdv 
Idp 


,dv-\ dv fdv 

'^dqJ' dp ^Idp 


dV^ 
dqJ 


and, therefore, 
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'"^^'d^^p -p 



pq 



dp J \-dqJ A'2{p—q) 

2{p — q)\lldpJ p] ll'e^J~jj\' 
likewise, 

=2(^!*ID'--]-.[(lf)-^»]S. 

If, for brevity, we put 

©"-|-^-«. 

the equation (7) becomes, 

(10) (7+|w2§^)(^-«)+2(^(^^-«^) = 0. 
A special solution can be obtained at once, by putting 



(11) '^=^^''^J'i+^' 

(12) l[=±v^VF^- 

These two equations can plainly exist together. If we take the 
first root positive and the second negative, we can put for V 

r + r'-\-p i 



P 2 

/ // 

\,dx. 

TO ■ 



(13) V^V2j^^+hdx = V2j^^^ + hc 



2 
Since this expression for V is symmetrical with respect to 
r and r', it also satisfies the partial differential equation (8). 




^v 


^ 


h- 


1 

2a 


r + r^ - 


-p 
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Since it vanishes for x = x',y = y',z = z', it appears that (13) is. 
the action of the system from the initial to the final configura- 
tions, and it is in the desired form. 

The time required by the planet to describe the arc of the 
orbit between the two points, is found by (32), § 17, 

r-\-r' + p r + r'-\-p 

r-\-r' — p 

2 2 

This is Lambert's Theorem. It was obtained in an entirely 
different manner on page 23. From it, it follows, that the time 
required by a planet to pass from one place in its orbit to 
another, depends only on 

1. The semi-axis major, a, 

2. The sum of the distances from the sun, r + r', 

3. The chord connecting the two places, p. 

Moreover this time is the same as that required by a planet in 
falling in a straight line towards the sun, from the distance 
\(t -\- r' -\- p) to the distance \(r-\-r' — p). 

The expression for the time is especially simple when /i = 0,. 
that is when the orbit is a parabola. Equation (5), § 3, then 
gives 

In this limited case, the proposition was known to Euler, 
(Miscell. Ber. A. T., S. 20); in its most general form, it was dis- 
covered by Lambert. For a long time, the proposition was 
regarded as a curiosity. Its true source was shown by the inves- 
tigations of HamiltoQ and Jacobi. The investigations also give 
noteworthy equations for the orbit and for the component veloc- 
ities. If for brevity we put 



(16) ^|r + r'+p~^^-^'^|r + J-f~^-^' 



-p 4a 
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the equations (35), § 17, give 

r+r^ + p 



dV 



e 

r + r~p 



J \ X a 



_^^ Q(r + r'+p) ^ e{r + r'-p) 
dx dx ' 



and, therefore, 

\r ' ■ p J Vr p /' 



(17) 



and likewise 



(18) 



, . fx' . x' — x^ „/«' x' — x'\ 
Vr p J yr p ' 

[— (p+^)-H?-^)- 



P ^ \.r p 

If the initial coordinates and component velocities x', y', z', 
u', v', w', and, consequently, h are given, the equations (18) give 
three final equations between x, y, z oi a very noteworthy form. 
They are equivalent to two independent equations, since the 
equation 

must be identically satisfied if we substitute for u', v', w', their 
values from (18). Further if we eliminate A and B from (18), 
we obtain 

(19) = x{y'w'~z'v')-\- y{z' u' — x'w/) + z{x' v' — y' u'), 

* The coordinate x must, In this case, not be confounded with the x under the si!?n 
of integration. 

9 
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which is the equation of a plane passing through the sun. It 
is not so easy to see from ( 18), that the orbit is a conic section. 
It can be shown in the following manner: If we find A and B 
from the first two of equations (18), and substitute the values in 
the expression A" — B'^, we get 

_ iv'{x'-x) -u\y' -y)] {-v' x' + u' y') 
^-^-"•P .{xy'-yx'Y' ' 

and in the same manner two other analogous expressions for 
A^ — B^ can be formed. If, for brevity, the successive numera- 
tors be represented by >■!, h, h, and their sum by A, it appears 
that 



{xy' —yx'f -\-{yz —zy'Y -\- {zx' —xz'f 
The denominator can be easily transformed into 

(«' + y' + z') {x" + y" + z") — (xx' + yy' + zz'f 

We also have, from (16), 

Substituting this value in the above equation, and multiplying 

(r + r')^— P^ . 
by^^ Yp — ^>gi"fes 



_ _ %r'X 



p'—ir—ry 
or 

A- 

Now, finally 

P^—7»—r"'= — 1{x.x'-\-yy'-{-zz'), 

and since A is linear with reference to x, y, z, we obtain the 
final equation in the form 

r = ax-\- by -{-cz-\-d 

which is nothing else than the equation (25), § 1. 

It is also not difficult to verify the other equations of the 
same section, although no one would have succeeded a priori in 
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getting the notable equations (17) and (18) from those §1. This 
example shows how a general theory may throw a new and sur- 
prising light on an old and special problem. 

Jacobi has shown that the partial differential equations (4), 
can be integrated in other ways, thus giving the solution of the 
problem a great many forms, which could hardly have been dis- 
covered in any other way. 

We will finally consider a simple geometrical meaning of 
the action in the case of an elliptic orbit, as it was given in a 
note in the Quarterly Journal of Mathematics, 1866. (Note on 
the Action in an Elliptic Orbit). 

If we denote the velocity of the planet P, by V, (see figure 
on p. 13), then 

dV=iv'dt = ^ds. 
dt 

The increment, dS, of the area described by the radius vector to 

the sun, is 

dS^ldt ^/txa{l—e% 

or, otherwise, 

2dS=/ds, 

where / denotes the perpendicular from the focus F upon the 
tangent, and therefore. 



ds //.a(l— e^) 



-v^ 



dt M f 

If /' is the perpendicular from the other focus upon the tan- 
gent, by a known property of the ellipse, 

ff'=h' = a\l—e% 
Hence 

dy=^^^^^ds = -^j'ds 

J Vl — e 

2m 

dS', 



Vl— e' 



where >S' denotes the area described by the radius vector from 
the other focus. Now, if we assume that the action and this 
area are reckoned from perihelion, we get 
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(20) ''=vfe=.'>"- 

Hence it appears, that while the area described by the radius 
vector from the sun is proportional to the time the area 
described by the radius vector from the other focus is propor- 
tional to the action. 

19. Historical Suetey foe the Second Division. 

After the general integrals in the problem of n bodies had 
been obtained, and the differential equations of the motion had 
been brought into their usual forms, no important advance was 
made for a long time, at least so far as relates to an insight into 
the nature of the problem. In 1809, Poisson established a the- 
orem, {M6moire sur la variation des constants arbitraires dans les 
questions michanique, Journal de I'^cole polytechnique. Tome 
VIII, page 266), which contained the germ of great analytical 
investigations. It enabled him to give forms of great elegance 
to the formulas for precession and nutation, as well as to those 
of perturbed motion. He used his formula only as a means of 
transformation. This afforded him no opportunity to bring it 
into relation with a broader theory, and it may well be on this 
account that he did not develop its true analytical character nor 
use it in adding new integrals to those already known. 

It was about the same time that Lagrange published and 
soon generalized his formula. {M6morire sur la th6orie des vari- 
ations des Aliments des plandtes. Oeuvres T. VI, page 713). 
Lagrange applied his formula to the problem of perturbations, 
and it enabled him to give the equations arising in this theory 
very elegant forms. He seems to have prized it only on account 
of its applications to this problem, which was then engaging 
his attention. 

In 1844, Hamilton published a memoir in the Philosophical 
Transactions, entitled On a general Method in Dynamics, hy 
which the study of the motion of all free systems of attracting or 
repelling points is reduced to the search for, and differentiation of, 
one central relation or characteristic function. It enriched ana- 
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lytical mechanics with a new principle, — that of varying action. 
He introduced the idea of the action as the integral of the 
kinetic energy with respect to the time from one configuration 
to another, proposing it as a function of the coordinates of 
these two configurations and a constant depending on the kinetic 
■energy, and he developed two partial differential equations 
which satisfy it. He also showed that a knowledge of it led to 
the immediate derivation of the final integrals by a simple 
differentiation, and he obtained them for n — % But he did not 
recognize the fundamental meaning of the differential equations, 
nor did he know that the complete solution of one alone lead 
to that of the whole problem. Jacobi, leaving the original 
definition of the action in the background, was the first to bring 
the partial differential equation to the front. He then reduced 
the problem to the integration of a single partial differential 
equation. He also generalized Hamilton's investigation by 
freeing the function H, (which in the problem of n bodies had 
been the difference between the kinetic energy and the potential 
energy), from all limitations. By this, and especially by the 
assumption that H may contain the time, he succeeded in giving 
the formulas an extraordinary symmetry. The partial differen- 
tial equations were, however, given a somewhat different form 
and could not be reduced to Hamilton's original form. 

Jacobi did not satisfy himself with this. He connected the 
partial differential equation with Poisson's theorem and, by 
searching analytical treatment, succeeded in showing that the 
system of constants, thus obtained is a canonical one, and, 
especially, he pointed out that the initial elements form a special 
canonical system. His endeavor was always to show the con- 
nection between the most varied analytical investigations. He 
extended his studies further, and succeeded in creating a great 
fundamental theory of partial differential equations of the first 
order, the presentation of which does not fall within our pro- 
vince. 

It is easy to apply the general principles *to elliptic motion, 
and it is worthy to note that Lagrange found, for this case, a 
system of constants which can at once be transformed into a 
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canonical system. The method which has been given, for 
changing a given system of constants into a canonical system, 
is due to Bour. 

Many mathematicians, by their labors, have perfected and 
generalized Jacobi's ideas concerning involution systems and 
other celebrated problems. Pfaff's problem is one of these. 
It relates to the reduction of a differential expression 'SfidXi, in 
which the /, are given functions of x, to its simplest form and of 
its application to certain theories of space. The works of A. 
Mayer and S. Lie are also to be mentioned. Their methods 
have here been used only so far as they seemed available, and 
the author hopes their thorough application of determinant 
relations is suited to its place. 

Dr. Bruns has recently published (in the Berichten der sdch- 
sischen Akademie, and in Acta Mathematica, Bd. 11.) a very 
important work, in which he rigorously proves that the known 
integrals exhaust the algebraic ones. It is to the new theory of 
functions, with its precise definitions and to its clearly defined 
progress towards general principles, that we must look for an 
analysis of the general problem, affording a solution as clear as 
that which Kepler and Newton have given to the special case of 
two bodies. 



THIRD DIVISION. 



Theory of Perturbations. 



20. The Consideeation of the Solas System as a System 

OP n Bodies. 

The heavenly bodies are exceediagly numerous, and on this 
account, the problem of determining the motion of any one 
would be incapable of solution by reason of its length alone, 
were it necessary to consider the forces due to the attraction of 
all of them. These bodies are widely separated, the forces in 
obedience to which they move, vary directly as their masses and 
inversely as the squares their distances apart. Hence, bodies 
which are relatively at very great distances from a given ,body, 
influence its motions only to a very slight degree. Conse- 
quently, a very close approximation to the exact motions of any 
body may be obtained by neglecting the effect of the attractions 
of relatively very remote bodies. The character of this approx- 
imation will now be considered. 

In accordance with the notation of § 6, let x^, y^, Zi, m^,. . , 
^n, Vn, z„, m„ denote the coordinates and masses of n bodies 
forming a system. Let f, ??, C denote the coordinates of the 
center of gravity of the system. Besides the n bodies forming 
the system, let there be an exterior body whose coordinates and 
mass are X, Y, Z, M, and whose distance L from the center of 
gravity of the system is much greater than the greatest dimen- 
sion I of the system. And, further, let the coordinates, when 
referred to the center of gravity of the system, be denoted by 
primed letters. Then 



The equations of motion of the exterior body are 
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The quantity under the radical sign is equal to 

i^ — 2 {X'x' +Y'y' + Z'zf) + {x" + y" + z') , 
in which the orders of the second and third terms with refer- 
ence to the first term are j and [j J • Remembering that 

S mx' — S my' = S mz' = , 
the use of the binomial theorem gives 






n^ 



in which the order of 3 with reference to the first term is ij) 
Now 



m^+M^^ = 0. 



d'S , ,d'X 

or 

^ d'$ d'X 

and the above equation becomes 

By neglecting terms of the I - I th and higher orders with 

respect to the leading term, the following result is obtained: 

The motion of the center of gravity of a system of n bodies, 
due to the attraction of a very distant exterior body, is the same as 
if the masses of the n bodies were united at their center of grav- 
ity. 

We shall next investigate the relative motions of the n bodies 
with respect to their center of gravity. We have 



d?x,' d'xi d'S 

0-«i' 'y(^^x'-x,'y+{Y'-y/y+{z'-z,'yy -^'^ 

Mmd 
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In the first term V again denotes the potential of the system , 
of n bodies. The order of the second term with the reference 
to the first is 



M f ly 



the third term is of a still higher order. Hence, if M is not 
very great compared with Sm, we have, very approximately, 

A very distant body has no influence upon the relative motions 
of a sy stern of n bodies about their center of gravity. 

Instead of a single exterior body, consider a system of bodies 
or many systems, whose dimensions are very small compared 
with their mutual distances. From what precedes, it is easy to 
see that any such system will attract as if the bodies composing 
it were united at their center of gravity, and that the relative 
motions of the bodies composing it will not be disturbed by the 
other systems. 

The solar system, including the sun, the planets, and their 
satellites, the comets and the smaller bodies revolving around 
the sun, is such a system. Some of the comets move away from 
"the sun to indefinite distances, but aside from this, the greatest 
dimension of the solar system is probably less than one four- 
tihousandth of the distance to the nearest fixed star. At such a 
•distance, the influence of a star on the relative motions of the 
bodies forming the solar system is of the order 



m 



2w" 64,000,000,000' 

"which is probably not appreciable, It is possible, and indeed 
probable, that hi the course of centuries, the fixed stars may 
change the direction and velocity of the otherwise uniform 
motion of the center of gravity of the solar system. This 
motion is now directed towards the constellation Hercules. 

While "we may safely neglect the fixed stars as perturbers of 
the relative motions in the solar system, we can not neglect the 
fact that the system itself is composed of bodies instead of 
points. The dimensions of these bodies are, however, very small 
compared with their mutual distances, and excepting the motions 
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about their own centers of gravity, they may be regarded as 
material points. Moreover, the form of the heavenly bodies 
enhance the approximation. They are nearly spherical or are 
composed of nearly homogeneous spherical shells. Now, it is 
rigorously true that a homogeneous sphere or a body composed 
of homogeneous spherical shells, attracts an exterior material 
point as if its mass were concentrated at its center of gravity. 
The departure of the planets from the spherical form is so slight 
that it sensibly influences the motions of the satellites only. It 
appears, therefore, that with close approximation, the sun, the 
planets and their satellites may be treated as material points 
which have no further influence upon each other than their 
mutual altraction. At the same time, there are in the system 
certain secondary systems, formed of the satellites revolving^ 
around a planet as a primary. In these cases it will be neces- 
sary to test the degree of approximation. We will take at first 
the sun, earth and moon. The earth is about four hundred times 
as far from the sun as from the moon. The influence of the sun 
on the relative motions of the earth and moon, is, therefore, 

M r 1 -y 

m \.4Q0J ' 

in which M represents the mass of the sun, and m that of the 
earth and moon together. This is approximately 

1,000,000 _ 1 
3. 64,000,000" 192' 

so that the sun's disturbing effect is small, although its mass is 
more than 300,000 times the combined masses of the earth and 
moon. Yet it is entirely too large to be neglected. Indeed, the 
numerous inequalities in the moon's motions are nearly all due 
to the sun. ^ 

The influence of the sun on the other secondary systems is 
much less, partly because their dimensions are relatively less, 
and partly because the primaries have greater masses and are 
at greater distances from the sun. 

The moving force of the sun on the common center of grav- 
ity of the earth and moon is 
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Mm 

-B being the distance of the center of gravity from the sun. 
The order of 6 with reference to the first term is 

1 1 



(400)' 160,000 • 

In this case the order is really less than this because the mass 
of the earth is more than eighty times that of the moon. In 
order to determine the resulting decrease of the error <5, we will 
again assume n bodies, with the same notation as before. Then 

in which S' can be shown to have the value 

5' = ^ "^ (^ dm{X'x' + Y'y' + Z'z' )a;' — | m X'{x" + y" + z" ) 

15 (X'x' + Y'y' + Z'z'f.X' -^ 

in which e contains the terms of order higher than those devel- 
oped. Now, let one of the bodies, for example the one whose 
mass and coordinates are mi, x^, y', Zi, have a mass far exceed- 
ing the sum of the masses Sm of the others. Then the part 

of d' which depends upon m, will be very small compared with 

■^ 

the others. For its coordinates will be of the order — , and 

m-i 

their squares and products of the order ( I . If terms of 

this order be neglected, S' will be of the order - 

In comparison with the principal term, viz., — ' ^ -, this 

term is of the order 



V i y m, - 



, + Sm' 
or of the order 



fl] ^ 
\.lJ ' mj 
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Since the mass of the earth is somewhat more than eighty- 
times that of the moon, the approximation on neglecting S rises 

from the order ( jaa J *° *1^® order 



U00^"80 12,800, 



000" 

In what follows, by the position of a planet, will be under- 
stood the position of the center of gravity of the secondary sys- 
tem of which the planet is the principal member, and by its 
mass will be meant the combined masses of the bodies forming 
the system. 

The masses of the asteriods and comets, as well as the other 
bodies circling about the sun, are so small compared with the 
masses of the sun and major planets, that they may be neglec- 
ted. These smaller bodies do not sensibly influence the motions 
of the larger ones, while the latter may, and in many cases do, 
influence the motions of the former very much. 

From the entire solar system, we w^l select nine bodies, the 
Sun, Mercury, Venus, Earth, Mars, Jupiter, Saturn, Uranus, 
and Neptune, and as in the problem of nine bodies, treat them 
as mathematical points. 

21. The Oebits of the Planets. Theoey of Absolute 
Peetuebations. 
The general integrals and principles of the preceding sec- 
tions are, notwithstanding their great significance, not sufficient 
to solve the problem of n bodies in its most general form. On 
the contrary, on the supposition that the coordinates and veloci- 
ties are given for a certain instant, the developments are made 
in ascending powers of t, as proposed by Euler. Let x be any 
coordinate and x„ its value for t = t^, then the development 
takes the form 

(1) x = a, + (i-g(^^|^^+^^(-^J^^^+... 

The coefficients are found by differentiating the differential 
equations, substituting lower derivatives for higher, and elimi- 
nating the latter down to the first order. 
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Series (1) converges so long as {t — Q does not exceed a cer- 
tain limiting value. This follows from Cauchy's investigation 
on the convergence of those series which represent functions 
defined by differential equations. The theory is beautifully 
given in Briot and Bouquet's TMorie des fonctions douhlement 
p^riodiques. 

The series represented by (1) can be used as long as conver- 
gent, and a new series must be begun before it ceases to be con- 
vergent. A long interval of time must be divided into suitable 
parts and then, advancing step by step, the coordinates compu- 
ted for each epoch. 

I It is evident that this method suffers from many imperfec- 
tions. The development of the higher derivatives is very labo- 
rious; Gasparis has carried them out to n = 4. Besides it is 
not certain but that the errors made in every computation of 
the series may finally, in the aggregate, amount to such a quan- 
tity as to make the results, after long intervals of time, entirely 
illusory. Finally this progressive development would mask any 
simpler laws which might exist in the nature of the motion. 
Hence, this method is to be resorted to only when other meth- 
ods are not available. 

Fortunately, in the case of the solar system, two other 
methods are known, developed by Euler and Clairaut and so 
perfected by Lagrange and Laplace as to leave nothing for later 
mathematicians to do so far as the ground-work of the theory 
is concerned. The unexpectedly rich results afforded by the 
use of these methods are due to certain impoitant circumstan- 
ces which gave rise to their development. The first of these is 
found in the controlling position of the sun. It is due to its 
predominating mass, which is upwards of seven hundred times 
as great as that of all the planets. Astronomers, therefore, 
except Lagrange in part, have referred the relative motions not 
to the center of gravity of the system, but to that of the sun. 
If we follow them, we must employ equations (28), §6. 

The differential equations to be used here, are of the form 

(2) * §^ = -'^^+g- (^■ = l>V..n), 
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in which 

<3) i?.= 2: 



a 

■^7^ x,^x„. + y\ya + Z\Za 



• m„ 



^ "(v(a=.r+(t/.)^+(^ar) 

a 



Xx'Xa.-\-yKya+ZxZa 



in which a may have any value, not A , from 1 to n. 

In the differential equations (2), the first terms in the second 
member contains the sun's mass, and is very much larger than 
the second terms containing JR. The first approximation may, 
therefore, be obtained by neglecting Ri, R^, . . . B„. The equa^ 
tions (2) then become the same as those treated in §1, etc., and 
as the quantities p- differ from each other, and in consequence 
Kepler's three laws are very approximately true. In fact these 
laws so perfectly represent the motions of the planets, that 
Kepler was able to deduce them from observations. Yet the 
influence of the quantities B^, R^, . . . R„ is appreciable in the 
<30urse of time, and for this reason Kepler's laws are not rigor- 
ously true. These quantities are called the perturbing func- 
tions and the following investigations are devoted to them. 

If in R, we write amj , aniz , . . . am„ for mi,'m2, . . .m„ respect- 
ively where « is any selected number (Cauchy's R^gulateur), 
then B will be multiplied by a and equations (2) become 

(0) * -nr — ^-r"■7^ — , etc. 

If iu these equations « be taken as an analytical magnitude 
the coordinates which satisfy these differential equations, will 
contain, besides «, 6m constants of integration. If a = 0, these 
equations reduce to the forms given in § 1, etc. 

The essential principle upon which the first method — that of 
absolute perturbations ^developed by mathematicians depends, 
'Consists in the asstimption that the coordinates in (5), tchich are 
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functions of a and of the 6n constants of integration, can be devel- 
oped in ascending powers of a. 

Any coordinate a; may, therefore, be represented in the form 

(6) X = x'' + adx'' + ~,8'x''+... 

If a — 0, this gives, naturally, the coordinates of Kepler's 
ellipse. It remains, therefore, to fix the remaining terms 
^03°, 3V, ... of the series (6). If, finally, we put a =1, we obtain 
the actual coordinates in terms of the time in the form 

(7) oo = x'>+^+^+^+... 

The determination of Sx", d^x", . . ., which are called the abso- 
lute perturbations of the first, second, etc., degrees, can be found 
by a process of induction, for the perterhations of the first degree 
are deduced from the original expressions x", etc. ; then those of the 
second degree from the first and the original expressions; and, in 
general, those of any degree from all the lower degrees with the 
original expressions. * 

If we substitute the coordinates given by (6) in (5), the latter 
become completely identical. Therefore, if we put 



(8) 


* 


aSj: 


— Xi° + aSx 


' ^2!' 


. s-'x; 


°+... 


for a-- 


= 0, 


we 


again 


obtain, as 


must be the case. 


(9) 






* 


d^x,' 


/'I 


x,^ 




df ' 


~ (r, 


oy 




x,", y,\ 


^; 


are 


determined as in 


§1. 







If now, we take a so small that the developments of both 
members of (5) in ascending powers of a converge, the coeffi- 
cients of the equal higher powers in the two members, must be 

a'' 
equal. In tEie first of equations (5), the coefficient of — j- in the 

first member 

The term _^ = -^-_=g^_^3 gives as the coffi- 
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cient of — ; an expression whose form is somewhat complicated, 

but whose formation is easy by the help of the polynomial the- 
orem. But it can be seen at once that that part of the coeffi- 
cient which depends on the perturbations of the p^^ order, is at 
once given by 

(11) -/'i^ + ^° (^i°5-a-. +2/i"5-2/. + ^.'S^^)- 

As to the term "t^, we can, because of the factor a reach 
the coefficient of — r by taking the series (8) up to the {p — 1)*"^ 

degree. If we denote the sum of these coefficients and that 
part of the preceding which depends only upon the perturba- 
tions to the {p — l)*** degree, by Xi*, Tf, Zf, and if we write 
simply a-i, y,, z^ for x,", y^\ z,\ we get 

(12) * ^ =-P, -^ + 3/.^ ix^S^x, + y.S^y, + z^z,) + X,-. 

Civ "l l\ 

If the original coordinates and the perturbations are known 
up to and including the {p — 1)"" degree, then Xi^, F/, Z^^ are- 
known functions of the time and it is a question of the integra- 
tion of the differential equations (12) in which 5^x, , ^^j/j, d'^Zy, 
are the unknown quantities. 

It is to be noted that the successive differential equations- 
to be integrated have always the same general form, and when 
the general form of the solution has been obtained on the single 
supposition that X^^, Yf., Zf are given functions of the time, we 
get, by the uniform repetition of the same process all the per- 
turbations and also the coordinates as functions of the time. Of 
course the'resulting series must always be converging. 

Since « appeared in the equations (5) as a factor of the 
masses jtij , m^ , . . . , the quantities ^^x, . . . beconle homogene- 
ous functions of the p*"^ degree, (at least, we can so represent 
them), and the degree of the perturbations is that in which the' 
disturbing masses enter their expressions. 
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22. Solution op the Differential Equations foe the 
Absolute Peetubbations. 

The question now relates to the integration of Jinear differ- 
ential equations of the general form 

(1) * -^^—,.^+^{xSx + ydy + zSz) + X, 

in which x, y, z are such given functions of t as satisfy the dif- 
ferential equations 

They, therefore, contain the six constants a,e,Q,i,n,e, (16), §2. 
By hypothesis, X, Y, Z are likewise known functions of t. Ac- 
cording to the theory of linear differential equations, the equa- 
tions (1) are integrated on the assumption that X, Y, Z are zero. 
When this is done, there are at onca six known particular inte- 
grals of the system, viz. : the six derivatives of the coordinates 
with respect to a, e, fl, i, tt, e. In fact equations (2) become 
identities when for the coordinates their functions of t and the 
six constants are substituted. In this sense, the differentation 
of (1) with respect to a gives 

(9,\ * da ' da , ^ X /■ dx , dy , dz\ 

dv r' r V oa da da J 

and corresponding equations hold for the derivatives with respect 
to the other constants. Therefore, on the assumption that 
X=Y—Z = 0, the complete solution of (1) takes the form 

(4) * Sx = A^^ + B^^+C^ + D-^^+E^ + F^^, 

in which A, B, C, D, E, F are six arbitrary constants. 

According to Lagrange's theory of the variation of con- 
stants, the solution of equations (1) have the forms (4) even 
when X, Y, Z are not zero, but are any given functions of t, 
only in this case A,B,... are no longer constants but functions 
of t which remain to be more exactly determined, The sub- 
10 
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stitution of (4) in (1) gives only three equations between the 
six variables A, B, . . . and this enables three other equations 
between them to be selected arbitrarily. Conformably to this 
theory these are 



(5) 



r)_dA dx.dB dx 



and by means of them, equations (4), by differentiation, take the 
form 



ddx 



d 



da 



d 



as if A, B, . . . were constant. 
The differentiation of (6) gives 



dx 
' de 



dt 



+ 



(7) 



d'dx 
df '' 



d" 



■ A. 



Ox 
da 






df 



B. 



df 



+ 



dA 
dt 



dx 

da dB 
' dt ^ dt 



dx 



dt 



and by substituting (7) and (4) and using (3), the equations (1) 
take the forms 



(8) 



_ dA du dB du 
~ 'df da'^ ~dt de ~^ '" 
_ dA dv dBdv 
~ ~df da'^ 'dt de^ " ' 
^dAdw dB dw 
dt da dt de 



in which u, v, w are, as before, the component velocities. Equa- 
tions (5) and (8) are the six equations which determine the vari- 
ables A,B,.... If they are solved for ^, ^, . . . . , they 

Civ €f/Z 

immediately give by the use of (60), § 10, developments of the 
form 

dt du^"^ dv'^ dw' 

dt du^ dv^ dw' 



(9) 
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These equations can be at once integrated and give A,B, . . ., 
as functions of t, which, when used in (4) furnish the perturba- 
tions Sx, Sy, dz. 

This completes the solution so far as the integration of the 
equations (1) is concerned. But, on account of the develop- 
ments which follow, equations (9) will be transformed by the 
employment of the principles developed in § 10. In this case, 
the equations (58) by the use of (62) and (63) become 



(da , -.8m I / \8** I / r)\ 8** I 



(10) 



(11) 



dx' 



da 



8e 



dQ 



da , , dx , , dx , ^, dx 

0^ = -(a.a)0^-(«,e)g^-(a,fl)g^. 



By the substitution of (10) and the corresponding equations 
in (9), and for brevity putting. 



(12) 



da~ da'^ da^ da' 
dB_ dx dy dz 
8^-^87+ ^8^ + ^81' 



we obtain the system 
(13) 



f dA . .dR., s8-B , ,„ sdR, 



de 



dB . sdR , , .dlB,.„ ^8-R , 
^=(«,«)9^ + («,«)-8^ + («>«)ao + --- 



0i2 
dB 

dQ 



and, since Poisson's expressions are independent of the time, it 
at once follows from (13), that 

t t 

i^ = {a,a}J^dt+{e,a) f^Jt+ ... 

(14) \ 

B={a,e)J^dt + {e,e)J^dt+... 
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The perturbations 8x, dy, dz receive, by another use of (10), 
the forms 



(15) 



da rdR,.,de fQB,,, 
ou I da Qu oe 



rSR..,de r 



da rdR 



de fdR 



" dv da ' dv de ^ 



da fdR^ de^ f 
dwj da dw J 



dB 

de 



dt + 



and, finally the derivatives of the perturbations witli respect to 
the time follow from (6), and being denoted by Su, Sv, 8w, are 



(16) 



Siv = - 



da 

'd^ 

da 
'dy 

da 

'di 



fdR,. de fdR,. 

t 

I 



dR 

d^ 



de_ fdR 
dyj de 



fdR.. de fdR,. 
jdE^^-d-zjd-e"*- 



It is worthy of notice that in each of the six integrals the 
lower limit is arbitrary, so that six new arbitrary constants 
appear in (15) and (16). This is easy to understand for we have 
here the solutions of the systems (1) of the sixth order. In 
passing to the perturbations of higher and higher orders, accord- 
ing to the preceding section, the system must be solved again 
and again, and we thus reach the series (7) of this section which, 
by hypothesis, is convergent. 

A circumstance here appears, which, at first sight, is very 
surprising, for in this development we get not only more arbi- 
trary constants than we need but arbitrary constants without 
number. This has given rise to much controversy. The first 
approximation, Kepler's ellipse, affords the necessary number 
of constants. So it appeard that no new ones should be intro- 
duced in the perturbations, though this was done by Laplace 
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in the first folume of MScanique CSldste. The legitimacy of an 
unlimited number of arbitrary constants of integration can be 
shown as follows: 

If a system of n differential equations between {n + 1) quan- 
tities Xi, . . . x„^i be giten, the integration will give n of these 
Xi, . . .x„ in terms of the last a;„^.,, and a sufficient number of 
arbitrary constants aj, . . . a^. If now the differential equations 
contain a certain number of parameters Pi, ■ . .p^, these will 
appear in the solutions, and cc, , . . . «„ will be functions of a;„^i and 
also of ay, . . .a\ and oi pi, . . . p,,,. But, since the only property 
of a^, . . .ax is their being constants, they may be replaced by 
arbitrary functions of Pi, . ■ -p^, and as we can introduce into 
these functions an unlimited number of arbitrary constants, the 
solution can be so taken as to include any number of them. 

A system of total differential equations passes at once into a 
system of partial differential equations, if certain parameters 
occur in them and if attention is directed to the manner in 
which these parameters enter the solution. ' If, for example, the 

(J/il 

differential equation f{x,y, — ,p) is given, and the function 

y = <p{x,p) sought, then x and p are to be regarded as the two 
independent variables and the differential equation, a partial 
one of the first order; in it, however, of the two partial deriva- 
tives ^ , ^, only the first appears. 

Consequently, it appears that the unlimited number of con- 
stants is due to the nature of the method; they must finally be 
reduced to the necessary number. In the theory of absolute 
perturbations, the only limitation is that the series must con- 
verge. 

In order to make the method definite in its application, a 
special law must be adopted to remove the indefiniteness in the 
selection of the constants. The following is such a law: All 
perturbations and their derivatives with respect to the time must 
vanish for a definite instant t^. Equations (15) and (16) show 
that this will be the case when 4 is made the lower limit of 
integration. The forms of the definite integrals then become 
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dR „ fdR 



m- 1 



We"*' 



The form under which the perturbations now appear are called 
special, in so far as they are reckoned frbna a definite instant t,,. 
These special perturbations were included in the ideas of the 
founders of the theory. If, for any instant, the coordinates and 
velocities are given the elements a, e, . . . are thereby deter- 
mined. An ellipse would thus be obtained for each planet 
and the planet would move in this ellipse were it not for the 
perturbing functions. They constantly cause the planet to 
depart from an elliptic path and this departure is the pertur- 
bation. In the general theory of perturbations, the original 
fundamental ellipse may be such that the planet at no moment 
moves in it, although on account of the convergence, an ellipse 
may be selected which, during the interval of time included in 
the integration, very nearly represents the actual path of the 
planet. 

So far as is known to the author, Jacobi was the first who 
insisted clearly and without ambiguity on the appearance of an 
unlimited number of constants of integration in the theory of 
absolute perturbations. (Extracts from two letters to Hansen, 
Crelle's Journal, Bd. 42). 

As was seen in the beginning, the theory of absolute pertur- 
bations rests on the assumption that the series are convergent. 
The question now aries: Up to what time and with what selec- 
tion of constants of integration is this true? The investigations 
required for the answer of this question have not yet been made. 
Formerly but little attention was paid to considerations of con- 
vergency, but now they play an important part in every investi- 
gation of series, and on this account the absence of a proof of 
convergency, or rather as I prefer to say, the failure of the proofs 
of convergency in this case, is a serious defect. This, however, 
can hardly be made a series of reflections on the talented found- 
ers of the theories. On the contrary, they deserve high credit 
for having intuitively adopted a legitimate process, the demon- 
stration of which was left to later times. 
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While there is no rigorous test of the convergency, yet it is 
highly probable for tolerably long periods. For instance, in the 
case of special perturbations, the values of the perturbations 
and of their first derivatives are =0 for the time ^o- Those of 
the n}^ degree are homogeneous functions of the n*"^ degree in 
the disturbing masses, and as these masses are small it is highly 
probable that the perturbations decrease as the degree increases. 

Since the integrals extend from t,, to t, it follows that the per- 
turbations will generally grow larger as t increases, and it is 
probable, though not absolutely certain, that the convergence 
will finally cease. It is therefore necessary to divide a long 
period into parts and to consider each part by itself. 

The advantage of absolute perturbations consists in the small- 
ness of the disturbing masses in terms of the powers and pro- 
ducts of which the perturbations are expressed. They will, 
therefore, as is shown by actual application, converge much 
more rapidly and through a longer period than will be the case 
with those depending on series developed in ascending powers 
of t and in which the advantage afforded by the smallness of 
the masses is lost. In practice, the interval of time is taken so 
small that the perturbations of the first degree, with the leading 
term of the second, usually afford a sufficient approximation. 

Finally, since the perturbations of the first degree are by far 
the most important, we will reduce them to a very simple and 
elegant analytical form. From § 21 it follows that the quanti- 
ties X, Y, Z are given without further development, and that 

thev become — , -f, — , 7=r-. if for the coordinates are substi- 
^ dx oy oz 

tuted the first terms of the second member of (8), that is, the 
so-called elliptic values. The quantity B introduced in § 21 is, 
therefore, really present, and in fact is the perturbing function 
when the elliptic values are substituted for the coordinates in it. 
The integrals which appear in (15) and (16) are now to be calcu- 
lated by expressing -B in terms of the elements a, e, . . . and t, 
then differentiating with respect to the elements and integrating 
with respect to t between the limits 4^ and t. The same lower 
limit tn will be selected for all integrals, therefore special per- 
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turbations are to be used. We can, however, accordiDg to the 
rule for differentiation under the sign of integration, first inte- 
grate with respect to t and then differentiate with respect to the 
elements a,e, . . . . If we put 

t 

(17) R^dt=U^, 

the equations (15) and (16) become 

' 8a, dwi 8ei dw^ 
' Sa, 8x1 8ei dx^ "■"■■■ 

'''' da,dy,^de, dy^ ' ' ' 

'~ 8a, 82, ^ 8e, dz,^ ' ' ' 



These formulas may be made more compact. The t7's 
are, as appears by the integration of (17), given functions of 
i,^(i, a,, e,, . . . aa, 62, . . . If we consider the elements replaced by 
their (elliptic) coordinates and component velocities, the equa- 
tions (18) become, simply, 

djh dUK 

QUk 



(18) 



(19) 






SyK = 



5ua = - 



Zk = 



5Wa 



8z, 



where / = 1, . . . w. 

These equations give th« solution, therefore, in the following 
very simple analytical form: 
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For the coordinates in the perturbing function, substitute 
their elliptic values expressed in terms of the elements and the 
time and integrate between the limits t^ and t. In the integral 
re-expresB the elements, at least for those planets to which the 
perturbing function belongs, in terms of the coordinates and 
component velocities. The perturbations of the coordinates are 
then the derivatives of the integral with respect to the compo- 
nent velocities. Also the derivatives of the perturbations of 
the coordinates, that is the perturbations of the component 
velocities, are the negative derivatives of this integral with 
respect to the coordinates. 

The perturbations of a planet are thus reduced to the inte- 
gral (17) which, for this reason, is called the integral of the 
perturbing function. 

23. Othee Foemulas foe the Absolute Peetuebations. 

While the formulas of the preceding section, especially (19), 
for the perturbations of the first degree, are of great elegance,, 
they are not so suitable for actual computation as those given by 
Laplace in M4canique cSldste, Tome I, p. 281. We will now 
develop these formulas. 

If the original plane of the orbit be taken as the plane of 
reference, the (elliptic) 2 = and the last of equations (1) in the! 
preceding section, become 

(1) ^. =-/^7r + ^. 

For Z = 0, the general solution of (1) is 

(2) dz = Ax + By. 

This form will also hold for Sz when Z is any given function 

of t, in which case, however, A and B are functions of t which 

are to be determined. As a differential equation between them 

we select 

n dA . dB 

so that we get by the difPerentation of (2) 
11 
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(4) 
and 

(5) 



(ffSz 



dsz __ A^^ ,T>'^y 

lit~ ~dt'^ ~dt' 



d^x d'y dAdx dBdy 
d?"'" df "^ dt dt "•" dt dt 

A ^ ^ y . dAdx . dBdy 



Finally by substituting (2) and (5) in (1), we get 

. . dA dx dB dy _ 

^' 'di di'^~dtdt~ ' 

and from (3) and- (6) 

yZ _ yZ 



(7) 



dA 

dt '' 

dB 
dt 



,^_„^ " \f [J-ail—e")' 



dt 
xZ 



-y 



dt 



xZ 



^dy_^dx V/'aCl— e')' 



dt 



dt 



and, therefore, if we limit the perturbations to the first degree, 
BR 



for which Z = 



8z' 



A = 



t 

I 



y-pr—dt 



and, thereby we get 



/ 



Xk — dt 
oz 



'S/fia{l — e')' 



(9) 



dz 



r BR,. f BR,. 



^ fx^at—— f ~dt 

dSz ^*7 82 '^t J 9^ 



dt 



To prepare for further integration of (1), it is desirable to 
consider the expression 
(10) xSx + ySy-P. 
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By two differentiations of P, we obtain by the use of the 
equation (1) of the preceding section, in which z is to put 
equal to zero, 

.^^. d?P ixP fdxdSx . dyddy-\ 

If we put 

. dx dSx dy d8t _ 

^ ' dt~dt '^dt'dt~^' 

then 

dQ _dx d^8x dy d^8y d^x dSx d^y dSy 
df~dt df '^dt'dF'^di' dt '^ df ~df 

rdx ^ , dy ^ \ dr 

Vdt ^ dt -^ J , ^ dt ^ 
= —!'■ ■ p + ^l'-^-P 

dSx dSy 
dt dt . „dx , dy 

-/- ^ +^at + ^di 

n^\ __ V- r' J dx dy 

and by direct integration 

(14) Q = —'^ + J{Xdx+ Ydy). 
Equation (11) now becomes 

(15) ^ = -'-^ + Xx + Fy + 2 f{Xdx + Ydy). 

Now 

dx dy 

X — a^^, y— a^— 

da oa 

and therefore 

\.dxda dy oaJ da 
^dx,dy_ fdRdx dRdy\_dR 

^di + ^di-'^ld^^^dyde f-^'de- 

Por brevity, putting. 
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(16) 

equation (15) becomes 

(17) 



da J 



dR 



dt, 



dT ftP 

df - r\ ^ '^• 



This equation is of the same form as (1) and is to be inte- 
grated in the same manner. , Thus we get 



(18) 



P = 



dP _dt_ 
'di~~ 



y I xWdt—x yWdt 

t t 

fxWdt—'^ fyWdt 
J dtj 



s/ iia{\ — e') 

These express the relation between 8x and dy and equation (10), 
In order to obtain another, consider the expression 



(19) 



dx . , dw . 



By differentation 

dS _ iiP 
dt~ r' 
and therefore by (17) and (14), 



+ Q, 



dS „d'P o S-B o fS^^, 
dt dt da J OS ' 

and by integration 

(20) S=2'^-2al'^dt-3nJI'^dtdt, 

dP 
in which for — is to be substituted its value from (18). Finally, 

after the determination of P and S, the perturbations follow 



(21) 



52/ = 



dt ^ 
\/fia{l — e')' 
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The perturbations are thereby obtained. By the introduc- 
tion of the polar coordinates r, v, f, by the equations 

a; = r cos v cos <p, 
y —r sin V cos <p, 
z=r sin p, 

we obtain, since y = when we limit the perturbations to the 
first degree, 

5a3 = cosw^r — rsinvSv, 

Sy = sia.vdr-\-rcosvSv, 

Sz = rS(p, 

and therefore 

p 

Sr = cos vSx-\- sin vdy = — 

- _ — Biiivdx + coBvSy_ — y8x-\-xSy _ dt 



and therefore 

t t 

iinv I r cos v Wdt — cos v j r sin v 



(22) 



sin V I r cos v Wdt — cos v I r sin v Wdt 

Sr = 

^ fia(l — e^) 

t t t 



dt 

Sv = 



sm 



inv I r cos v^—dt — cosw / r Bin v-^dt 



\//*a(l — e") 

Of these quantities, r is called the radius vector of the planet, 
V its longitude, and f its latitude. Equations (22) furnish the 
final expressions for the perturbations of these coordinates. 

The two methods of calculating the perturbations, given in 
this and the preceding section, give results which appear totally 
diffarent. For instance, in equations (15), § 22, there are only 

8B 
simple integrals; in (22), §23, ^— requires a double integration. 
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Besides this the two sets of formulas are so different that it is 
not possible to pass directly from one to the other. We will 
now consider the cause of this difference and the method to be 
taken to prove the identity of the two systems. 

In the first place it is to be noted that in (15), § 22, the entire 

expression ^ — is to be taken and that a appears in R not alone 

explicitly but also in the combination T = -\/— ■*+ ^- If for bet- 
ter distinction, the total derivatives are designated by parenthe- 
ses, we have 



yda / 



_ 8^_3n dR 

-da, f^ da 2 a de ' 



and, therefore, 

/(if)-=/i->-i/'r- 



Now 



j'fHw-jiJw-y 



and we see that double integration may also be introduced in 
(15) of the preceding section. Yet even in this case, we can 
not transform (15), § 22 into (22), § 23. The two systems are 
connected by three partial differential equations which are sat- 
isfied by R taken as a function of the elements, a, e, i2, -, e . 
Originally, i? is a function of the coordinates, the velocities not 
appearing in it. If we consider R expressed as a function of t 
and the elements, and then substitute the coordinates and veloc- 
ities for them, the last must vanish. In this sense, it follows, 
therefore, that 



(23) 



^_dR _dRda dRde 

du da du de du 

^_dR_dRda dRde_ 

dv da dv de dv 

=?:? = — — -I- —^ -I- 
dw" da dw^ de div^ 



In these expressions we have to regard the values of 
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da de 

o- , o- ) • • ■ in terms of the elements and the time to be substi- 
tuted for them in order to determine the three partial differen- 
tial equations to which reference has been made. 

With the help of (23), the identity of the two sets of equa- 
tions for the perturbations can be shown. Moreover, it is clear, 
that we can use the equations (23), to represent the perturba- 
tions in a great number of forms and ways. 

If the formulas (22) are to be used in any special case, there 
are two different ways of proceeding. The integral may, first, 
be evaluated by taking X, Y, Z, and the coordinates at suitable 
and equal intervals of time, (perhaps every ten days), and then 
using a mechanical quadrature. This process disregards all 
analytical considerations and gives only numerical results. It 
is suitable especially for comets and asteriods, for which, on 
account of their great inclinations and eccentricities, the ana- 
lytical developments are too voluminous. 

The other process consists in determining the analytical 
expressions for the perturbations. These depend upon the per- 
turbing function which separates into two parts, of which each 
contains the coordinates of only two planets, the disturbing and 
the disturbed. Since the equations (15), § 22, contain only the 
derivatives of the perturbing function with respect to the ele- 
ments, the question resolves itself into the investigation of the 
perturbing function as a function of the elements and the time. 
This investigation will be the subject of the following sections. 

24. Analytical Development of the Peetuebing 
Function. 

The analytical development of the perturbing function has 
engaged the attention of maqy astronomers and mathemati- 
cians. The process adopted here is that used by Leverrier in 
his Eecherches Astronomiques. According to (3) §21, the perturb- 
ing function B consists of parts which depend only upon the 
coordinates of two planets and which appear in two different 
forms. The first of these forms is 
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1 



n\ J. -' — 

Via>i—x,y + {y,—y,Y+{z,—z^y' 

and the second is 

/o\ Q ^ ^1 ^2 ~r ^1 ^2 ~r ^1^2 

In what follows, we propose to develop these two functions 
in ascending powers of eccentricities and inclinations, since 
these elements are small. We will first transform them some- 
what. 

If in (23), § 2, we put for brevity, 

(3) U + TT — Q^ia, 

we get 

{x = r [cos (fl + oj) cos'^i + cos (i2 — «) sin^ Ji], 
y = r[sin(fl + <«)cos^^i + siii(^ — a')sin°^i], 
2 = rsin<«sini, 

and therefore, 

XiX2+yiy2 + ZiZ2 = Tir^loos'^iiCos'^isCOBiQi — flg + '^i — <"2) 

+ cos''Jfisin''-^i2COs(ii!, — flj + '^i + ^'a) 

+ sin'' ^ ii cos^ ^ i^ cos (Qj — ^i + «"! + ""a) 

+ sin^^iisin^-^i2Cos(fii — i^j — oij -j- '"a) 

+ J sin i] sin ij cos (t«i — oj) 

— ^ sin i'l sin ij cos (a»i + wj) ] , 
or, 

2 (oji a!a + ^12/2 + Zi ^a) —r^r^Ym cos (cu, — Wa) + w sin (<ui — a>2) 

+ o cos (tt), + wj) +p sin (ci + wj) ] , 
in which 

m = (1 + cos ii cos i'a) cos (fii — fij) + sin ij sin i^ , 

M = — (cos ii + cos ij ) sin (^i — ^22), 

o = (1 — cos ii cos 12 ) cos (flj — ^^2 ) — sin i, sin «2 , 

p = — (cos ii — cos ia ) sin {^^ — ^2 )• 
The four quantities m, n, o, p depend upon the three angle 
*n *2> ^1 — ^2- A relation must, therefore, exist between them. 
If we introduce the angle between the planes of the orbits J, 
we have 

(5) cos J = cos I'l cos h + sin i^ sin i^ cos (^i — Q^ ), 
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and an easy reduction gives 

m^ + n^ = (1 + COB J)= = 4 cosH J, 

consequently, 



'Vm' + n' + Vo'' + p' = 2. 

Let ffj and n^ be the angles between the nodes of the planes 
•of the orbits on the xy plane and the intersection of the planes 
of the orbits, and we have the equations, 

cos (/7i — Uj) = 



(6) 



_ (1 + COS ii cos %) cos(^i — fla) + sin i, sin i^ 






l + cosJ 

(cos i, + cos i'a) sin (Qi — iij) 



Vwi' + w' 1 + cosJ 

o 



Vo'+p' 
_ (1 — COS ii cos ij) cos (fl, — fij) — sin ij sin i^ 
~~ 1 — cosJ ' 

sin(i7. + /7,)= ^= = (<^o»^'i-f s^•.)sin(fl.-fi,) 

^ ^ Vo' + p' 1— cosJ 

and finally, 

(7) a;,a;2 + t/i^2 + 2'i2;2 = rir-2[cos(wi-hffi — ('"2 + ff2)]cos''JJ" 

+ cosK + i7, + «,2 + /72)8inHJ], 

•and, therefore, if for brevity, we put 

(8) a,,+n,—{m, + n,)=v, 

<9) o>, + Ih-\r{u,, + n,) = W, 

we get, 

(10) r--;' = [r.' + r-/— 2rir2(cos Fcos'^ J"-4- cos TFsin'i J) ]— *. 

The perturbing function r^^^, is, therefore, expressed in terms 
of the five quantities 

^nd it has the form 
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(11) r-' = {a+bco3V+ccosW)—i, 



in which 

a = rf + r/, 

b = — 2 J-, ?'2 cos''' I J, 

c — — 2r]?-2siii^^ J. 

If, as we shall assume, r, is always greater than r^, or r^ 
always greater than r, , then since a is greater than the absolute 
values of b and c, we can assume the series 

(12) ■ r- ' = 23, , 3 cos (aV + lSW), 

in which a and /5 take all possible positive and negative integral 
values and the q's denote the coefficients which are to be arranged 
in ascending powers of 6 and c. These coefficients possess very 
interesting properties, but they cannot be discussed here. The 
reader is referred for them to Jacobi's paper in Crelle's Jour- 
nal, Bd. 15, entitled, De evolutione expressionis {l-{-2l' cosy -\- 
2r'cosc'')~" in seriem infinitam secundum cosinus multiplorum 
utriusque anguli <f, o' procedentem. 
We shall use the circumstance that 

(13) z^sin'^J 

is a small quantity and develop (10) in ascending powers o| it.. 
If, for brevity, we put 

(14) /) = r,' + r2'— 2 rjrj cos F, 
then 

(15) r-' = [/) + 2rir2(cosF— cosW")2]~i^ 

= p~^ — rir2(cos V — cobW)z p~i 

+ I [''i *'2 (cos V — cos W) z ] V~ ^ 
— I [^1 ''2 (cos F — cos W) z fp" J 

On account of the smallness of z, only a fe^s^ terms of this 
development are needed. To complete the form (12), the pow- 
ers of (cos V — cos W) may be arranged in terms of the cosines- 
of the multiple angles. This gives 



(16) 
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2 (cos "F— COS wy = 2 + cos2 V + cos2 W—2cob{V- W) 

— 2cos{V+W), 
4 (cos V— cos wy — 9 cos V— 9 cos PF+ cos 3 V— cos 3 W 

— 3cos (2 F+ TF) + 3cos ("F+ 2 TF) 

— 3cos(2F— W)-|-3cos(F— 2TF). 



Further, let 

(17) p-F = (ri^ + r/— 2nr,cosF)-| =^^{n^)cos{f^V). 

\= 00 

This formula, in which it is assumed that 

(18) (ji^) = {n->^), 

is fundamental in the analytical development of the perturbing 
function, and on this account we shall treat it in detail. 
If <f is any selected angle, tlien it appears that 

cos<p.^ S(?i^) cos ^V=^^ S(w^) (cos /I V+ p)+^ S(>i^) cos (— A V+ <f>). 

The two terms in the second member are alike as may be 
seen from (18) by exchanging ^ and — /. By the use of (16) 
and (17), (15) becomes 

r-'=^S(l^)co3/i. F 

— iz /yn.S (3^) [cos (A + 1) -F— cos (/i F+ W)] 

+ f2;^r,V/S(5'')[2cosAF + cos(/l + 2)F+co3(/lF+2T7) 

— 2 cos ((A + 1) F— TF) — 2 cos ((A + 1) F + TF) ] 

— ft3^r/r/S(7^)[9cos(A + l)F— 9cos(/lF+TF)cos(/l + 3)F 

— cos(/i V+ 3 TF) — 3 cos ((A + 2) V+ W) 

+ 3cos((A + l)F + 2TF)— §cos((A + 2)y— TF) 
+ 3cos((A + l)F— 2TF)]. 

Exchanging wherever (A+1), (A + 2), (A + 3) appear the 
index H by (A — 1), (A — 2), (A ^3) and replacing A by — A, we can 
write in simple form 

(19) r-' = SA^cosAF 

+ S£^cos(AF+Tr) 
+ SC'^cos(AF + 2TF) 
+ SX)^cos(AF + 3TF) 

where 
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2 .„.. 32^ 



(20) 



+ 5n'»-/[3(7^+^)+9(7^) + b(7^-^)] + . 
D^=^r>/(7^)+... 



If the coefficients A,B,... are solved from (20) and substi- 
tuted in (19), we get finally, the following development 

(21) r-^ = S/Ca,A,p2«cos(AF + ;STr) 

in which the fc's are functions of r^ and rj only, X and /J can take 
all positive and negative numbers and « is an entire positive 
number satisfying the condition 

a>[^]. 

The quantity /? may, if we wish, be taken always positive or 
zero, since cos as = cos( — x). 

In the form (21) we select r~' in order to consider it further. 
The fc's are given func^ons of r, and r^, therefore not constant. 
Let 

(22) ri = ai (1 + pi), r^ = o^ (1 + p^) 

in which pi and p^ are small quantities to be determined by (7), 
§ 4. There are, therefore, double series of the form 

(22a) JPi = 2 fcfii Yi cos (^i M^ ) , 

Pi — 'Si fcej V2 cos (^2 ilfj ) , 
in which the fc's are pure numbers, d^ and d^ all possible integral 
positive and negative numbers, and n and r^ positive numbers, 
for which according to §4 
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are even and positive or 0. 
Further, let 

(23) z>, = lfi + gi, t;2=:ilfj + g2, 

so that qx and q^ according to (11), §4, are likewise small quan- 
tities of the same character as p, and p^. Then according to (8), 
(9) and (3) 

(24) r^=T^'+..-.. 

in which n 

F'= ilf, + :ri — i2, + //, — (ilf, + ::, — fi, + /7,), 



(27) 



(25) 1^ TT' = M, + r.^—Sl, + Ih + {M, + 7:,—a^ + 77,), 

so that Y' and W are linear functions of the time. 
Equation (21) now becomes 

(26) r-^ = Sfcz«cos[AF'H-/5T^'+g,(A + /J) + g,(^_;.)]. 
If we put 

M,+-,~Q, + n, = k, 

the above equation becomes 

(28) r-^ = S fe''cos(7i., 7, + 7i2 ?2 + /ii gi + 'i'2 ^"2) , 

where, by (27), h^ and /ij are both even or both odd. 
The condition « >:[/?] here becomes 

(29) <^>ii{K + h)}. 

Now, in order to further develop (28), we have to consider the 
four small quantities PoPa, qi, q^, the first two appearing in 
the coefficients fc, and the latter in the angles. They are best 
treated as follows: r~^^ and and the A;'s are homogenous func- 
tions of r-] and r^ of the — 1"^ degree. If fc(ai , a^ is what k 
becomes when a^ and a.^ are written in the places of r^ and r,,. 
then 

k{a,,a^)-— .fcll,-^). 
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and 

fc(n,''2) = fc[«i(l+A), a2(l+p2)] 

_ 1 j.(-, a2(l+Pi) '\ 

If now, for brevity, k be written for fc(ai, 02), we have by 
Taylor's theorem 






(30) fc(ri,r2) = =— j \A;+^p- • «2 • 75 nv' • «~2 

' \ 1' ^/ 1+Pi\ l + Pi oaj z! . dtta'^ 



Q~ 3 ~r • • 



^ 3! 8a2= 

If we wish to separate the elements of the two planets, we 
must develop the powers of {p^ — Pi) and obtain the two forms 

' - and Pa', 



(l + Pi)' 

in which r, s and t are positive integers and r < s. r and t 
form the degree with which the development of these forms in 
ascending powers of the eccentricities begins. We have also 
to consider the small quantities Qi and gj which appear in (28). 
We have 



(31) 



' cos(/ii \+ hi ^2+ 'ii3i+ /i2 32) = cos (Ti-i ?i+ h,, l2)Q,os{h^q^-\- h^q^ 
— sin (ft-i li + lh k) sin {hiQi + /laSa)- 

and, further, 

cos ( ^i 3i + 'ia Q'2 ) = cos hi qi cos h^ q^ — sin hi qi sin hi q-2 , 
, sin ( /ii gi + /i2 ^2 ) = sin hi qi cos hi q^ -\- cos hj q^ sin /12 32 • 

If we substitute (30) and (31) in (28), we see that finally 
Pi> P2j 9i> I2 appear in the four following relations 

r 50 ' V ^ 

• ' -^coshiqi, ' sinfc]^!. 



(32) <^ (l + p,)»^"°'"^"^" (1+p,) 

[ P2'cos/i2g'3, P2'sin/i2g2. 

These expressions, in which ft., and h^ are retained as unde- 
termined integers, have been collected by Leverrier in tabular 
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form up to and including the seventh degree of the eccentrici- 
ties. The developments of (32) follow the law given in (22a), 
the same as for the p's and q's. If we finally substitute them 
in any term of (28), 

(33) kz-^cos (ft-i Zi +'^2^2 + h<li + '^232), 

and from this we get a four-fold infinite number of terms of the 
form 

(34) Kz«.. Z,Ti . ky'.cosihJ^ + h^k + SiMi + d^M^), 

where a, h^, h^ remain unchanged as in (28), 5, and ^2 take all 
possible positive and negative integral values, ^i and Y2 are pos- 
itive numbers satisfying the conditions that 

n — [^] and r2— [^.J 
are even, positive, or zero. 

In this way the perturbing function r^^ is to be developed in 
ascending powers of the quantities, 

z = sin^^J", 61, 63, 
and in such a way that the angles 

hJ,-\-hJ,_-{-d^M^-[-d^M^ 

increase proportionally to the time. 

By the degree of (34) is meant the number 

(35) fir = 2«-fri + r2. 
Therefore, by (29) and (34) 

(36) g-ih, + h, + S, + S,-\ 

must be even, positive or zero. 

If we undertake to form systematically the term (33), a 
definite limit for the degree must be decided upon, beyond 
which the terms may be neglected. 

The perturbing function 

(37) ni' = 'EKz''e{i^ 62^2 cos (/i, Zi + h^ k + SiM^ + 8^M^) 

may be expanded into a finite number of simple infinite series. 
For if n is the limit set for the degree g, then it follows from 
(35), that a, Yi, n can contain only a finite number of systems 



176 THEORIES OF PLANETARY MOTIONS. 

of values, and the same is true from (29) and (34) for Aj + '^r 

If we now put 

hi + h^ = 2^, K = 2^—h,, 

and write simply h for /ij > then for a proper system of six num- 
bers 

(38) ",n.r2,^i> ^2, ^, 
the expression 

h = + a> 

(39) 2^2:". e,vi. 62^2. cos [W,— (fe— 2 /)) \ + S^M^-\-d2Mi\,. 

7i = — 00 

where h passes through all integers from — oo to + oo while- 
the system (38) remains unchanged gives such a simple infinite- 
system as has been referred to; and, since, as we have seen,, 
there are only a limited number of systems (38) for which the- 
degree g^n, we have, if (39) is a term, broken the perturb- 
ing function into a limited number of terms. At the same time- 
it must be noticed that the expression for k still contains the- 
whole number h left as yet undetermined. 

Moreover, it is not difficult to determine the number of terms- 
in (89) whose degree is g. It is only necessary to determine 
the number Sg of the system (38) of the six whole numbers,, 
where 

(40) sr = 2a + n + r2 
and where 

(41) 2«-[-2J], -A-piJ, r2-M 

must be even, positive or 0, while .d, S^, d^ can be positive or 
negative, 

If a, r-i,ri are given, it follows from (41), that ^ can have 
besides 2a + 1 values, a, a — 1, . . . 1,0, — 1, . . . — a, and 5, also 
r-i + l values, ri,ri — 2,... — a, and likewise (Ja , r2 + 1 values^ 
The number Sq is, therefore, 

-Sg = 2(2a + l)(n+l)(r2 + l), ' 
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■where «, rura run through all positive numbers including 0, 
which satisfy the relation (40). 

If g is odd we can put ^ 

g~2a-2x + l-ri + r2, 
where x may have all values from to ^{g — 1). Therefore 

'^3 = 2 ^in + l) iix + 2-n) {g-2x). 

a: = 7i = 

The series being taken with reference to Yi, gives 

SgS^^^±M^^^m^+^(g-2x). 

a; = l 

The sum could of course be taken with reference to x, but this 
formula is most suited for the calculation of Sg when g is not 
too large. 

If g is even, put 

g—2a = 2x=^ri + r2, 

so that x now has all values from to ^g. Then 

S3=2 ^in + i){2x + l-r^){g-2x+l). 



or 



s,=^(^^±iK^m^^±n^,_2x+i). 

The number of terms (39) of the degree g is, however, less 
than Sg. Since cosa;=cos( — x), each two systems (38) for 
which the three numbers 4, S^, d^ have equal numerical values 
with opposite signs can be written as one, if h is replaced by 
— h in the appropriate terms (39). The number sg of these 
terms is found to be half of the number of systems (38) for 
■which, ^, ^i, ^2 are not all at the same time added to half the 
12 
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number for which they are zero. If we represent the number 
of the latter by Tg, then 

If g is odd, Tg = 0, for y^ and y^ can not be even at the same 
time as must be the case when /I, •'i , S^ are all zero. If g is 
even and we put A, d^, 8^ = 0, then yi = 2yi', ^2 = 2^2' and we 
have 

and Tg equals the number of the systems of solution of this 
Diophantine equation in positive, integral numbers including 
zero. That is 

T, = ^{y + l){ig + 2). 

We see, therefore, that 
(1). If g is odd 

s^ = ^&±ni^+^li^^±^ig-2.), 

x = 

(2). If g is even 

x=Sff 



+2 



(afl±l)ii!i+lH22±3)(,_2,+i). 



The number of terms (39) for the different- degrees, as 
obtained from the above, is 

Degree 0, 1, 2, 3, 4, 5, 6, 7, 
Terms 1, 2, 8, 16, 38, 68, 128, 208, ... 

Up to the seventh degree inclusive, there are 469 terms to 
compute and this was done by Leverrier. If we realize all that 
is to be calculated before we reach the coefficients k as functions 
Ui , ttj and of the undetermined whole number h, we shall get a 
fair idea of the great amount of labor involved, though this 
labor can be reduced about a third. The magnitude of the cal- 
culations can be judged by the fact that the results above fill 
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53 quarto pages. Since I have sufficiently indicated the general 
character of these computations, I will refrain from further 
details by referring the reader to the work itself. I have wished 
only to give him a bird's-eye view of the vast amount of calcu- 
lation needed to bring the planetary tables up to their present 
stage of perfection. 

The other part of the perturbing function, viz: 

^1^2~T'yiy2~\~ ^l^i ''l / TT- 2 17-1 TIT- • 2 1 T \ 

3- = -2(cosFcos^-|J-fcosTrsm^|J), 

''2 . ''2 

can be developed in the same manner as r^ '. Indeed the devel- 
opment is notably simpler than the preceding because the only 
values the numbers a can have are or 2, and the only values 
hi and h^ can have are ± 1, while otherwise the form of the 
terms remains the same. 

In amemoir entitled M^moire sur le d&veloppement en series des 
coordonn4es des plandtes et de la fonction perturbatrice {Journal 
de LiouvUle, 1860), Puiseux has given formulas for the compu- 
tation of the coefficients, K for every value of the numbers 
«) n. Yi, K) ^2, ^1, 82. The operations by which his formulas 
were obtained have been for the most part, only indicated; by 
him they were carried out to the minutest detail. They repre- 
sent the entire formal solution of the problem when his five 
quantities c, e, s', <o, w' have been developed in ascending powers 
of z, e, , 62 . They become, however, more complicated than 
they otherwise are, and I doubt if it is practicable to carry 
out the computations for the higher degrees, as Leverrier 
has succeeded in doing, up to and including the seventh. 
The formulas are perhaps not the simplest, for possibly many 
of the summations may admit of contraction. In any case, 
Puiseux's expressions, for the very reason that they are expedi- 
tious, do not readily permit the deduction of the relations of 
which we are to speak at the end of this section. 

However convenient for practical computation may be the 
form of development given here, yet not all of the twelve ele- 
ments, 

Oi, Wj, «!, ej, ii, 4, '^1, ^i, ^1) ^2, Zi, ?2. 
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appear in it in a recognizable form. ( For simplicity of expres- 
sion the mean longitudes C,, fj are included among the ele- 
ments, although they do not contain the time). In fact the last 
eight of the elements are implicity contained in J,li,li, M^, M^ 
and in the following manner: 

cos J = cos «i cos «2 + sin i^ sin ij cos {Q^ — ^2), 

where'/7i and n^ are to be determined from (6). If the incli- 
nations, longitudes of perihelia, longitudes of the nodes, and 
the mean longitudes are to be expressed explicitly in the per- 
turbing function, each term of the perturbing function 

( 42 ) Kz-" e^yie^y cos (hJi + hJ^ + S^M^ + S^M^), 
or 

(43) Kz''e{yie.yiGos{A+px + qy), 
where for brevity, 



A = {h, + d,):, + {h, + d,)!: 



f 



"I"! 



(44) <^ x = —n, + n, + Q, — Q„ p^—l{h, + h,), 

L y = — n,-n, + 9., + Q„ q = -:^{h, — h,), 

must be expanded in a three-fold infinite series. 

The three angles J, ''i, n^ are to be eliminated by the sub- 
stitution of their values from (5) and (6) and the result reduced 
to a suitable form, which can be done in the following way. 

From (6) it follows that 



(45) 



±'-=(a + 6e±-(Qi-a,))^ 

±"-''z= (aie=t'S2i -^-h^e-'^'iy, in which 
_ cos ^ I, cos ^ i2 _ sin 1^ ?, sin ^ /,, 

~ cos^J ' cos-|J " 

_ sin ^iicos^i'a _ cos^(,siii^t, 

'~ sin^J ' '" ^m^J 



in which i= V — 1 and e = 2 . 7182818284, 
and, therefore, 

[2pJ! 
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where A and ij- run through all whole numbers which have the 
same sign as p (0 included), for which 

Likewise 

where A, and z^, run through all whole numbers which have the 
same sign as g (0 included), for which 

•^1 + /■'•I = 2 g = — hi — ^2 • 
From this it follows, finally, that 

(46) • Kz°-e^\e2''^(ios{A-\-px-\-qy) 

= ^,K ■-^-..Ip.^^j/t^f^JI- — p. e^vi e,y^ z- aW fct'^l aC^il 6[».l X 

cos[A + /x(fli— fl2)+^ifl, + /^,i22]. 
If we now put 

a, = /i.i + a,, 6i = — 5i, Ci = ,a + /ii, 

02 = ^2 + ^2, 62 = — ^2, C2 = — /i+Z^l, 

so that 

(47) o, + a2 + bi + b2 + q + C2 = 0, 
the angle in the second member of (46) becomes 

(48) a, r, +02^2 + 1,7:, + 62 '^2 + C, i2, + C2ii2 = i- 

By the help of equation (45) the product z-'aW 6W ajt'^'] bit'^il 
becomes 

(- 1)"! /^ziw (cosiiOW ^ [^'1 (cosii2) W + [A,] X 

(sin ^ij)^''^ -^ ''^'^ ( 81114*2) ■■''^ "" f'^'^- 
The produ<,t of the last four factors can be developed in ascend- 

2«— [«J 

ing powers of ii and «2 . The first factor ,, -.^^-^ can, since 

a — [g] is not negative, be developed in positive and ascend- 
ing powers of z. But z itself and its powers can be at once 
arranged in cosines of multiples of flj — ^2 and the coefiS- 
eients become functions of ii and % and can be easily arranged 
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in ascending powers of these quantities. If these are all intro- 
duced into the above product and this again in the term (46), 
the development of the perturbing function finally receives the 
following form: 
(49) r^ ' = S if eiTi e„v2 i^H i^"^ cos L. 

L has here the the form (48) in which the whole numbers 
Oi, . . . satisfy (47) but otherwise can take all positive and nega- 
tive values, except that C] -f- Cz must always be even. The expo- 
nents Yi, Xi, «i, "2 are all positive and satisfy the conditions that 

ri— [61J, r2 = [62j, «i— [Ci], <^2— [C2J 

must all be even, positive or zero. The coefficients K are 
homogenous functions of Lhe order — 1 of a^ and a^, in whose 
general expressions also enter the above whole numbers. The 
degree gr of a term is here 

3 = n + r2 + «i + «2^[ai + 02 ]• 

The second part (2) of the perturbing function gives terms 
of the same form as (49), but in this case [cj -f [C2j = or 2. 
The computation of this part is relatively simple, 

If we put ai + 02 = -4 , there is only a finite number of the 
systems of numbers 

Txj fit "f ! "-it Oi, O2, Ci, C2, ^, 

for which g does not surpass a certain limit. 

If, with restriction to such a limit, the perturbing function is 
resolved into simple series, of which each consists of an infinite 
number of terms agreeing with the above system of ntimbers, 
the number of series is limited. Their number Sg for a given 
degree can be easily obtained by the formulas 

, 4.3.2 , 5.4.3 

,W2fc_2+-| Q q'^2'! — 4 "T • • • 



'* ' 1.2.3 '"-=' ' 1.2.3 

^ (4 + fc— l)(4 + fc-2)(4+fc— 3) 
■^ 1.2.3 ""' 

-, 4. 3'. 2 , 5.4.3 . , 

, (4 + fc-l)(4 + fc-2)(4 + fc-3) .. 
^ 17273 ^' 



DEVELOPMENT OF THE PEKTUEBING FUNCTION. 183 

where, in generaJ, 

_2A;(fc2 + 2) 

Mi q , 

except for fc = 0, for which 

From these we find 

s„ = l, S2 = 12, 84 = 90, S6 = 444, 
s, = 2, S3 = 30, 85 = 222, s, = 858. 

If Leverrier had selected the complete expeditious form (49), 
he would have had no less than 1659 terms to compute. 

Many mathematicians have occupied themselves with the 
development of the perturbing function. Cauchy introduced 
the eccentric anomalies -B,, E^ and developed in terms of the 
cosines of their multiples. Bessel's functions then enabled him 
easily to substitute the mean for the eccentric anomalies. His 
numerous investigations on this subject appeared in the Comptes 
rendus and are collected in his Oeuvres completes. 

While the methods hitherto used by astronomers for the 
development of 

are direct, it does not follow that this development may not be 
reached indirectly. For brevity, put Z^ = r^\ An indirect 
method of development would be that of forming certain differ- 
ential equations which are satisfied by i^ as a function of the 
twelve elements of the two planets and whicli serve to determ- 
ine F. 

If we consider i*' as a function of the coordinates x^, x^,. . . 
and of the component velocities Mj, M2, - . • , then F will satisfy 
the six partial differential equations 

8^-0 ^-0 ^ = 



(50) 

which express the fact that F is independent of the component 



9^-0 ^-0 ^ = 



(51) 
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velocities. We have also the following six partial differential 
equations ; 

dF dF dF 9-P'_n 
dF dF , dF dF ^ 
dF_ dF Q^_ ^E-(\ 

^' dx, ""' dz, + ^' d^, ^' dz, ~ ' 

of which the first three show that F depends on a-, — Xj, 2/1 — 2/21 
Zi — Z2 alone, and the last three that i^ is a function of r^, . The 
six equations (51) are not independent, an identical relation 
exists between them. Finally, as a homogenous function of the 
coordinates of the order — \ F satisfies the partial differen- 
tial equation 

,_„, dF , dF , dF , dF , dF , dF 

(52) a^, — + y,^+z,-+oc,^ + y,- + ^,^=-F. 

Equations (60), (51), (52) determine F with the exception of 
a constant factor c, and from them it follows that 

F = cr^2'. 

If, now, the elements are substituted for the component veloc- 
ities, the partial differential equations pass into others having 
the element a^, . . . Ci, aj, ... C^ as the unknown quantities. For 
example, the equation 

dUi 

takes the form 

dFda, dFde, dFdi, dFdn^ dFd£i, dFdZ,_^ 
da, duC^ d e^du,'^ d i, du, "•" 8711 du, "^ 8fl, du, "•" 8 Ci 8mi " ' 

in which the coefficients 7=r^ , ?r^ . • . , are to be considered f unc- 

tions of «!, 61, . . . . If for J?' we now take the form (49), the 
thus modified partial differential equations will determine K up 
to a single constant factor which remains over but which can 
then be easily determined. 
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Two of the partial differential equations can be a\; once writ- 
ten out. One is (52) which now takes the form 

dF , dF 

and from which it follows that eyery coeflacient K satisfies this 
differential equation. The other is a combination of the two 
last of equations (51) and takes the form 

dF dF- dF dF dF QF _ 
8:, 8^2 8-1 8'^2 8fi, 9i2, ~"' 

from which the equation of condition (47) follows for each term 
of (48). The remaining ten equations (50) and (51) are some- 
what more complicated for we know that the K homogeneous 
functions of the degree — 1 in a^ and Oj serve to determine 
these functions and to form an infinite number of relations 
between them and their partial derivatives with respect to a, 
and ttj. 

The very expeditions form (49) is often unnecessary. When 
it is only necessary to represent the perturbing function as an 
analytical function of t which is contained in fi and Z^ only, we 
■can collect all the terms of (49) for which a, and O2 have the 
same values, and the form becomes 

(53) rii' = i2| Aa,, „, cos (o, f, + a,Q + B^^, „, sin (a, Ci + a^^,,)\, 
in which Oi and a^ denote all positive and negative numbers and 
it is assumed that 

-A— Oil — Oj = -O-Oi, 02, -D_ai)— 02 — -"iJOz- 

The coefficients A. and B can be at once expressed in double defi- 
nite integrals, if we employ the process used by Fourier for the 
trigonometrical functions of an angle. We have 

^»i> "1-2? /^;^'cos(Oi:, 4-a2?2)<^'i'^'2> 


2n- 2n- 

-Ba, > «. = 2^2 / rr^' sin (a, Z, + a^ Q dZ, dZ, . 
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The numerical computation of these coefficients 'can be per- 
formed in two ways. On the one hand, after Liouville, (Sur le 
calcul des. inigalitSs p6riodiques, Jour, de Math. I, 1836), we may 
expand the double integrals into a very rapidly converging 
series of simple integrals which we may determine by mechan- 
ical quadrature. Or, we may, after Leverrier {Recherches 
astronomique) employ a process of interpolation. Finally, in 
the articles already referred to in Comptes rendus, for the 
case in which [ai +02] is a large number, Cauchy has given a 
special process which he has applied practically to a definite- 
term in the theory of Pallas and Jupiter. 

Finally we will also notice that Hansen has given an entirely 
novel manner of developing the perturbing function. It con- 
sists in using the mean anomaly of one body and the true anom- 
aly of the other when the latter, as is the case with the comets 
and some of the planets, etc., has an eccentricity so large that 
the series is slowly convergent or entirely fails. This method 
of development has its chief value in relation to the moon, the- 
asteriods and comets. It will not be given here, since we are 
considering only the sun and major planets. 

25. The Development op (a^ — 2a, aj co& 5 -j- a^ )~^' in a 
Tbigonometbic Series. 

In the method used in the preceding section for the analyt- 
ical devefopment of the reciprocal of the distance between two 
planets, the coefficients (s') of the function 

(1) (o/'^— 2a,a2COS<5 + a/)-J' = |(s'')-+(s>os3+(s')cos2 3+. . . 

i= + cc 

'" COS id', 

i-— — 00 

play a prominent part. To justify the second manner of writing 
the second member of (1) and to define (s') also for negative- 
values of i, we suppose that 

(2) {s') = {s-'). 



^2^^')' 
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By the aid of Fourier's theorem for the development in trig- 
onometric series, the coefficients (s') can be brought into the 
form 

27r 



(3) (s')=^- -—. 

"7 (Vai — 2a,ai 



dd8 



cos 



' + «/)' 



which, by putting cos d = x, can. be treated as an elliptic integral. 
Laplace proposed a direct method which is better. It is 

«!" + «2^ — 2a, aj cos 5 = (a, — aae''*) (a, — age"*'*), 

or if we put 



— = a, 

a. 



(4) (ai' + a/ — 2a, a2COs5)-^'' = ar'(l— ««''*)"^'(1 — "e-'«)-K 

If a < 1, (in case it is not, wfi can make it so by exchanging 
a, and aj), the binomial theorem gives 

(a,^— 2a,a2COS(5 + a2^)~*'' 

/'i , s -s , s(s + 2) „ ,,. 



g(8 + 2)(g + 4) \ 
2^3! +••• j^ 



( 



1+2"^ + "V:2r' 



.£(£±2Hi+i)„3,-B.-5+ __V 



^ 2'. 3! 

If the two series are multiplied together and the product 
arranged in ascending powers of a, the coefficients will be entire 
functions of a; = cos d. These functions play an important part 
in many problems and are called spherical harmonics. But if 
they are arranged in powers of e'*, they give the coefficients (s'> 
to be used here. They are 

s{s + 2)...{s + 2i) s , + , 
-I- 2' + \i + l)\ 2 
, s{s-+2)...{.s+2i + 2) s{s + 2) ^,+, 
+ 2'+\i + 2)\ 2^2! 

+ )■ 
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This is the general expression (s*) for every value of s and i, 
(For negative values of i it is illusory, but in that case the equa- 
tion (2) is to be used). But it is not yet sufficient, we ttiust yet 
■obtain a series of fundamental relations between the quantities 
(s'). This is given very simply by a reduction of (s') by 
<jrauss's hypergeometric series, 

, «(« + !) (a + 2)/?(/S + l)(;? + 2) 
^ 1.2.3.r(r + l)(r + 2) "" ^ ' ' • 
This is 

(7) M«=) = «.-.?^^+^H^+|^-^^±^i=^)a'X 

F(^S,^S + i,i+l,a'}. 

However, the required relations are given with the same ease 
by equation (1). If, for brevity, we put 

a,^ — 2ai Oj cos 5 + aj^ = /> , 
we obtain, by differentiating (1) with respect to S, 

— saia2/>-4('+.^> sin (5 = — i^:i{s') sin io, 

•or, if both members are multiplied by 2/) 

2s a, Hj sin 3-| 2 ( s* ) cos i S 

+ CD 4-00 

= (a,^ + a2^)^ i(s') sin id — 2aia2 cos S "N?i(s' ) sin iS. 

— CD — CD 

But 

sin5S(s')cost5=i2(s')sin(i + l)5— ^S(s')sin(«— 1)5, 

and if in the second member the summation iudex / be ex- 
changed with (»■ — 1) and correspondingly with (« + l) it follows 
that 

sin 52(s') cosi(5 = |S[(s'-') — (s'+')]sin«(5. 

In the same manner 
cos5S«(s')sini5 = ^2[(*— 1) (s'-i) + (« + l) (s'+i)]sini5, 
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the summations always extendiug from — a: to + oo. There- 
fore 

sai02 . ^S[(s*-')— (s'+')]sini'? 

= S l{a,' + a'')i (sO — a, a,{{i— 1) (s*- ') + (i + 1) (s' + ^))] sin i r. 

The coefficient of sin iS in the first member is, according to (2), 
changed by replacing i by — i and the same is true in the sec- 
ond member. The coefficients must therefore be equal. Hence 

(8) 4sa,a,[(s'^-')-(s' + ')] 
If we put 

(y) =a + - = fc, 

a,a2 a 

it follows that ' 

.„,.,n _ 2ki{s')-{2i +S-2) ( s^-') 
^^^^ ^* ^" =1+27+2 • 

By means of this formula any (s') may be obtained from the 
two immediately preceding. For example, from (s") and (s^) we 
have 

.„2s 2fc(a')-s (s'') 

^^^~ _s+r~' 

.„3^_ 4fc(«^)-(g + 2)(g^) 

_ [8fc^— (s+ 2) (s— 4)] (s')— 4sfc(s'') 
(-s + 4)(-s+6) 

The equation (10) affords the relations between the coeffi- 
cients of a single series (1). There are also such relations 
between the coefficients of two such series for which the s'& 
differ by an even number. These are sufficient, for in astron- 
omy, the only cases which occur are those in which s is odd. 

Multiplying (1) by p, we get 

p-J(,-2,^^2((s— 2)')co8a=(ai^ + a/)|:^(s')cos«<5 

— aia2[|2(sO cos (i+l) "5 + 12(8') cos (t—l)<5] 

= JSH«i' + «/)(«'■)— «:«2 {«'"') + («' + ')} cos i". 
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Since, by (2), the coefficient in braces remains unchanged when 
i is exchanged with — i, we mast have 

(12) {{s-2y)=a,a,[^k{s')-{s'-')-{s'+')l 
or, by (10), 

(13) ((,_2)') = (-s+2)a,a,^M^|g^>. 

In order, conversely, to express the quantities (s)* by ( (s — 2)* ) , 
exchange i with — {i — 1) in (12) and use (2). Then 

(14) ((s_2)-) = (-« + 2)a,a.^^^35T^- 
It follows from (13) and (14), that 

nS) (-) (,.-:^ (-^ + 2» + 2)((.-2)') 

^^^' ^^> ^^ '- (— s + 2)aja,(fc + 2) 

(s + 2i-i){{s-2Y-') 
"^ (— s+-2)a,a,(fc + 2) " 

From this an important conclusion may be drawn. If s is 
positive, (s') is, by (5), positive for every value of i. If s> 2, 
then ((s — 2)') and ((s — 2)'~') are positive. Therefore, if we 
select i positive and so great that both ( — s + 2« + 2) and 
(s4-2i — 4) are positive the second member of (15) becomes 

negative and 

(«••)< (s'-'). 

If we put, for example, s = 3, i = 2, it follows 

.o3^ .o,^ 3[(r) + (r)] 

(d)-(d) a,a,(fc+2) ' 

hence 

(16) (3^)<(3'). 

This inequality will have an important application in the 
follo\ying paragraphs. 

If we solve (13) and (14) for (s') and (s*~'), we get 

fc(-s + 2i + 2)((g-2)')+2(-s-2t + 4)((s-2)'-') 
^^' {—s+2)a,a,{fc'—4:) 

,„,. _ 2(-8+ 2i + 2) ((s— 2)') + k{-s-2i + 4) ((s-2)'-') 
■ '~ {—s + 2)a,a,{K'—4:) 

Finally we will show how to express the derivatives of (s*) 
with respect to a^ and aj in terms of (s'). If we differentiate 
(1) with respect to a^, we get 



(17) 
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■^^sp-H^*'^)(a—a,cosS)=^'^^£lco8id, 
or 

and, therefore, 

|g = -^((.+2y)+.., «'+^'-') + »'+^)'"> . 

and also by (12), if we write (s+ 2) for s 

(18) ^=_^|(a,^_a,^)((s + 2)0 + (s')K 

and, finally, by (17), 

nO\ g(a') _ [— sV+i(a/+a.^)] (s0 + ai«2(-g-2» + 2) (s'-') 
^ ' da, ~ a,{a,^—ai) 

By exchanging the subscripts 1 and 2, we get the deriyatives 

-^ — - . The derivatives of a, can also be obtained from those 

oaa , 

with respect to a, from the fact that (s*) is a homogeneous func- 
tion of the ( — sy^ degree in a, and a^, and hence the partial 
differential equation 

must be satisfied. 

26. The Teems op the Peetuebing Function op the 

DEGEEES 0, 1 AND 2. 

The analytical development of the coefficents of the perturb- 
ing function requires, if we pass beyond the second degree, 
days, weeks and even months of labor in computing them. If 
the computation is confined to the zero, first and second degrees, 
the necessary computations are not excessive and the reader can, 
for himself, easily verify the formulas. 

The equation (15), § 24, then becomes 
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(1) r^^ = p''i — rjrj (cos F — cosW)zp~^ 

= ^S(P)cos/lF— |rir2zS(3^)cos(A+l)f 

The quantities p and q become 

p = — ecosJlf+|e'''(l — cos2M), 
g = 2 e sin M + I e^ sin 2 ilf . 

The (s'^) are here functions of r^ and rj and may be denoted by- 
(s'^)rj, n- On the other hand (s^) is the (s^)„,, ^. The equation 
(1), in which p and q need be substituted only in the first ternv 
of the second member, now becomes 

»'^' = i2(P)„j(,+p),^(i+^)Cosp-(?i — Z2)+A(5i— g^)] 
— ^a,a,z1,{d^)cosl{X + l) (1, — k)'] 

Li this is now developed in ascending powers of Pi,P2,qi, q^ andl. 
then their values given above are substituted, it follows that 

X = + oo 

r- '= ^ [Ax cos f + ei Sa. cos (cc + Jlf i) + 62 Ca cos («s + if,) 

+ Bi^DxCOs (p + BiExCOB ?> + ei 62 J^'aCos {(p -\- M^ — M^) 
+ z 0x008?" + ei^-Hx«os(?' + 2ilifi) +e2VxCos (¥>]+ 2Jlf2)- 
+ e^e^Ki^(iOs{<p + M^ -\- M^) + zL,,(ios{<p + \ +1^)}, 

where for brevity, 

(2) 9 = nh-h), 

and where the coefficients have the following values 

Sx = -|(— Ix' + 2A/x), 

Cx = i(-'Jx-2AIx), 

Z>x = H— 4^'^x + 2lx' + -rx"], 

£;x = ^[— 4^^Jx + 2'Jx + "/a], 

i^x = i[4x^Ix— 2^ (Ix' + '-Ta) + '/a' J , 

Gx = — i(I//x_, + IIIx+,), 

i^A = i[-4/.=-rA + 2A ( Jx'— 'Ix) + 'Ia'] 



(3) 
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when for brevity the following symbols are used: 

(4) I,-m I,'-a^^ 'I.-a^^ I"-a^^'(l') 

By equation (20), §25 and the results obtained by differentiat- 
ing it with respect to a^ and a^, the following relations may be 
found to exist among the coefficients. 

Ia' + 'A = —/;., A" + 'Jx' = — 2A', '// + "/;, = — 2' A, 

by the aid of which the coefficients may be further transformed. 
We find, for example 

Further, it follows from (12), § 25, that 

and, therefore, 

Gx = — i(fcJ//A — Ia). 

If we wish to produce the entire expeditious development of 
the perturbing function, we must proceed as in § 24, page 180, 
The angle x is small, of second order, and all terms except 
the first can be neglected. We have here to put cos x=l^ 
sinflj = -Jj] «2 sin(Qi — ^2)1 so that we obtain 

where for brevity 

(5) x{i:,—i:,):=<p. 

Further, the term ^jGaCos^ separates into the three terms 
i ii' Ga cos ^ + i*? Ga cos ^ — ^ ^l h Gk cos [4' -\-{P.^ — Q^)'], 

while the last term zLi^(ios{<p-\-li + Z,) separates into 

ii?iACOs(^ + ?i + fs— 2i2j) + ii/i;,cos(^ + fi + ^2— 2i22) 
— \ I, tj Xa cos (0 + C, + r^ — fii — JS2). 

The equation (2) now changes into 
13 



194 THEORIES OF PLANETAEY MOTIONS. 

A= + 00 

(6) '■72' = ^ [^A COS tp + eiB), cos (^A + Cj — tt,) 

\= CO 

+ 62 Cx cos (^' + C2 — TTj) + 61^ Dx cos ^ + 62^ ^A, cos 

+ eie2i^A.cos(^ + fi— ^2— '^1 4- -2) + i*?G'AC0S^ 

+ 4%^ 6?aC0S^ + iih Q)! cos (^ + fli— i^j) 

+ ei'ifACos (^ +2C,— 2^j) + e2VAC0s(^ + 2 C2— 2^2) 

+ 61 62 -STx cos (^ + f 1 — TTi + ^2 — ^2) 

+ 4ii^iACOs(^ + ?i + f2-2fi,) 

+ \ i,'L^ cos (^ +.?! + C2 — 2 ^2) 

— |iil2ixC0B(^ + ?i + ?2 — ■^1 — ■22)] . 

The coefficients A\ to L\ are those given in (3), 

G,' = — |(?A + iAAx = ^(7JIx_i + /I/A + i + 2A7x). 
By means of (8) and (12) of § 25, we have finally 

(7) Gx' = iIIJA_i. 

This completes the entire development of the perturbing 
function up to terms of the second degree of the eccentricities 
and inclinations. 

In the next section, we shall see that the terms of r~' which 
are independent of Ci and C2 and therefore of the time, play an 
important part. We will collect them into a single term, — the 
so-called secular term of the perturbing function. If we desig- 
nate this term by — , we have 

L^I2 -I 

[i] =4l„-Je.^'J-„'-ie2^'I„' +4e,e2(2/, + '-ri')cos(r:,-;r2) 
" ^{li,' + ki,'~\i,i,C0B{Q,— Q,))III,. 

The coefficients can be somewhat transformed. 
If we put i = 0, s = 1, then * = 1, 8 = 1, the equation (19) 
§25 gives 

_-Vi'j + aia2 7i 

(8) 
therefore 
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(9) 7o'a,— i-/ai = 0, 

and likewise 

and from this it follows that, if (8) be difPerentiated with respect 
to aj and then multiplied by a.2 , 

/iA>, _ a,aa7i Io'2a/ _ a/ /„' — V I„ 



It likewise follows thnt 



__a^ajj:„'—'l,) 
-t] — ', ^ — . 

a, — a," 

On the other hand, if we take s — l,i=l and then 0, equa- 
tion (18), §25 gives 

(11) 2/,' = -(^l^II7,-/,, 27„'=:-(^1^7//„_/„, 

and by the use of (8) and (9) 

(12) '!,' = — Ill,, '!,' = — III,. 
Therefore, by (8), (10) and (12) 

21, + '7/ = —2k III, + 3 777o , 
and therefore by (10), §25, 

(13) 27, + '7,'=n_7772. 
We, therefore, finally get 

(14) [^1 =47o + J777,[ei^ + e/— V-i/ + 2.>-2C08(i3,— fl^)] 

4 7772 «! 62 cos (sTi TTj) 

The term ^7o is entirely independent of the eccentrieities 
and inclinations. The six other terms divide into two groups 
of three terms each, of which the first depend only on the 
eccentricities and longitudes of perihelia, the second group 
only on the inclinations and the longitudes of the nodes. The 
sum of the terms of the second group is negative, since 777, is 
positive. The epposite is the case with the first group, because, 
by (16), § 25, an inequality, 7772 < IHi exists. 
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Besides, the considerations of § 24 show that — [ is of even 

degree in relation to the eccentricities and inclinations, so that 

(14) is exact to the third degree. 

We will now develop the other part of the perturbing func- 
tion. The equations (19), §4, give at once 

(15) a3i Xa + 2/, 2/2 + z^ Z2 = «! a„ [cos (Cj — Q 

-|-|ei(— 3cos(?2 — 5ri) + cos(2;, — C2 — -,)) 
+ 1 62 (— 3 cos (:, — ^2) + cos (2 r, — Ji — n,)) 
+ 1 e;' (3 cos (3 r, — J2 — 2^1) — 4 cos (r, — Q 

+ cos(2^,-r, — Q) 
+ ^ 62' (3 cos (3 >2 — f 1 — 2 'T,) — 4 cos ( J2 — Q 

+ cos(2-„— rj — O) 
+ i ei e, (9 cos (-, — -j) — 3 cos (2 :^ — Sj — -2) 

— 3 cos( 2 r, — ^, - 7:,) + cos (2 r, — 2 C2— '^i + ^^2)) 
+ iV(cos(2i2,-;,-r2)— cos(r,-:2)) 
+ 1 1/ (coj (2 ^2 - f , — r,) - cos (r, - :o) 

+ -^ i, i2 (cos (f — C2— fl, + ^«2) — cos (C, + ^2 - - fl,— ^2))]. 

From this we can at once develop ""' ""' ^ ^' f ^ + ^' ^^ for 

''2 

etc., 



f- 2 » 



and therefore, 

,-, (.N a'lXa + yij/g + giZa _ _ V 8'(a:i.a?2 + 2/1^2 + ^1^2) 

^ ''^ r2^ " ;«2 9f2^ ■ 

In (16) there can be no term independent of ^2. that is no 
secular term. If such a term exists in (15) it disappears by the 
differentiation. 



27. The Analytical Expbessions fob the Peetuebations. 
In the preceding sections we have developed R in terms of 
the elements a, e, Q, i, tt, J. J is not properly an element, but 
contains the time t, since f = ni-f- e. If we replace the element 
£ by f in (15), §22, we will not change the derivatives with 
respect to e, Q, i, -k. Further 
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en dR_dR 

On the other hand ^ receives a new meaning. If we de- 
note its former value by ( o-J and its new one by ^, it fol- 
lows at once that 

f'2> fdRr\_QR dRe:_dB_3nldR 

'' ydaJ~da'^dZ ea~da 2 a dZ ' 

In the same manner 



,„, ox _ ox { dx\ _dx 3 nt ox 

^' 87 ~ a?' \d'aJ~e'a~'2~^W 



etc. 



If we substitute this in (14), §22, we find by the aid of table 
(22), §11, that there is in F one additional term, namely. 



+ ^lt^dt. 



Further, in (4), §22, to the term 

8a=_, Udx fdR 

there is to be added another 

^^dx fdR 

a' dz J d: '^^■ 

There arises, therefore, in Sx the additional term 

+ - 



ddx( f,dR^^ . fdR,.\ 
Zdx f i fdR\^^ 



There are corresponding additional terms for Sy and Sz. We 
see then that in (15) § 22, we must write 

dR , 3n rdR 



instead of t^— • 
da 



3^ 3n fdR 
da "^ 2a J dZ 
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If we designate the disturbed planet by the subscript 1 and 
the disturbing planet by the subscript 2, the part of R which 
depends on these two planets, gives rise to terms of the form 

(4) is: cos A 

in which the coefficient K depends only on the major axes, the 
exceatricities and the incliuations, while i is a linear function 
of the mean longitudes, the longitudes of perihelia, and the lon- 
gitudes of the nodes, with integral coefficients whose sum is zero. 
By the differentation of (4) with respect to one of the elements 
a, , Pi , fi] , i'l , TTi fi , there arises a term of the form 

(5) K,^^^ (L). 
^ ' 'cos^ ^ 

The angle I- is a linear function of the time, and is, in fact, 

the coefficient of t in (48), § 25, and 

(6) ' =OiWi + Q2W2- 

By the integration of (5) with respect to t we get, if (6) is 
not zero, a term of the form 

(7) ;■ ( + ^^"(X)). 
' aiWi + ajiia^ — cos 'J 

The coefficient (6) becomes zero 

(8) (1) if a, = 02 = 0, 

and, therefore, for all secular terms. Then by integration of (5) 
with respect to t, a term of the form 

(9) {^^z^^)y 

is obtained, that is a term proportional to the time. And zero 

(10) (2) if n^:n^ — a,: — a,, 

that is when the two mean daily motions, and therefore when 
the two periods are in commensurable ratio to each other. We 
have seen that there is much discretion in the selection of the 
original elements. We can choose the periodic times in such a 
way that equation (10) is' never fulfilled, or fulfilled for such 
large entire numbers Oi and a^ (exact or approximate), that the 
degree of the term is very large, and therefore the coefficient K 
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very small, so that this term for very long intervals of time may 
be negtected. We shall see later that there is a very suitable 
selection of elements and that with this the periodic times of 
the planets are commensurable only for very large values of a^ 
and tta . We see, then, that practically, only the secular terms 
of the perturbing function give proportional terms by integra- 
tion with respect to the time. 

We will, therefore, divide the perturbing function into the 
so-called periodic part and the secular part and designate them 
by (R) and [J?]. 

la § 24, it was shown that R^ can be developed into a sum of 
the form (49). (i?i) is then the sum of the terms of R^ foi 
which the two integrals a^, Oa are not both zero at the same 
time, while [3i]] is the sum of those terms for which a, and O2 
are zero together. 

Let 

(11) Ke^ °i 62 «2 ij ^l i^ ^2 cf)s (Qi f 1 + 02 fj + 6, -1 + 62 ^2 + Ci ^1 + Cs ^2), 
or briefly 

(12) HgosL, 

be a term of (-R,) where foi integral numbers, the conditions of 
§ 24 hold, that is 

(13) a, + a, + b, + % + c, + c,^0, 
and the four differences 

«i — C6iJ,<^2 — [62],A — [CiJ,ft — [Cz] 

are even, positive, or zero. 
Further, let 

(14) ke,->' ^•lft' cos (a/ Cj + W ^1 + c/ ^i), or briefly, H' cos L' 
be a term of x, so that according to § 4, 

a/+V+c/=l, 
and 

«/-[V], A'-[c/] 
are even, positive or zero. 

If we now denote the part of Sx which depends on (-Bj) by 
(tei), it follows by the use of the equations (15) and (11) of § 22, 
and the table (22), §11, that 
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(15) (Sx,) = S [ilf 1 COS (i' +L)+M, COS {L' — L)] , 

in which 

(15a) M, = -^\-ln,HH'- '^'^' 






8ai QiWi + ajW- 



i T°i" 



2e,' 
1 



^^- «il(_a/6, + a,6/) 



2 (— «/ "l + «1 0/) 



(— A'c, + Ac/) 



2iisini, Vl — ^i^ 
+ .^77^^ (-ft'(a. + 6,) + /^.(a/+ V)))1 

The second term ilf2Cos(L' — L) is formed from the first by- 
exchanging the six integral numbers in L with their opposites. 
The symbol 2 in (15) refers not only to the integral numbers 
in (11) and (14) but to those of all the disturbing planets. If 
(15a) is developed in ascending powers of the eccentricities and 
inclinations, the law of formation is at once seen to be 

(16) (<5x,) = S (K) ei"! e2"2 i/i i^^^ cos (Ci Ci + a2 f 2 

+ bi^, + 62^^2+0, a, + c,i2,), 

where the whole numbers u.^, a^ . . . fulfill exactly the same con- 
ditions as before, except that the sum (13) is not now = but =1. 
(5t/,) follows at once from (Sx^) by putting sine for cosine. Finally 
(fei) has the same form as {Sy^) except that for (fej) the sum 
(13) again = 0, while Cj + C2 is odd. 
If, for brevity, we put 

i{Z, — Q^4' 

and limit ourselves to the consideration of terms of the first 
degree, the following terms result: 

(17) ('Sa;,) = S[(^/)cos(^ + Q 

+ e,{K,?) cos {4' + TTi) + e:(-B:/) cos i<p + 2C, — n,) 
+ e,{K*) cos (^ + n,) + e,{K,') cos (^' + 2?2 — ^2), 
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'(18) (%) = sr(iir.')siii(^''+:,) 

+ e,(Z-/) sin {</' + ^,) + e,iK;') sin (^'^ + 2;, — r,) 
+ e,(^/) sin {4' + ^,) + e,(i?/) sin (^ + 2:,— x,) ], 
■(19) (&,) =S[ij(^/)sin(v'' + r,— i3,) + i,(^:/)sin(v''+r,— Q,)], 

where (S',) represents coefficients depending only on a^ and a^ and 
T^hich are to be formed from what precedes. It is to be noted 
that, in order to take account of the perturbations up to tlie 
n*^ degree, the perturbing function must have been developed 
"to the (w + 1)"' degree. 

We now pass to the secular part [J?, J of the perturbing func- 
tion and to the corresponding terms [<Sx, ] , \_Sy^ J , [Sz^] . For this 
part 

8[J'.']_n 

and 



/ 



aM<„=,?pj,e,„. 



da^ 8 «! 

From this it follows that 

<20) C^^«^J = {(a.O.'-gJ|' 

,, (d[B,:\dx, a[A]8xA 8[i?,]8«, 

+{h % \-8ir9^i^ ^^ 8iJ+'*' ^' "8ir8^ 

+ ^*'"^'\ ^^, 8^, 8., 8iJJ- 
Corresponding expressions can be obtained for [%i J and [fej J. 
By the development of (20) we now get 

.(21) [toi J = iS [X] ei'^e/2i,^> i/=sin (01?,+ biTT'i + b2S + Cii2i+ c^fl^)- 
■The same conditions hold here for the integral numbers as 
in (16) except a^ is always zero. [%i] is formed from [toj] by 
substituting —cosine for sine, [tej has the same form as [%,], 
■differing from it only as (fej) differed from (Sy^). 

Finally six arbitrary constants appear in the six integrals 

^~dt, etc., of equations (15), §22. These constants will be 

Cot J 



./ 
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denoted by \a,\, . . . They give another term {Sx^\ to Sxi, a& 
follows: 



+ 



The constants can be taken entirely arbitrarily. 
Laplace puts 

_2a,[aBj] 
'''^~ dn, da, ' 

and finds that the term of [^a-] -\- {dx\ which is proportional to 

the time and depends upon *-„ '-* vanishes. He puts {a,\, \ii\ 

and {^j} =0 and assigns to {e,} and \^i] certain definite values- 
in order to simplify his equations to a certain degree. 

We have now developed the general form of the perturba- 
tions of the first degree in reference to the disturbing masses. 
If we go from this to the second degree the labor increases 
enormously, but it is easy to see that the perturbations consist 
of terms of the three following forms 

K'^^^t, Kt^'^'L, Kt^''°^L, 
sm sin sin 

only that in this case S'and L can contain the elements of three 
planets, one disturbed and two disturbing. In perturbations of 
the third degree, f enters as a factor in some of the terms and 
the elements of four planets are involved, one disturbed, three 
disturbing, etc. 

The calculation of these perturbations is very tedious and it 
is well to have a simple control of their accuracy. In order to 
obtain such a control, let M,' be what (15a) becomes when the 
term which has (ajHi + ajW,) in the denominator is omitted and 
the denominator {a,n,-\-a2ni) is dropped from the others. By 
this means (t^x,) passes into {S'.x\). Moreover, if the factor iis 
omitted in (21) and the sine changed into cosine, [Sx^] passes 
into p'.rj. Then, identically, 

{S'x,) + {8'x,] = 0. 
For the first member is then the development of 
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da, dx, "•" de, dx/ ^ ' " ' 

which expression, according to § 25 is equal to zero. 

We have seen that the perturbations of the first degree of 
the disturbing masses, separate into two great groups. The 
first group consists of terms, each of which has the form 

a cos {bt + c), 
in which a, b and c are constants. The second group on the 
other hand consists of the terms of the form 

at cos {bt -\- c). 

When this development of the coordinates and of the per- 
turbing functions converges, which is the case for the elements 
of our system, the developments of {Sx) and [px] will also con- 
verge. The latter, however, in spite of the smallness of the 
masses increases with the time beyond reasonable limit by rea- 
son of the time entering as a factor, and the same thing is 
true of perturbations of the higher degrees. From this it is 
evident that the convergence obtains only for limited durations 
which may be tens or even hundreds of- years, and that the 
increase in the perturbations is to be attributed chiefly to the 
secular term. 

By the appearance of the factor t, the earlier mathema- 
ticians, especially Euler, Laplace and Lagrange, were led to 
some remarkable and, to us, fanciful speculations, the object of 
which was to overcome the difficulties presented. See M6can- 
ique cSleste, Tome I, p. 266. These attempts were the forerun- 
ers of a second great theory, The Theory of the Variation of 
Elements, which we shall develop in the following sections. 

28. The Yabiation of Elements. 
The fundamental ideas of the theory now to be developed are 
very simple and clear. At any given instant the planets all have 
definite coordinates and definite velocities about the sun consid- 
ered as fixed. These would belong to invariable ellipses if the 
sun alone attracted them and if they exercised no attraction on 
it nor on each other, and the elements of these ellipses would 
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depend on the coordinates and velocities in the manner given in 
§ 2. Whatever instant selected, the same values for the elements 
would always result. 

The actual state of the case is, that we get different elements 
for different instants. However, the masses of the planets are 
so small, that for considerable periods, they move nearly in 
accordance with Kepler's laws. In fact the accordance is so 
great that Kepler, by ingenious combinations, deduced his laws 
directly from observations. The observations, which are them- 
selves not rigorously exact, would only gradually show that the 
ellipses themselves are slowly changing, or, in other words, that 
the elements are slowly changing. This relatively slow change 
goes on continuously. It, from the instantaneous coordinates 
and velocities, we determine for any instant the ellipse which 
the planet would describe from that time on if the mutual action 
of the planets were to cease, we find that the planet actually 
moves in this ellipse only for an instant. At the next instant it 
is moving in another ellipse nearly like it. The actual path of 
the planet is the curve which touches all^the instantaneous ellip- 
ses, that is, it is their envelope. 

This view of the planetary orbits is now to be expressed in 
the language of analysis. The elements of the planets will be 
taken as functions of the. time which are to be more exactly 
determined. When the determination has been made, the form- 
ulas of §§ 1-4 will apply as before and the coordinates and 
velocities may be expressed in terms of the elements a, e, i, Q, -, e, 
and the time t. They and all the quanities depending upon them 
will contain the time in two different ways: first, explicitly, as it 
appears in the mean longitude, and second, implicitly, for the 
elements are functions of the time. 

We have now to ascertain how the elements may be determ- 
ined as functions of the time. If, for example, x is to be 
expressed in terms of the elements and the time as in § 4, we get 
,,, ^ dx _dx dxda dxde 

^ ' di^didadt'^dedi'^'" 

_dx dxda dx de 
^d^'^^d^dt'^d^di'^--- 
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The compouent velocities also contain the time as before, 

that is 

,„- ^ d.r_ dx , dx 

^ -^ dt 



di~^ ~ ds '^' 



From (1) and (2) it follows that 



(3) 



„ _dxda dx de 
~dadi~^dedi^ "' ' 

dadi^We di^ '" 
„ _ Qz da 82; de - 
"Wadt^dedi'^'" 



The second drivatives 

^ d'x _ d'x dx' da dx' de 

df~Wdadt'^d7di^"' 

are obtained by differeutiating (2), and on substitution in the 
equations 

w * ^^ 

and by the use of 

^ 9^_ /j^ 

become 



!jx dR 
'7"^ d^ 



(5) 



dx' da dx' de 
dadt'^de'di^ ' " 
dy' da dy' de 
da dt '^ dedt '^ ' " 

dadt^ de dt^ '" 



m 

'dx' 

dR 

'dy' 

m 

dz ' 



After the coefficients -rr,-7T ■ • • and :^— , . • 
dt dt dx 



have been ex- 



pressed in terms of the elements and the time, equations (3) 
and (5) constitute six differential equations of the first order 
and form a peculiar analytical transformation of the original 
system (4). Equations (5) are of course to be formed for all the 
planets. By the aid of his symbols Lagrange succeeded in 
transforming these equations so as to enable them to be more 
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easily treated. If equations (5) are multiplied in order by 

dx dy dz , ,. ,„- , dx' dy' dz' . , 

e^' da' 6a' ^""^ equations (3) by -g-, __,_ g_, we get by 



addition 



(6) 



[a,a]- + [a,e]- + [a,t]-+...= 



and similarly, 

^ -.da n<^e p 0*^* i 



da' 
dR 

w 



The equations (6) are to be solved for -77 ,-t7, • • • According to 

§ 10, these solutions are 

(da , .dR , , .dR , , 'dR , 

{a,a)^ +(e, a)7^ + (e,a)^+... 



(7) 



dt 

<i de 

di 



da 
. sdR ., sdR . , .dR , 



'de 
dR 
de 



de 
dl 

'de 



and by the use of (21) and (22), §11, 

a 

■0. 

^(1— vr=vi 

8 



<8) 



da 
di 

de 
dt 






VI — e'(l— VI— e')a-B 1 ll — e'dR 

e^ a/x d^' 



e V a/j. 



-_9 /«rQ-^^ I Vl — e'(l— VI— e^) 8ii; 
^V ldaJ+ eV^' de 



d- 1 ll — e'dR 



d^_l /I — 
di e ^ a I. 



1 — COSJ 



1 — cos i 



dR 



sini V/-'a(l — e^) 9* 
dR 



di 
dt 



dS, 

di ' 



/-'■ 8e 9inW/-'a(l — e'08i ' 
1 — cosi 9ii 1 — cosi dR 

sin* V/-^a(l — e^) ^° sini VMa(l — e') Q^ 

— — i^^=^ 

sin* V.''«(l — e^) 9fi ' 
1 dR 



sin I V/^a(l — &') ^* 
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These equations (8) form the foundation of the theory of the 
variation of elements. According to Poissou's method they 
can be obtained easily and directly. Laplace obtained them in 
a more difficult way and gave them in a supplement to the sec- 
ond volume of M6caniqiie cileste. They have the advantages that 
the second members depend only on the perturbing functions 
and, consequently, are relatively small, that the differentation 
is with respect to the elements, and that the coefficients do not 
explicitly contain the time. 

Still simpler equations could be obtained by using the canon- 
ical constants introduced in (7), § 13. The corresponding equa- 
tions are 

da^ _ dR da^ _ dR das _ dR 
'di'~~~'dj,' dt^^Wi' 'dt~~Wi' 
dfi_..dR d^_ dR dl33_ dR 

dt~^da,' dt~'^da^' dt~^das' 

But since R has been developed in ascending powers of e and i, 
the equations (8) are more convenient for us and we will use 
them. The derivative of R with respect to a is put in paren- 
theses because it is to be taken as complete, that is, both in so 
far as a is explicitly contained in R and also in the relation 

(9) ■: = nt + s. 

If, as was done by Tisserand, (Exposition, d'aprds les princi- 

pes de Jacobi, de la m6thode suivi par Delaunay — Journal de 

MatMmatiques pure et appliquSes, 1868), we introduce the mean 

longitude instead of e, we avoid the complete derivatives with 

respect to a and thus the explicit appearance of the time. We 

have 

dR_dR 

de ~ y; ' 



VQ^J~da %^i a'^ 
By the differentiation of (9) we also get 



m 



-j^-n 2'\la'dt'^dt 



da '\ ail. e de 

1 — cosi Qr' 



208 THEORIES OP PLANETAEY MOTIONS. 

._ n I o- -2a^ 3 j ij. da de 
""'^VT da 2 yaFdi'^'dt' 
If we also put 

(10) ^'--^+Ta' 

■we get 

/1-,^ <i'- o /"a 9^' , ll — en—\/l—e'dB' 

(^^) dt-^^-\7- 

smi\/!J.a{l — e') di 

R' can also be put in the place of R in the other equations (8)i 
Equation (11) has the advantage that it gives at once the deriv- 
atives of the mean longitude with respect to the time. 

Another circumstance to be mentioned is that -rrr and -rr 

dt dt 

become infinite when e or i= 0. It is evident that when the 

eccentricities or inclinations are very small, small changes in the 

orbit cause great variations of the perihelion or node. 

To overcome this difficulty Lagrange substituted for e, i, n-, fl„ 

four new variables by means of the equations 

/i = esin-, p = sin i sin i2 , 

e = ecos-, g' = sinicosiJ. 



(12) 

From these 



and further 



dh _de h ,d- 

dt~di~e'^di ' 

dl de I d-r 

dt~di~e~di ' 

dp ^ .di . dQ 

-=pcoi^^ + -g, 

do , .di dQ 

- = gcot*---p, 

eR_dRh dEl 

de ^ dh e"^W7' 

'dR_dR_dR 

d^ ~dh dl ' 

dR f dR , dR-^ ^ . 

dR_dR _a^ 

dii~ dp^ dq^' 
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By introducing (12) into (8), we get a less synoptic form, 
but there is the advantage that with vanishing eccentricities and 
inclinations no infinite coefficients appear. The coefficients can 
be developed in powers of h, I, p, q and the form holds for the 
perturbing function R. 

The substitutions (12) will be applied later in a case limited 
to the second degree of the inclpations and eccentricities. 

29. Appkoximate Integeation op the Differential Equa- 
tions FOE THE YaBIATION OF THE ELEMENTS. 

The differential equations (8) of the preceding section are 
special forms of the original system (2), § 21, and it is evident 
that in this case also the actual integration is impossible. Tet, 
for two reasons, equations (8) possess a very great advantage 
when it is a question of approximate integration. The first is 
the smallness of R and the second, the analytical form to which 
it is reduced. 

For example, from the first of equations (8), it follows that 

But we have not yet gained anything, for in order to com- 
plete the integral, the elements must have been already deter- 
mined in terms of the time, or the problem must have been 
already solved. ' In (1) it is as if with the equation a;" = tc + a, 
the unknown quantity x were to be obtained by the formula 
x= \/x-j-a. And exactly as this formula can be used to find x 
by a process of approximation, beginning with a known approx- 
imate value, can formula (1) be used with the skillful employ- 
ment of the development of R. 

It has already been shown that R separates into a periodic 
part (J?) and a secular part \_R~\. Let 

(2) '^s°nl*''^ + *^-'} 

be any periodic term of R^. (We will from this on use sub- 
scripts to distinguish the disturbing from the disturbed planet.) 
According to (8), § 28, this term produces a term of the same 
14 
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form (2) in every deriTative of the elements, and hence in the 
elements themselves terms of the form 

(3) fkl°^{hZ^ + hZ,\dt. 

If the elements were not variable this could be integrated 
at once and would give 

(4) ■ i- ^'""Ih^.'+hzA. 
^ »ini + «2W2 — cos ( ) 

It can be shown, however, that since the disturbing masses 
are small, (4) is very approximately the integral of (3). For 



/ 



sm ^ 



= f. 

J iiWi + ijiiaSin 



l^iJi + ^CaH^'ifi + iafa 



/ sm ' 'L(i,ni+i2n2)d< J 

The second term of the second member is an integral which, 
according to (LI), § 28, depends only on the second powers of 

the disturbing masses, since k as well as I ^^^, . ^^^' 1 

L(ii7ti -|-«2?i2)di J 

is of the first order with reference to those masses. Neglect- 
ing, therefore, the second powersjgf the disturbing masses and 
integrating by parts, we get 

J sm^ ' J iiWi4-«2m2 ^ — cos' 2 zi^ 

k sin , 






*I«l + «2'^2 COS 



But — ^ 'rf/ ' ^ ^® ^^^° °^ ^^® second order with reference to 

the disturbing masses. Neglecting the integral in the second 
member this passes into (4). It appears, therefore, that a peri- 
odic term of the perturbing function produces perturbations in 
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the elements which depend on the same argument (ij Ci + h Cj). 

k 
The coefficients ■; — -j—; — are proportional to the disturbing 

masses and, therefore, do not in general reach any value of con- 
sequence. Hence 

A periodic term in R alternately increases and deer-eases the 
elements but does not permanently change them. 

The secular term [iJ] has a different action. It produces 
similar terms in the derivatives of the elements and if the ele- 
ments were constant, it would produce terms proportional to the 
term containing the time t. As the elements are variable this 
does not actually occur, but it is easy to see that the action of 
the secular term goes far in time and may result in an entire 
change in the elements. 

The approximate integration of (8), § 28, may be made in 
the following manner. Limit R to its secular term [i?] and 
substitute this is (8). Integrate the resulting simplified differ- 
ential equations. The resulting values will not be the true ones, 
that is, those actually existing at any moment, but the so-called 
secular values of the elements. The actual elements may be 
obtained by adding to the secular elements the periodic terms 
A; sin 



I il^^l + h^l [; 



h Wi -j- 12 "■2 — COS 

in which the secular values may be used. The elements are now 
complete and the coordinates may be computed from them. 

This process is not rigorous, but the error for long periods 
is so small that it gives a very close approximation. 

30. The Seoulae Values of the Elements. Development 
OF the Rigoeous Equations Between Them. 
In § 26, it was shown that the secular part of the perturbing 
functions i?i, -R2, • • ■ depends only on the one quantity 

i m>,m^ 



(1) ^=2' 



If we denote this by W and replace the elements by their 
secular values, it follows from (8), §28, since 
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ew _dW 






that 



(3) 






at \ //jdoi \ /ija, Si dei 



8TF 



sin ii V ,"-1 «! (1 — 6]^) 9^ 



dei__l j l — e,'dW 
' dt 6] V '"i Q^i 9~i ' 



d^i 1— cosii aTF , 1 l — e{dW 



m. 



TO, 



dt siniiVftai(l — e/)C'ii ej 

rf^, _ 1 — cosi] BT-F 1 Qw 

^^ siniiV/Jiai(l — e,^) 8'^i sin*, \/."iai(l — ei^)8^i' 

d^, 1 dW 

dt sin I'l V .'^-1 «! (1 — e,^) 9*i 



These equations are to be formed for every planet and from 
them the elements (or rather their secular values) are to be 
determined. Since % is not contained in W, the second of 
equations (3) is to be dropped and after the elements a, e, -, /, fi 
have been found, the me'an longitade t is to be determined by 
pure quadrature. 

The first of the equations (3) is at once integrable, and gives 

(4) «] = constant, 

and therefore 

The major axis of each planet, aside from periodic changes,, 
remains invariable. 

This important resiilt was first obtained by Laplace, but only 
as an approximation, since he neglected the higher powers of the 
inclinations and eccentricities. Lagrange succeeded in perfect- 
ing the theory, — by the stroke of a pen, says Jacobi, — by prov- 
ing this leading proposition of the whole theory of perturbations- 
in all its generality. 

From the last four of equations (3), it follows that 



THE SECULAR VALUES OF THE ELEMENTS. 213 

eWde, dWdT:^ ewdi, 8WdQ,_^ 
8ei dt "•" 87rj dt "*" Bii dt '^ eQi~dt~ 

In the same manner, the variations which W undergoes by 
reason of the changes in the elements of the other planets are 
2:ero. Hence 

(5) i dt ~^' 

[_ PF = constant. 
Further, from (8) 



d(m,V//.iai(l — ei'')cos%) _ dW_ dW 
dt ~ dr:, "*" 8fli • 

Now, by § 24, 

8;r, +8i2i + 87r, +8a, + ••■ " "• 

and hence, by adding the above equation to its corresponding 
one and integrating 



(6) mi\^fiiai{l — ei'')cosii-|- m2\//^2«2(l — ^e2^)cosi2+ ... =c,, 

that is, the sum of the areas for the xy plane is constant. Since 
this may be selected arbitrarily, it as true for any other plane, 
as the xz plane and the yz plane, and we have 



(7) nil VftMiCl — e,^) sin «,CQsi2] +7712 Va'2«2(1 — 62^ ) sin I'a cos i^j 

+ ■ ■■ —C2, 

(8) wii V/"i«i(l — «i'') siniisini2, + »i2 V'f2«2(l — ^2^) sinj2sinfl2 

'+ ...=Cs. 

Equations (5), (6), (7), (8) are the only exact integrals 
known between the secular values of the elements, not including 
the stability of the major axis. The last three become especially 
interesting when only two planets are considered. From them, 
by elimination, is obtained 

Ci, COS^i, C0S»2 

(9) 0= Ca, sin»i cosfii, sini2Cosi22 

C3, sini'i sini^i, sin», sinQj 

If the invariable plane is taken as the plane of xy, then 
C2 ■= C3 = 0, and (9) gives 
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= sin (flj — ^2), and therefore iSj = flj, 

that is, the orbital planes cut the invariable plane constantly in 
the same straight line, or in other words, the common node of 
the two planes moves on the fixed invariable plane. From (7) 
and (8) we also get 

(10) mi v'/"iai(l — ei^)sinii+m2'\//'-2a2(l — e2'')8in*2 = 0, 

and we can obtain i, and ig from (6) and (10) as soon &s ei and 
62 are known. 

The other exact integrals of (3) are unknown. Approximate 
ones must, therefore, be obtained and this will be attempted in 
the next section. 



31. Approximate Calculation of the Secular Values of 
THE Elements. 

If the discussion of the secular part W of the perturbing 
function is limited to terms up to the second degree of the eccen- 
tricities and inclinations, (14), § 26 gives 

(1) Tr = 2mxm^[|J„ + i777,(e;,^ + e^^— t,^— V 

+ 2iA V cos ( fl^ — ij;^ ) ) — i 77J2 e^ fij^ cos ( -A — TT^, ) ], 

or, by introducing the substitutions (12), §28, 

(2) W=^m^m^l^I,+ ^in,{h^ + h^' + h'+l^' 

—{p^—p^Y—{qx—q^y)—\nh{Kh^+hi^)'\. 

When terms of the third and higher orders are neglected, 
the differential equations of the preceding section become 

1 dw 



(3) 



dhx 



»lA 



iuk 



dt 

d_k 

dt ' 

dt ' 



dqK 
^K— = — 
dt 



1 dw 

1 dw 
1 dw 



(A = 1, . . . n), 



^/ l'-\CLxdpx' 

The quantity Vfj>,a>, is positive for every value of A, for all 



■APPEOXIMATE CALCULATION OF SEOULAB VALUES. 215 

the planets move about the sun in a positive direction with refer- 
ence to the xy plane. Substituting for W its expression (2), it 
is easy to see that the differential equations for h and I separate 
completely from those for p and q, that is, 

The secular variations of the eccentricities and perihelia are 
independent of those of the inclinations and nodes. 

We pass, therefore, to the calculation of the secular values 
of the eccentricities and perihelia. We can limit ourselves to 
the terms in W which are dependent on h and I. They sepa- 
rate also into two groups, — those containing h only and those 
containing I only. These groups are 

(4) F, = ^m^m,i^III,{h^' + h^')—lIII,h^h^-], 

(5) V, = ^m^m^i^II.i h' + h')—\III,hl^'\. 

Vi and Fa are homogeneous functions of the second degree 
irw h and I uespectively and they are essentially positive, for by 
§ 26, page 195, 

(6) JII,>III,. 

The substitution of (4) and (5) in the first two of equations 
(3), gives 

dh^ 1 ew 1 8F2 



(7) 



mx 



dh_ 1 8TF _ 1 dVi 



The second members of these equations are, by (4) and (5), 
homogeneous linear functions of I and h respectively. Hence 
equations (7), in all 2»i in number, are simultaneous linear differ- 
ential equations with constant coefficients. By the aid of expo- 
nentials, their integration can be 'at once effected by known 
methods. To put this integration into the most elegant form, it 
is convenient to change (7) into a canonical system. This may 
be done by the aid of the substitutions 

(8) hx -^mx V/^AttA. = ■^^' ^>^-\mx^/f^\aK = ^>^> 

which are real since Va^aOa is positive. Equations (7) then 

then become 
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dH>^_dW dU__ dW_ 

dt " dLx dt ~ dHx 
in which IT and i are to be introduced into W and also in V. 
If for brevity, we put 



(10) 



so that 



{>-,ti) = \IIIi{aK,a^) 



V/'xax 



[A,/i] = —\III, (oa, a^} -^ 



/\/mxr 






and further putting 

(12) (A, 1) + (^2) + (;,3) + . . . +(A,n) = [;,;.], 
we get 

(13) V, = \ ([1, 1] H/ + [2, 2] H,' + [3, 3] if/ + . . . K r^] E^' 

+ 2[l,2,]ff,ff, + 2[l,3]ir,fl-3+ . . .) 



and likewise, 
(14) 



K=z n ft ^^ n 



We will now introduce the quadratic function 

(15) fix, ,x„...x„) = [1, 1] x,'+ [2, 2]x/+ . . . + 2 [1, 2] X, x,+ . . . 

Then 

(15a) ( V,^i<p{H„H„...H„), 

\v, = ^Pm,L„...L„). 

The further treatment of the problem depends, as we shall 
hereafter see, on the transformation of the quadratic function p 
into a sum of squares by means of an orthogonal substitution 
— a transformation which has engaged the attention of many 
celebrated mathematitions; Cauchy, Jacobi, Hesse, Kummer, 
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Borchardt, etc., being among the number. It is proper for us 
■to recall the chief results which they have obtained. 
Let the orthogonal substitution be 



by the help of which the given function of x in (15) is changed 
into 

(17) 9{Xi, X,, . . . x„) = gfi2/i'+ 6^22/2'+ ■ • • + g„yJ- 

Since (16) is an orthogonal substitution, the following equa- 
tions must be fulfilled 



(18) 



L (iJ- not = /J., ), 

A = l 

from which follows 

""'^"'"''~t0(Anot = A0. 



The solutions of (16) are 

r 2/1 = «i , 1 a;i + «2, 1 a^a + «3, 1 a^s + . . . 
<19) \ 2/2 = «i,2a5i + «2,2a;2+«3,2a;3+ . . . 



The substitution of (19) in (17) makes the latter identical and 
by equating the coefficients in the two members, a sufficient 
number of equations of condition can be obtained to furnish the 
•quantities a and g. In order, however, to form these conveniently, 
after equation (17) has been made identical, differentiate it with 
respect to x^ . It follows that 

9'{x,) = 2g,y,^ + g,y,+^'+ . . . 

= 29'i2/iai,i+2fir22/2«i,2+ • • • 
If for 2/1, 2/2, 2/3, .. . we select the special values, 1, 0,0, 0, . . ., 
we get for Xi,X2,X3, . . . by (.1 6) the special values ai,ia2,i«s,ii- • •> 
«nd the preceding equation becomes 
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(20) 



f = a„,([l,l]— 9'i) + «2,i[2,m-«3„[3,l]+...+ ««,iKl], 
and likewise, 

= a,,,[l,2] + a„,([2,2]-30 + «B,i[3,2]+... 
= «i,i[l,3] + a2,i[2,3] — a3,,([3,3] — Sfi)+--- 



If we eliminate from these equations, the unknowns 
'^iji)«2>i.«3>i> • • • J ■we set the following final equation forg^i, 

[1,1] -3, [2,1], [3,1], . . . 

[1,2], [2, 2] -3, [3,2], . . 



(21) 



[1,3], [2,3], [3,3]-g, 



= 0. 



This equation furnishes n values gi,gi,...g„ of g. Each 
root g\, according to (20), corresponds to a system of values, 

(22) «!, A, 1^2) \, ■ ■ • «n, \, 

for whose more exact determination we also have the equation 

(23) a„ ,^+ a„ ,^+ „3, ,^+ . . . + a„, ,= = 1. 

Since the determinant (21) is symmetrical and also all the 
quantities [/l, a] are real, the roots g are real. Consequently the 
coefficients « of the substitution (16) are also real, and when 
the gf's are all different, it is easy to show that they satisfy the 
conditions (18). But when (21) has a multiple root gx, appa- 
rently the transformotion becomes illusory because in this case 
each of the equal roots g\ appears by reason of (20) and (23) ta 
correspond to only one system of values (22). It has been shown 
that this is not so. For if all the [■*,/-'.] are real, as is here the 
case, not only the determinant (21) but all of its minors to the 
(/ — 1)"^ degree vanish when there is a multiple root g^, so that> 
from (20) and (23), as many systems (22) appear for these roots 
as equals the multiplicity of g^. Hence, the substitution (16) is 
always possible, and it is indifferent whether (21) has equal roots 
or not. 

The quantities g are also all positive, because <p represents 
an essentially positive quadratic quantic. They are all differ- 
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ent for the solar system as is shown by the substitution of 
numerical values dependent only on the masses and major axes 
for the [^,/i]. While we do not know the masses of all the 
planets with sufBcient exactness, yet it has been proven that the 
play permitted by this imperfect knowledge is not large enough 
to equalize two of the quantities g. It appears as if Lagrange 
and Laplace dreaded this limiting case, though it would 
bring no complication with it, as has been shown by the later 
investigations concerning the transformation of a quadratic 
quantic, by means of an orthogonal substitution, into a sum of 
squares. 

A more detailed account of the problem of this transforma- 
tion and a remarkably simple way of numerically solving (21), 
may be found in Jacobi's article, Ueber ein leichtes Verf^hren, 
die in der Theorie der Sacularstorungen vorkommenden Gleichun- 
gen numerisch aufzulosen. ( Crelle's Journal, Bd. 30. ) 

We will now assume that the transformation (17) has bben 
completed, that is, that the quatities g and a are determined and 
we will show that the solution of the differential equations (9) at 
once follows. For this purpose we will use the same orthogonal 
substitution (16) to transform H^,H^, ... into new variables 
Mi,M2, . . . and correspondingly ii, ij. • • • into iV,, iV^j, . . . 
Then 

Hi = ai,,M, + a,,,M., + a^,3M.,+ .. . 



(24) 



A = «i,i,-ZVi + «i,2-ZV: + «i>3iV'3+ . . . 



and, conversely. 



(25) 



Mi = a,,,j!T, + a2,i-H'2 + «3,i-H'3+ • ■ • 

ilf2 = ai,2ir, + a2,2J?2+«3,2-ff3+ • • 

i\^] = «! , ] i, + flj , 1 ^2 + «3. 1 -^3 + • ■ ■ 
N2= 0-1,2 Li -{-0-2,2 -^2 + "3 1,2 A + • • • 
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The linear traDsformation (24) of the 2?j variables 
iif i , -ffj , . . . Li,L.2, . . . 
into the 2« new variables 

is canonical. That is, the Poisson expressions 






equal unity, while all the other Poisson expressions vanish, as 
appears at once from (18). Equations ( 9) then become 

' ' dt dNi,' dt dM^' 

But by (15a), the function W expressed in the new variables 
M and N now becomes 

W = l{g,M,'^g,M,'+ . . .)+l{a,N,' + g-,m + . . .) 

The equations (26) now become 

/nn\ d3Ii, ^^ dN^ 

(27) ^=^^^^= ^=-^^^- 

The 2n differential equations (26) or (27) separate into n 
pairs which can be integrated without difficulty. It follows 
that 

<2«) iiV. = ^.cos(,.* + ..)r'- = ^'2' ••■«)' 

in which K^ and S^ are constants of integration. By the sub- 
stitution of (28) in (24), we finally get the solution of the dif- 
ferential equations (7) or (3) in the form 



(29) 



H^ — h ^Vnu-i/ fi2a2 =a2,^KiSm{g-^t-\-d^)-]-a2,r,K2e\n{g.2t-\-62)-\- . . 



Ly = ly^/nij i/'/jy «! = oi , 1 Z'l cos {git+ 6^)+ a^ , ^/j:, cos (g, t+S^) + . . 
ia — h V inal/'ftaa ="2,i-KiCOS(gfi(+(5i)-|-a2,2 A'2COS(jr2<-|-(J2)4-. . 
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These equations represent the complete solution of the difEer- 
ential equations (3) and give the secular values of the eccentric- 
ities and longitudes of perihelia. We will draw some conclu- 
sions from them. If in (29) we substitute the values of h and I 

and add the squares of the results, we get 

(30) d,' m, V ,^ + e,- m, V ,^. + . . . = -ffr + -ST/ + -B^s' + • ■ • 

The constants in the second member are very small, as can 
be shown by substituting the known eccentricities in the first 
member; from this Laplace concluded that all eccentricities 
remain small. But Lagrange, on the other hand, showed that 
a relatively very small m^ would permit ei^ to be large without 
making the term exmi^/^ !'\a\ relatively large. 

Equations (29) also give 

(31) e,^«xV/^.= «.,i'-^.'+«A,/-5^/+«A,/-fi^3'+... 

+ 2«x,i«A,2-^iJ^=cos[(gri — g,)< + ^i — ^2j + ..- 

From this it follows that the maximum value which e^ can 
never surpass is 

[«„iJi:i] + K,,g:]+... 

\/hU Vz-'-aMa 

This expression is small for every value of /, as has been 
shown by numerical ti'ial, and it seems that all the eccentricities 
remain constantly within small limits. On the other hand it 
would be exceptional, if for an instant, an orbit were circular, 
for in this case h and I must simultaneously vanish. 

For determining the longitudes of perihelia, we have from 
(29) 

,„g, 'Jk , 1 K, sin (g, t-\-<\)-\- 'J-x , 2 ^2 sin (g, t + '\)+ . .. 

[6Z) ^^^'^^- „^^^K,cos{g,t + <i,) + "K,2K2C03(g2t+S,)+ . ■ ■ ' 

It is here not easy to recognize the geometrical law of change 
of -X with the time t. But it can be shown, on the whole, 
that the perihelia advance; that is that they have a positive 
motion. By differentiation, it follows from (82), that 
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The constant terms in the second member are positive. The 
periodic terms are sometimes positive, sometimes negative, so 
that d^A can be negative, but only at times, and as an interrup- 
tion of the generally positive sign. This follows from the inte- 
gration of (33), which gives 



/ 



Ca^Wa V/-'AaAd-A= (aA,i^^lVl+-.«A,2"-K^2^S'2+ ■ ■ ■)t 

ffi — gi 
The term proportional to the time increases continously, 
while the periodic terms never surpass a definite limit. But 
there still appears a missing step in the argument leading to 
the conclusion that on the whole -a increases. For if twe gr's, 
say gi and g2> are equal, the denominator g, — g^ vanishes. Yet 
even in this case d-^ must, on the whole, increase. For the sec- 
ond member of (33) can also be written 

K,i-K'iV'9'isin(g,«+3i) + «A,2-^2 Vfi'2sin(sf2<+52)+ • • ■]' 
+ [ttA , 1 ^1 V ffi cos {g^t + 5i) -f flA , 2 -S^2 V 02 cos (g'2< + ^2) + • ■ • ] ' 
+ aA,i«x,2-S'i-fi^2( Vs'i — Vs'2)'cos[(g'i— gf2)«+3i — 52]+ . . . 

so that for gf, = g^ the last term entirely vanishes. 

The addition of all the equations arising from (33), by ex- 
changing .i gives 

SmAfiA^ V^AfflA-^ = -^I'g'l + ^2' 02 + ■S^s'S's + • • • , 

and, since the second member is positive, it follows that all the 
perihelia cannot retrograde together. The numerical results 
show that in this thousand years all the perihelia have positive 
motion except Venus for which the motion is small and retro- 
grade. 

If in (32), the absolute value of any coefficient, say [oa, 1 .^i] 
is greater than the sum of the absolute values of the others 
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[axjj-STa] + [a^^jjZs] + . . . , is easy to show that ^r;^ oscillates con- 
stantly about a mean value git + S^ or S'i* + ^i + ", according as 
a\,iKi is podtive or negative. For it follows from (32), that 

j^ 

where 

A = aA,2^2sin[(gr2— gr,)<+ (''2— ^i)] 

+ a\,3K3sin[{g3—gi)t + (Ss—S^)]+ . . . 
and 

B-a^,iK^ + a>„^K2Cosl{g2—gi)t + {S., — Si)'] 

+ a^,zK,cos[{g,—g,)t + {S, — S,)-]+ . . . 

The denominator, by the assumption made, can never vanish 
and hence tan[7r;^ — (git-h^i)] can never become infinite, so that 
this angle in fact oscillates about or - and the magnitudes of 
the oscillations are always less than ^-. If g'l is the greatest 
root of (21), -X increases continuously. 

When the equations (29) with the 2n constants of integra- 
tion K and S have been formed, the next step is to determine 
these constants, when the eccentricities and longitudes of peri- 
helia, and therefore the /I's and Vs or the H's and i's, have been 
given for any instant. This is best done by equations (25), 
which by the substitutions (28) become 

^ ' \Ki,COs{gxt+Sx) = ai,),L^ + a^,),L,+ . . .+a„,^L„. 

By division these give 

(35) tan {g^t + .^x) = f-j— — -^t: ■ 

«1 , A A + «2 ) A -L'2 T^ • • • 

When S^ has been found from (35), either of equations (34) 
will give the arbitrary factor K^. Moreover the determination 
of ^A is double, since S^ can be increased by - whereby the sign 
of JBTx will be changed. 

This completes the theory of the secular variation of the 
eccentricities and longitudes of perihelia. There are corres- 
ponding developments for the inclinations and the longitudes 
of the nodes. The part of the perturbing function W which is 
concerned in this, is 



224 THEORIES OF PLANETARY MOTIONS. 

By the introduction of new variables P\ and Qx, by the equa- 
tions 

(36) px \ wa V iJ-x a!, = P\, qAJ to\ V p-k ax=Q\, 

the differential equations between p and q become 

^=9Tf dQx^ dW 
^ ' dt dQx dt dPK 

Instead of the quadratic function <p introduced in (15), a sim- 
ilar one is here used, 

(38) ^'{:x„x,,...x,:)= |l,l|a-,^ + |2,2[^-/+... 

+ 2|l,2(.r,a;3+... 
where, for brevity, 

|1,1| = -[1,1], |2,2i= -[2,2]..., 

where [1, 1], [2, 2], . . . have the values previously given in (12), 
and ' ' 



'(39) |l,2[ = iJ/I,(a.,a,) Y/'''"'' ■ 

The transformation formulas (16) here become 

r "'^i = /5, , 1 2/, + ,5, , 2 i'o + . . . 

(40) \ .r„ = ,1, , 1 2/i + /'> , 2 2/2 -f- ■ • ■ 

and 4' passes into 

(41) 4' f.r, , .r,, ,...x„)-r^ y{+ y-: >Ji + rs I/a' + ■ • ■ 

The final equation (21) is, for this case 

Sil,l|-r, i2,13, 13, Ij, 
hi, 21, ?2,2j-r, J3,2|, .... 

^*^^ Ml,3|, |2,3|, j8,3|-r, .... 



This gives the n roots /i.ri'.r.i, • ■ ■ r..- It can at once be 
shown that one of these roots = 0. The function 4', like the 
function 
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is essentially negative, that is, it is negative for all systems of 
values of x which do not vanish. The only exception is when 
the p's are all equal, that is, when the x's are proportional to 

{43) "VjjIi />/ iJ-iU^, vm2 \//-'2«2, ■ • • 

Then ^ can be written in the form 

^1 / X\ Xij, Y 

It follows at once from this form that the determinant of </> 
vanishes. But this happens for (42) when r = Oj so that in fact 
one root, say ■/■„, vanishes. 

FroDl the system corresponding to (20), it follows that this 
root is 

(M) ^i,„:/J2.«: • • • = \w, Vyuitti: \w»2 Vz-'-jaj: • .. 

All the other roots, TiiT^t • ■ -Tn-i, are negative and we have 

DOW to operate with these exactly as with the roots of equation 

(21). 

The equations corresponding to (29) are 

Pi V »*i V,"! «! = A , 1 K,' sin in t + S,') 

+ ,i, „K,'-8m {r2t + ^2') + ... + /?! , nK„' sin (S^), 

P2 \in2 V/J-2<h — ^2,1^1 sin (n t + '\') 

+ ,3,„ K2' sin (r2 t + S,') + ...+fi„„K„' sin {3,/), 



(45)^ 



g, -\|mi V/'i «i = /°i . 1 -^i' cos (ri t + <5i') 

+ IS,, 2 K2' COB {r2t + 5,')+ ... 

From (44) it follows that in all the p's there is one and the 
same constant term 

P = ''"" K.,' sin d„' = ^"" KJ sin 5/ = . . . , 

\/ ?n, V /J'-l «! "Y 7712 V /'•2 ^2 

and, likewise, in all the q's one and the same constant term 
g = --^ ^"" ■g„'cos^„'. 

Since the invariable plane undergoes no secular variations, 
these two constants may be made to vanish by selecting it for 
the xy plane. By the use of (44), equations (45) give 
15 
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The sums in the parentheses represent the second members 
of (7) and (8), §30, which become zero when the invariable 
plane is the xy plane. 

Since all the roots of (42) are negative except r„ = ^, the 
nodes must, on the whole, have a retrograde motion. This is 
the case at the present time for each of the planets. 

Lagrange and Laplace gave unsymmetrical determinants, 
for the symmetrical ones (21) and (42), but as Jacobi has 
shown, they can be easily reduced to the symmetrical ones. 
If the elements of the last are real, as is necessary if g and 
y are real, it follows that all planets must revolve about the 
sun in the same direction. It does not follow from this that 
a reversal of the motion of one or more planets would make 
several gf's and ^'s imaginary. Retrograde motion for Mercury, 
for example, could hardly effect this, on account of the small- 
ness of its mass, but apparently Jupiter or Saturn could do it. 
Then terms of the form e°' would be introduced into the general 
integrals (3), and these terms would increase without limit. Yet 
it would be hasty to conclude from this, that a tendency of the 
eccentricities to increase continuously would finally convert the 
ellipses into hyperbolas. The equations (3) are only approxi- 
mate and as the eccentricities increase they become less exact. 
In this case, it may be fairly concluded that the eccentricities 
would oscillate between wider limits, but it is not correct to say 
that the present arrangement of our system would be destroyed. 

In this section h, I, p, q are sums of terms, each of which 
depends on the sine or cosine of an, angle proportional to the 
time. All these terms are, therefore, periodic, and return to the 
same values after definite intervals, which, however, are to be 
reckoned in thousands of years. If g is the factor by which the 
time t of any term is multiplied, then the duration of the period 

of this term is — . Since the quantities g are very small, the 

periods are very great, m fact, numerical computation shows 
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that the shortest of the periods embraces about 50,000 years. It 
appears, therefore, that the relatively short interval during which 
the heavens have been continuously observed, is far from suffi- 
cient to prove by observation the remarkably simple laws which 
have been derived. 

32. The Seoulae Variations of the Mean Longitude. 

In § 30 it was shown that the major axes undergo no secular 
changes. In § 31 the secular values of the eccentricities, incli- 
nations, longitudes of perihelia, and longitudes of the nodes were 
given. We now proceed to the secular values of the mean lon- 
gitudes by simple quadratures. The proper formulas are 



(1) niA -^ = riiK wa — 2 -yj- 



f^\daK 



1 — cosjV QW 
sin lA \//^AaA(l — eA'O 8*a ' 
in which W has the value given by (1), § 31. If we limit our- 
selves to the second powers of the eccentricities and inclina- 
tions, equation (1) becomes 

* dflA J 



mA iiin,{aK,a^){h>:'+U') 



— l-III,{a!,,a^){hKhi, + kQ\ 
= "^, TO^r ^II7,(aA,a^)(— Pa'— Q-a'+PaP^ + SW,.) I- 



+ v 
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The first line of the second member of this equation, in 
which [J. takes all values from 1 to w exclusive of ^, is constant. 
The two following terms are homogenous quadratic functions of 
h and I. If the values of h and I from (29)', § 31, are substitu- 
ted, the terms become homogenous quadratic functions of K. If 
they are arranged in terms of the cosines and sines of the angle 
{gt + ^) they give, first, constant terms; second, terms of the form 
Sacos[(g'a — 6'p)*+(''a — M]» where a is a constant coefficient. 
Constant terms and terms of the form S & cos [(?-„ — j-js) < + 
(8^ — a^')] appear in the fourth and fifth lines. If all the con- 
stant terms are collected and their sum represented by cx , equa- 
tion (2) takes the form 

(3) ^ = »x + cx4-:Sacos[(g'„— sr3)« + (5,— 5^)] 

-f- 2 & cos \{u-n)t + ('V — 5^')]. 
A very approximate value of cx is 



(4) c.=-vj: 






for the other terms of c^ arising from the other terms of ~ are, 

by what precedes, homogeneous, quadratic functions of the small 
quantities JS" and K', and are, therefore, of the second order with 
reference to the eccentricities and inclinations, when compared 
with the term of Cx given in (4). 

By integration, equation (3) gives at once 

(5) C. = (n, + cx)t+ ^ -^ sin [{g.—g^) t + {'\ — <5^) ] 



+2^ 



where ex is a constant of integration. Thus the expression for 
the secular mean longitude Ja consists of a term proportional to 
the time and of periodic terms whose periods are compounded 
of the secular periods of the eccentricities and inclinations. The 

coefficients and tlo not contain the disturbing 

masses as factors, for while these occur in a and b, g and y are 
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also proportional to them. On the other hand, they are of the 
second order with reference to K and K' and, as numerical com- 
putation shows, they are so small that they may be neglected. 

While these terms may be neglected in the planetary theories, 
they play an important part in the closely related lunar theory. 
They are here of considerable size and from them Laplace 
obtained an explanation of the secular acceleration of the moon's 
mean motion, discovered by observation. The numerical values 
given by him, in this case, are doubted by later astronomers. 

Omitting the secular-periodic terms, we have 

(6) Cx=(MA + Cx)< + eA, 

that is, exactly the result of (2), § 22, except that n^ = ^ j^+m^ 

V Ma 
must be increased by a small term which, by (4), is proportional 
to the disturbing masses. Kepler's third law, already modified 
by using iii^ = M -\- m),, must have a further correction on account 
of the small term c^., if the major axis is to be obtained from 
the mean periodic time or vice versa. The periodic time is 

(7) n=-^=-=i— 

4-Ca 



V^ 



a-x 

And, finally, an important conclusion from this section is 
that 

The year of each planet, obtained as the tnean of a great num- 
ber of observations, is constant. 

33. The Periodic Teems in the Elements. A Combination 

OF the Theory of Absolute Perturbations with the 

Theory op Variation of Elements. 

In the preceding sections the secular values of the elements 

a, e, Tz, i, Q, C have been obtained by limiting the perturbing 

function to terms of the second degree in the eccentricities and 

inclinations. If the secular values were exact they would differ 

from the actual elements by the small periodic quantities already 

given. If the secular elements are designated by [a], [e], . . . 

and the periodic terms by (a), (e), . . . , the true elements will be 
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(1) 






The periodic terms arise from the periodic terms of the per- 
turbing function when the secular values [a], [e], . . . [f] are 
substituted for the elements a, e, . . . f . Let 

(2) fc^°^'(a>W + ct.W) 

be such a periodic term of R^ . If, for brevity, we put 

I ai[«i] + a2[w2] = «, 
then by (8), § 28, the corresponding term 

' in (wi) 



(4) 



^ /[aj^^cos 
y IJ-i a. sm 



in (e,) 

^ - VrqiJ (1 - VT^qiJ) ^ a, cos ^^^ 
[e,]V[ai],ai 



a Sin 



A. A — M' 8fc 1 sin 
"MA' [ajft 8Ma-cosW' 



in(7r,) 



1 / I — [ej 8fc 1 sin 
~ W V [«i]Mi 8[ei]« — cos^ 
, 1 — cos pi] 1 dk sin 

sinp,]/s/[aj}^.,(l— [ej)« 9H — cos 



(^), 



in (ii) 



1 — cos pi] 



fc"-'''°^;0 



sinp,]V/^i[ai](l — [ej) « sin 

(l-COBM)gg-^+gg-^l ^j^ 



V^i [«>] (1 - [eJO sin p,] « — cos 



(^■). 



in(i30 



8fc 

apT] 



1 sin 



sin p,]; V IX, [a,] (1 — [e,]') « — cos 



{X). 
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The corresponding periodic term of C, remains to be devel- 
oped. The first term of -^ in (2), § 32, namely n,, does not con- 
tain the disturbing masses as factors, and in the integral 

/ill dt 
we must take account of the periodic terms (%). Now 



and, therefore. 

The term of the integral corresponding to the term (2) in 
the perturbing function is, by the first of equations (4), 

V ft «'' — cos^ " 
and hence the periodic term in f corresponding to (2) is 

(5) =- Afc5? «i^ (,)_2 JS 8^1 «i" (,^ 
^' [aij «^— cos^ ' V ft [0ai]a— cos^' 

VlI=[Vf(l-Vl-[e.j) 8fc 1 sin 

[eJV[ai]-"i 8[e,]«— cos^-* 

1 — cos[^i] 8fc_l sin ,, 

sin[ii] Vp4[ai](l — EeT)SW«— cos*- ^" 

By the substitution of these values in (1), we get the elements 
as completely determined functions of the time and these can, 
therefore, be computed for any given instant. From the ele- 
ments the coordinates can be obtained by § 5, exactly as if the 
elements were constant. 

The elements are thus divided into two parts, the secular and 
the periodic. The last are constantly proportional to the dis- 
turbing masses and are therefore small. According to the devel- 
opments in § § 30 and 31, the first are also periodic, but their 
periods are quite different, since the mean longitudes appear in 
the trigonometrical functions in the periodic terms. The secu- 
lar periods embrace thousands of years and cause a very slow 
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change in the secular values of the elements, except, of course, 
the terms in [C] which are proportional to the time. "We will 
now see how the periodic terms may be very conveniently sepa- 
rated from the secular in the final expressions for the coordi- 
nates. 

Let X be any coordinate. It is a function of the elements, 
therefore, 

x = x{a, e, i, -, fi, Z ), 

or, by substituting the values of the elements from (1), 

(6) a; = x([aj + (a),[e] + (e),..., [:] + (:)). 

If the second member of this equation be developed in pow- 
ers of the quantities (a), (e), . . . , which are small and proportional 
to the disturbing masses, and limit the development to their first 
powers, we get 

(7) x^xiia],lellill.],[Qlin) 

, 6x . 6x I S"' /r\ 



dx 
The terms p. ^ -i ('^)+ • • • are, by § 22 and §28, exactly the same 

as the purely periodic terms in the absolute perturbations of the 

first degree. Hence (7) becomes 

(8) x = xaa],lel...) + {3x). 

From formula (8) flows the following remarkable combina- 
tion of the two different methods for obtaining the motions of 
the planets, the theory of variation of constants and that of abso- 
lute perturbations. 

Imagine first a fictitious (say a secular) planet, which moves 
in an ellipse with the secular mean motion of § 32, and whose 
elements are the secular values of the real elements. The real 
planet will always be a small distance from the fictitious planet 
the distance depending on the periodic terms. The departures 
of the real planet from the fictitious place may be regarded as 
due to the departures of the elements from their secular values, 
and these may be treated, according to (8), directly as absolute 
perturbations. In this way the variation of constants is used to 
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get the effects of the secular terms of the perturbing functiou, 
while the theory of absolute perturbations is applied only to its 
periodic terms. 

It is remakable that this combination of the two methods was 
used earlier than that of the pure variation of the elements. 
Euler and Laplace recognized the fact that the secular terms of 
the perturbing function exercised a vital influence on this varia- 
tion and they fixed their attention on this alone. Lagrange first 
gave the theory of the variation of elements in all its purity. 

Astronomers, in calculating the positions of the planets, 
usually employ a combination of the two methods, and they thus 
get a system of formulas which are very convenient. 

34. The Stability of the Solae System. 

The important results, which the theory of the variation of 
the elements brings to light, are not only a close approximation 
to the truth, but they are also of the greatest importance in 
solving a problem of the highest interest — the problem of the 
stability of the solar system. With the limitation that an 
approximation, although next to mathematically" exact, can 
never take the place of a mathematical certainty, the theory 
enables us to affirm the stability of the solar system. 

The planetary system certainly undergoes important changes 
in the couse of centuries, yet these changes do not affect the two 
elements which with entire propriety have been called the prin- 
cipal ones, — the mean distance and the periodic time. If the 
last has been obtained from hundreds or thousands of observed 
periods, we may be positive that this mean exactly represents 
the invariable periodic time. This element, with Kepler's third 
law, corrected as in § 32, gives the exact mean distance, which 
is incapable of direct observation. While the directions of the 
axes, the eccentricities, nodes, and inclinations may undergo 
great changes in the course of time, yet the stability o;f the sys- 
tem is even here assured in so far as it depends on the eccentric- 
ities which always remain small, and upon the inclinations which 
.are small when referred to the invariable plane. 
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The recogDition of the stability of the system is the finest 
result reached by the investigations of Lagrange and Laplace. 
The dread that the mutual attraction might eventually cause a 
collision is completely relieved. The planets will always circu- 
late as regularly about the sun as if each alone were the only 
planetary member of the system. 

35. The Effect of Neglected Seculae Teems of the Pee- 
TUEBiNG Function whose Degbees with Eespect to 

THE BCCENTEICITIES AND INCLINATIONS AEE HiGHEE 
THAN THE SECOND. 

In § 31 the secular values of the elements were developed 
for the terms of lower degree of the perturbing function. By 
the omission of terms of higher degree it was possible to change 
the differential equations between h, I, p, q, and the time t into 
linear equations with constant coefficients. If the eccentricities 
and inclinations are very small, the neglected terms are also very 
small, as compared with those not neglected. At the same 
time, it is evidently possible that a very small additional term in 
a differential equation may have a notable effect in the integral, 
especially if the time be sufficiently extended. 

So far as the author knows, Leverrier was the first to take 
into account the terms of higher order in the secular value of 
the perturbing function. This was done in his work, — Integra- 
tion des Equations diffirentielles, dont dependent les inSgalitSs sScu- 
laires, en tenant compte des termes, qui sont du troisibme ordre par 
rapport aux excentricit6s et aux inclinaisons. 

If W is developed to the fourth degree inclusive, then 

(1) w=w,+ w,+ w„ 

where W^^W^, W^ are the terms of the 0"", 2°* and 4"^ orders. If 
h, I, p, q are introduced, (2), § 31, gives at once Wo and W^ . The 
formation of TF, is more complicated. In every case h, I, p, q 
occur only in the combinations 

(2) Iik'+Ik, h^hu.+ lj^, pK^ + q^', PxP^ + qKq^, 

hxP\-\-hq\, h^p^ + hq^, 
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and in such a way that each term is even both in reference to h 
and I, and also p and q. W4 can then be represented as a homo- 
geneous quadratic function of the combinations (2), but never 
so that one of the first four is multiplied by one of the last two. 
When the second members of equations (3), § 31, include the 
terms of the third degree, they become 



(3) 



— dh 



m\/f,.a ;7T — - 



dW, 



61 



dW, 



2 di 



dt 



dp 



—dq_ 



dh 



[ 

" L 2 dh 

h( 



If dw. 



dw.,-\ , ew,-\ 



dw, , dWo 



2 



dp 



+ q- 



dq 



J dh J 






h'+V—p'—q'dW, 



dq 



dW, 



2 

■10^ 



^y dh ' 



, 8TFr\ 



dW, 
dq 



]. 



Vp^ + q^—h^'—VdW., 



dp 



2 



dp 



dW, 



dw; _ 

2^" dh '" dl ' dp. 



-h- 



' dv J' 



These equations are to be formed for each planet, and the 
problem is to integrate them, even if only approximately. If 
the terms in brackets were equal to 0, then h, I, p, q would have 
the forms given in § 31. We will use Lagrange's method and 
assume that the same form occurs here with the difference that 
K, S, K', 8' are no longer constants but undetermined functions 
of t. (The a's and gr's and the /J's and /'s in the equations (29) 
and (45), §31 remain invariable since they are not constants of 
integration but depend upon the invariable axes.) 

If we put 

(4) GK^gKt + 8^, r^ = nt+s,', 
we have, by § 31, 

(5) W, = i{g,K,' + g,K,' + g,K,'+ . . .) 
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W, takes the form 

(6) TF, = A;o + 2;fccos/, 

where the coefficients k are homogeneous filinctions of the fourth 
degree and A an angle of the form 

(7) X = a,G, + a,G,+ . . . +b,r, + b,r,+ . . . 

The quantities a and b are here positive or negative whole 
numbers, not included, which satisfy the conditions 

(8) a, + a,+ ...+b, + b,+ ...^0, 

(9) tti + a2 + . . . + «n = an even number, 

(10) K1 + KJ+ . . . +[6,] + [&,]+ ... =4, or 2, or 0. 

If for brevity the bracketed quantities in (3) be represented 
by 

(11) [HI [LI [P], [§], 

we obtain by the substitution of (29) and (45), § 31, 

(12) [iT] = Sfccos-^, 

where the k's are homogeneous functions of the 3"* degree in K 
and the ^'b angles of the form (7), except that the second mem- 
ber of (8) equals 1, the sum (9) is odd and the sum (10) equals 
3or 1. 

It likewise follows that 

(13) [L] = — Sfcsin/, 

where the fc's and -^'s have the same values as, (12). 

Finally 

P=Sfc'cos/.', (3 = — Sfc'sinA', 

where the fc's denote homogeneous functions of K of the third 
degree and the angles />-' have the form (7) except that the sec- 
ond member of (8) equals 1, the equation (9) remains unchanged, 
while the second member of (10) equals 3 or 1. 
The equations (34), § 31, now become 



(14) iTx sin Ga = "2 «^ , A \ m^ V /j.^ a^ h^ , 



(15) ~ ^aCos g^ = ^/loi, a\ w^ s/iJ-^ai^ lij.. 
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DifEerentiating these equations and remembering that K and 
are variable, it follows that 



-^smG;^+A^cos Ga — -t-gfAAACOs G?a= ^«h> ^ M'^i* \ ^a^-^. 



Substituting the value of -— ^ from (3) and remembering that 



the term gxK\6oBO\, by § 31, must vanish because of the term 
the preceding equation becomes 



«M>A ^w. 



dKK 



dc\ _ ^ 



"■111 A. 






[^J. 



and similarly, 



dK, 



dt 
and, therefore. 



cosGA-^Asin (?A^ = ^^^^ V;;^.'^^'^^' 



(16) 



cf^A -«r-i °^"A 



2- , "' _^ ([H,jsinGA + [£jcosGA), 



and 



Z-A§ = y ^=^^= ([J?.]cos GA-[£.Jsin Ga). 



If the values of [-ff] and [i] are substituted from (12) and 
(13), the second members of these equations take the forms 

SfcsinA, Sfccos-'-, 

where again the fc's are homogeneous functions of the K'b and 
K"b of the third degree and indeed of an even degree with ref- 
erence to the ^"s, and further the angle ^ has the form (7). 
The corresponding equations are 
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dKx sry l^u.,K 

~W=2i ^l ,-^ ([-P.]sinr, + [g,joo9A), 

(17) 

where the second members again have the forms 

(18) ' SfcsinA, S&cos^. 

In order to integrate these equations approximately, distin- 
guish the so-called secular-secular in the second member, that is, 
the terms independent of O and F from the secular-periodic 

diK dK' 
terms, that is, the terms containing G and F. Since — — and—— 

etc eft 

here have the form Sfcsin-*, and the secular terms fail, it fol- 
lows, when limited to these, that 

dt "' dt "■ 
Therefore, the former constants of integration K and K! remain 
constant as before. 

It is otherwise with the derivatives of the S's and d"s. Tak- 
ing the term of (18) for which />. = and representing its coeffi- 
cients by fco and /cj', it follows' that 

^^dt -"'■ 

The quantities &„ and kj are homogenous and entire func- 
tions of the third degree in K and K', therefore constant by 
■what precedes. 

From this follows 

That is, the previous constants 5^ and S^' become linear func- 
tions of the time. 
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If we put 

(19) |- = ^»^' ^^^'r>^' 

the angles Q^ and F)^ take the form 

<20) (?A=(9'A+59'A)« + eA = &/^+£A, 

(21) T;, = iy^ + dy^)t + £/ = YKt + s,'. 

The angles G'a and F^ remain linear functions of the time, 
but the coefficients of the time t are no longer the ^'s and r's 
determined by (21) and (42), § 31, but they have slight additions 
Sg and Sy which are of the second order with reference to the 
eccentricities and inclinations. 

To take account of the secular periodic terms, the principles 

• sin 
of 8 29 will be followed. In any such term as fc X, the secu- 
° ■' cos 

lar values are to be substituted for K, K', O, F, and the term is 

then to be integrated. In this way terms arise in K and K' of 

the form 

(22) ^°Qs^- 

while the corresponding terms in S and S' run 

/oox ,!^ sinA 

We see from this that the action of the secular terms of 
higher order appears in two things : 

First — The period of the secular angles G and F are changed 
by quantities proportional to the squares of the eccentricities 
and inclinations. 

Second — To the original secular terms in h, l,p, q terms are 
added whose arguments are linear combinations of the original 
arguments with integral coefficients. 

And here is a circumstance which at once carries certain 
secular-periodic into secular-secular terms. We have seen that 
one r, for example r«> is zero. Hence F„ = d„'= a constant. 
The terms of (18) for which ;. =2r„, or 4r„ are, therefore, to be 
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regarded as secular-secular terms. Hence the equations — = 

dK' 
and — r— = are not fulfilled and this is entirely correct. In 

dt ■' 

fact, these two equations are not generally correct; the invaria- 
ble plane should be selected as the plane of xy, because, as in 
§ 31, the terms dependent on r„ then vanish in the first approx- 
imation. With this selection of coordinates it is also evident 

d'J ' 
that no secular terms would appear in -77^ , so that the new 

Tn = /'.. + "r./ would vanish. 

In the same way still higher terms could be brought into the 
account and, finally, a formal development of h, I, p, q would be 
obtained like the following. The h's and I's would take the 
forms 

(24) /i = Sfcsin/., Z^SfccoS'i, 

where /. is an angle of the form (7) with the condition that 

«! + a , + . . . + 61 4- &2 + • . =1, 

and the numbers a and b including all possible integers which 
satisfy the condition that a^ -\- a^^ . . . + a„ is odd. By the 
selection of the invariable plane as that of xy, b„ is discarded. 
Likewise, the values of p and q have the same forms 

(25) p = Sfc'siu/'.', g = 21 A;' cos /.', 

where /.' has the same form as .'. except that the sum a, + a^ + . • . 
-\-a„ is even. The angles / and /' are linear functions of the 
time because G ami F are such. The solutions (24) and (25) are, 
to be sure, only formal. There appear for instance, in (22) and 
(23), denominators whicli eventually vanish, or at least become- 
very small. Leverrier and L'^hmann have specified several such 
denominators and in combination with numerical computation 
have come to the conclusion that the influence of terms of 
higher order is decidedly greater than was supposed by La- 
grange and Laplace. 

Tf, overlooking these difficulties, the periodic terms intro- 
duced in § 33 are added to the elements, we get, when these ar& 
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introduced into the expressions for the coordinates, the follow- 
ing general schematic representation of the coordinates: 

(26) x^^KcobL, y = ^KBmL, 

(27) z = ^K's.mL'. 

The K'b and K"s are coefficients independent of the time 
and the angles L are of the following form : 

(28) L = a,Z, + a,Z,+ ...+\0, + -b,Q,+ ...-^z,r,-^i,r,^... 
The integral numbers a, b, c satisfy the condition 

a, + a,+ ... +b, + b,+ ... +ci + c,+ ... =1. 

The angles L' are of the same form (28), except that for them 
the sum of the integral numbers = 0. 

In spite of their very different origin C, O, and F have the 
common property that they increase proportionally to the time. 
We will resume this representation of the coordinates in § 40 
and the following sections. 

36. Teems oe Long Peeiod and the Commensueability of 
THE Peeiodic Times. 

In the separation of the actions of the secular and periodic 
terms on the elements or coordinates, a fundamental difficulty 
appears which the efforts of mathematicians and astronomers 
have not succeeded in overcoming. If 

(1) fc^°^(a,f, + a,q 

is a periodic term of the perturbing function, then, by formulas 
(4), § 33, similar terms must appear in the elements. In these 

(2) a,ni + 02n2 

appears in the denominator. In the mean longitudes the term 

occurs and in its -denominator the square of this binomial 
appears. 

It is these denominators that cause the difficulty mentioned. 
Even when Wj and n^ are irrational with respect to each other, a 
16 
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series of whole numbers can ls(6 so determined that the equation 

(4) aiTOi 4- 02^2 = 

is almost exactly fulfilled. This is best done by developing — in 

a continued fraction and determining approximately the numer- 
ators and denominators. The periodic perturbations, which 
depend on the term (l),then become disproportionately enlarged 
by these denominators, and although the original coefficient k 
may have been very small, the corresponding coefficients in these 
perturbations become important and may become infinite. 

This difficulty is generally met as follows: The mean daily 
motion n in our system has the property that equation (4) is 
approximately or exactly fulfilled only when a, and a^ are very 
large numbers. In this case the coefficient k of the perturbing 
function, which is of the degree [ai + ttjj with reference to the 
eccentricities and inclinations, becomes so extremely small that 
the term has no sensible influence on the elements for very 
long periods of time. 

We will, however, assume that Oi Wj + Oa n^ is very small for 
integral numbers a^ and aa which are not too large, and investi- 
gate more closely the action of the corresponding term (1) of 
the perturbing function on the perturbations. The period of 
this term is 

2- 



(5) T = 



ajWi + OaMj" 



First it is to be noted that such a term appears in J?, and 
also in i?2, and we will compare the coefficients k in the two 
cases. Leaving the other planets out of consideration, we have 



(6). 



R -™ / ■*• Xix,+yiy2+ZizA 

l^ ~ ' W{x,-X2y+{y,-y2Y+{z,-Z2)' n^ ) 

For brevity put Oi r, + 02 ^2 = ^- Then let the periodic term 
with the argument A 



in 
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1 



V (a5i — xif + (j/i — 2/2)'+ (z, — z,Y 
= PcoB>--\-Qe,m>', 

in SCitCj + J/iJ/a + ^fiZa 

=:pcosA + gsinA. 

P and §, with respect to the eccentricities and inclinations, are 
of the degree [Oj + ajj , while p and q are of the degree [Oj] + 
[aaj— ^2, so that, if a^ and aj are large numbers with opposite 
signs, (which must be the case since Ci n^ + a^n^, is to be very 
small the coefficients p and q are in general smaller than P and 
Q. By (16), § 26, the corresponding terms become 

in i?i 

in E2 

^^^[(p_?L^^jeos.+(©-?L^3)sinA]. 

"We can here put ^ii = A'2 = -^- The factors of ma and ntx then 
become nearly equal, for their difference is 

(a,K, — O2W2) (OiWi + ClaWj) , , , . ,, 

= !^-i-J '\ — —^ (p cos A + ff sm A). 

Af ^ ' 

Not only are p and g small in relation to P and Q but a, Wj + 

ajWj must also be relatively small. Consequently, the above 

terms become 

in Ri 

(7) =m2(P'cosA+@'sinA) = m2Ccos(/> + e), 

in -R2 ' 

(8) = mi (P' cos / + Q' sin X) = m^C cos {X + b). 

The terms in the mean longitudes ?i and ^2 corresponding to 
the periodic perturbation terms (3), are, therefore, 

(9) --27 ^'Tl ,2 gain (A + e), and 

(10) --27 "f"' ,2 gBin(A + e). 

^ '' a2'(aiWi + a2W2) 

Their 
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Since a-^ni + 0212 is to be very small, we have, approximately 

Q] _ • — Ma _ ^ cii 

and the above ratio becomes 

It is therefore constant and negative. If one mean longi- 
tude is increased by the periodic perturbation depending on the 
argument /!, the other is decreased. These deviations are 
inversely as the masses and the square roots of the mean dis- 
tances. 

As the duration of the period is long, it can only be recog- 
nized as a period, by observation, after a long series of revolu- 
tions about the sun. One revolution would appear accelerated, 
another retarded, until finally the relation would be reversed 
and the acceleration would pass into a retardation and vice versa. 

This phenomenon is known with accuracy for Jupiter and 
Saturn. Representing Jupiter by the subscript 1 and Saturn by 
2, we have in this case 

5n2— 2wi = 

a very small fraction of n^ and n^ and about = ^ . The angle 

A = 5:2—2;, 

increases very slowly, and since Saturn's period is about thirty 
years, it takes about 900 years for A to increase to 2?^, and, con- 
sequently, for the restoration of the previous relation between 
the corresponding terms of the perturbations of the mean longi- 
tude; Since [q, + a J =3, C in (7) and (8) is of the third 
degree with respect to the eccentricities and inclinations, and 
must be relatively small. On the other hand, the coefficients 
in (9) and (10) increase so much, through the square of the 
small denominator Sjij — 2ni , that they are not only appreciable, 
but in fact the greatest of all the periodic perturbations of the 
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solar system. The irregularities of the periodic times caused 
by these perturbations were noticed at an early time by a com- 
parison of the periods of f evolution for differept epochs. It 
was thought that the smallness of the coefficients warranted the 
omission of these terms of the perturbations, and early astrono- 
mers, including such men as Euler and Lagrange, were at a loss 
to account for these irregularities. They suspected the existence 
of something foreign to Newton's law of gravitation until Laplace 
succeeded in showing the real cause in the appearance of the 
square of a small denominator, the smallness of which was due 
to the approximate commensurability of the two periodic times. 

We will now go further and study a case, not actually plan- 
etary, but of the secondary systems of the Earth and Jupiter, 
where, under changed circumstances, it plays an important part. 

Assume two periodic times so nearly commensurable that the 
coefficients of the terms (9) and (10) in the mean longitudes 
assume so great a magnitude that it puts in jeopardy the process 
of integration which depends on the smallness of the periodic 
perturbations and their relatively short periods. Preserving 
the previous symbols, and limiting the consideration to a seventh 
or eighth term of the perturbing function in (8), § 28, we have 

djij dtiidai 3aim2_, . ,, , , 

dn^_ 3 Wa da^ _ 2,a^ m, ^^-^ / ; , . ■- 

dt 2 Oj dt ai 

Further, the total difiEerentation of (11), §28, with respect to t 
gives 

where fcj and k^ are of the second order with respect to the dis- 
turbing masses. Neglecting these (and always with limitation 
to periodic terms of the perturbing function depending on I), we 
get 

'— ^^Csin (-'. + «). 



(12: 
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and, therefore, since •< = a, C] + aaCj) 

If we put 

(14) A + e = a,C, + a,r, + e=F, 

(15) _3(?^^ + ^)c = p, 

and neglecting -r^ , -whicli is likewise of the second order with 
respect to the disturbing masses, equation (13) passes into 

(16) ■^ = — psinF, 

where p can always be taken positively, since, in the opposite 
case, only e, therefore also V, needs to be increased by jt. 

Equation (16) is not exact; in the second member, it lacks 
the other periodic terms and the terms of the second degree 
with respect to the disturbing masses. Only the terms depend- 
ing on V have been taken into account. If we take p as con- 
stant (it depends only on the elements and changes very slowly), 
equation (16) is that for the vibration of a pendulum in a plane. 

Assume, now, that for a certain instant V = 0. If — is 

(ffV 
then positive, V is positive and, by (16), -^, is negative. 

— therefore decreases. If -r- is negative, V is negative and 

TTn- is positive and the absolute value of -r— still decreases. 
df ^ dt 

Equation (16) therefore shows that the tendency of both plan- 
ets is to lessen the increase, positive or negative, of V. 

If we take the first case, that in which F = the velocity 

—rr is positive. Then while V increases, ^r— decreases, and V 
dt dt 

grows more and more, slowly as it becomes larger. If -— does 

etc 

not become 0, or if its value is too large for V=0, then it 
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decreases only so long as F<7r. From here V grows again 
with accelerated velocity from t to 2?:, and so on. This case 
corresponds to the perfect circular pendulum and is found only 
among the heavenly bodies. 

dV 
If — - becomes for a definite angle Vo, then V returns, 

at first slowly and then more rapidly to 0, then it becomes nega- 
tive, reaching finally a value — V„. Then it turns back, and so 
on. This is the analogue of the oscillating pendulum. 

When - — is negative, the same treatment gives the same 

tyfo cases. 

dV 
By multiplying (16) by ^ and integrating, we get 

,(17) ^(^y=c+poosV, 

dV 



,. -— V2c + 2pcosF. 

If c is positive and greater than p, V increases without limit. 
But if c is negative, or at least less than p, then -tt- becomes 
for a definite angle V^ which is determined by the equation 

cos Vo = 

p 

But 

or, suppressing the terms depending on the disturbing masses, 

dV 

— = OiW, + a2Wj, 

whence 

(Qi Wi + 02^2)^ = 2c + 2pcos y. 

If (ni) and (^2) are the values of Ui and Wj corresponding to 
"7 = 0, then 

{a,{n,) + a,in,)y = 2G + 'ip; 
2c = (ai(w,) + 02(13) )'—2i3, 
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and (17) becomes 

and, if V oscillates, 

and, therefore, 

(18) [Qi(%)+a,(n,)]<2Vp. 

"When (18) is fulfilled, V oscillates about 0, and hence aj fi + a^ Jj 
about — e. Aside from these oscillations Oifi + Osfj remains 
constant and, if [wj and [waj are the mean values of the mean 
daily motions, it follows that 

(19) <i^[n,] + a^[')^] = 0, [nij:[nj = a2: — Oi. 
From this the following important conclusion results: 

Let there be tivo planets with approximately commensurable 
periodic times, when the sun only affects them. If the approxima- 
tion surpasses a limit defined by (18), the mutual attraction of the 
two planets will cause the approximate commensurability to become 
exact. 

This limit is not reached for Jupiter and Saturn. Relatively 
small changes in their major axes would, as Laplace has shown 
in the M6canique cSleste, cause the limit to be passed, and we 
would then have the remarkable phenomenon, for the two 
largest planets of the solar system, that when one had revolved 
five times about the sun, the other would have completed exactly 
two revolutions. 

An oscillation through a small angle about a mean value is 
called a libration in astronomy. The duration is determined by 
the complete elliptic integral 

Vo 

J ' 



V2c + 2^cos'F 



It is evident that, in this case, the term of the perturbing 
function which dl^pends on V is no longer properly periodic, 
and that its influence is exerted in a totally different manner on 
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the elements, than is that of the other periodic terms. Laplace 
made some studies of this case in which he showed that, taking 
the extreme excursion V as small, all the elements take part in 
the libratioH. . 

The investigations which have b.een made in an exact com- 
mensurability, are, of course, founded on assumptions which are 
themselves not exactly fulfilled. The terms of the perturbing 
function which do not depend on V and those of higher degree 
for the disturbing masses are neglected. Nevertheless, the 
results are of permanent value because they show that even a 
close approximation to commensurability, existing in two periods 
vrould bring with it no danger to our planetary system, but 
would rather bind the planets in still closer bonds, as is shown 
by the entire coincidence between the times of revolution and 
axial rotation of the moon. 

37. The Exactness of the Foemulas foe the Vaeiation 
OF the Elements. 

In the preceding sections the elements have been put in the 
form 

[a = la^ + {a), ^ + [^] + (^), 

<1) \ e=le-]+{e), a = [fl]+(% 

U=[O + (0, C = [?]+(C). 

The first terms in the second members are the secular values 
of the elements and the second the periodic values and are pro- 
portional to the disturbing masses. Each of the latter is of the 
frequently employed form (11) § 27, in which the secular values 
•are to be substituted for the elements a, e, . . . In this sense 
(a), (e), ... are functions of [aj, [e], . . . and hence the ele- 
ments a, e, . . . are functions of [a] , [e], . . . 

Formulas (1) are only approximate and equations (8), §28, 
are not entirely satisfied by substitution of them. In conse- 
quence, certain differences remain which are now to receive 
attention. 

If (1) are differentiated from the above point of view, it 
follows, when subscripts are introduced, that 
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'da, _ d[a, j d(a, ) 
df ~ dt '^ dt 

_4aJ a(aOr 1 , 8K)r„ 1 , ^K)r„ 1 , 



(2) 



(9(a04aJ 9(aOdW, , d(a,) fdlQ -i) 

"^l8[a,] dt '^d[e,'] dt ^•••'^8[Cjl di L«.JJ^ 



I J 8(ai)d[a3] , 8[ai 



8K] d< ^8[e, 
+ .... 

di - dt +8[Cj'-">-J + 8[:,]l-'*^-l + 8[:3]L^d+--- 

'^'id[a,-] dt "^■•- ^8[:,]lde — L'*'J;f 

(8(«0^, I 

■^ i 8ra,l d< "^ • • ■ i 



+ 



dT-"' = dr-t"'J-("')+8[?r]^'''J + 8^5 w+ • • • 

(8(£0_d[aJ 8(£0 4fJ, , 0(£i)r4£j_r„i"U 

+ '( dia,] dt ^ 8[e,] d< ^ • • • + 9|_c,] I di '-'^iJ ) \ 

+ 

There are corresponding equations for the derivatives of the 
other elements. Taking the second members of (2), we will 
first bring the expression 

^^^^ dt +8[rj'-«>J + 8[-:^]L«d+-- 

into a very simple form. First ^ '-^ = 0. Then if S^ . a, J, + 03^2 

ctt sin 

is a term of — ' arising from the periodic term of R^ , then by 

§ 29, we have for the corresponding term in (a), 

K 



niHi + ajWi 



-l(".--+--> 



GCt Oct 

The corresponding term in ^r]r=[{_'>h]+ ^r^lni] is again 

cos /* ^ 

-K" . (aifi+a2"2)- The expression (3 ) is then equal to the sec- 
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ond member of tke first equation (8), § 28, if the secular values 
are used for the elements. This amounts to the following: 

Let the perturbing function JR^ be expressed in terms of the 
elements, or 

(4) i? = i?(a,,e,, . . .,02,62, .. .). 

If we substitute the values of these elements from (1), we get 

(5) i?=iJ(([«,]+(aO),-.-([«2j + (a.)),...). 

Now put, for the elements, only their secular values and indi- 
cate the result of this substitution by R. Then 

(6) ^ = -R([a,J,[eJ,...KJ,M,...). 
Then (3) becomes 

_2 /Kl QR^ 

Considering further the remaining terms in the second mem- 
ber of equation (2), it is seen that they are all of the second 
order with respect to the disturbing masses, because each one is 
formed by two factors, each proportional to these masses. Since 
the first factor is purely periodic and the second purely secular, 
the product is purely periodic. If the sum of all these purely 
periodic terms be represented by | ^ a ^ }, that is 

U) ''"•^^-8[a,] dt '^8[eJ dt +•■ 



8(a,)r4^il 



d{a^)d{ai\ 



8[ 



f](*|J-[-j) 



8[a2] dt 

+d[f2]v dt "^-i; + --' 

the first of equations (2), becomes 
Likewise 

^' dt- MVKFx , ^t-] 



[«: 



1 / l-[6j dR 
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where \{ei\\ is obtainod from (7) by writing (e,) for (a,). 

We will now substitute the value (1) in the second members 
of equations (8), § 28. We get 



M9A_o /K2+K) 8-R,(([a,]+(a.)),...([aJ + K)),--.) 
^A/^, 8:, -^V Mi ' 8([fi] + (fi)) 

The periodic terms (a^), (ej), . . . are of the order of the dis- 
turbing masses. If the second member is developed in ascend- 
ing powers of (a,), (ej), . . . and limited to the first degree, then 

2 l^^-o /Kl g^i I («>) 8-g 

+ WVl8Pa9M(«')+8M8M(''^>+--- 

, _8^R^_, . , A 

+ 8[:J8[aJ^"^^+ >'■ 

If, for brevity, we now put 

(10) n«.f]= i:ff |^+2 /B(^^(a.)+...), 

where [ | a; ^ ] is of the second degree with reference to the dis- 
turbing masses. 

The preceding equation now becomes 

(11) '2Vf|?^=2yS^fj + [l»,|]. 

If (1) is substituted in the first member of the first of equa- 
tions (8), §28, the form (8) results; if in the second member, 
the form (11). The difference between the two members is 

n«iH-[|ai|] 

which is of the second degree with respect to the disturbing 
masses. 

In the same way it may be shown that the other equations 
(8), §28 (taking instead of the third, equation (11), §28), are 
likewise of the second degree with respect to the disturbing 
masses. The differences are, in general, very small and the 
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accuracy of (1) is tlius shown. But as the small term in a 
differential equation may, by integration, eventually have an 
appreciable effect, we will occupy ourselves in the next sections 
in defining this effect more closely. 

38. The Improvement of the Theory of Variation of Con- 
stants BY Including Terms Depending on the Second 
Powers of the ]!^asses. 

In the preceding sections the elements and coordinates have 
been expressed in terms of the time t and 6w arbitrary con- 
stants. The latter are 

1. The n secular values of the mean distances, 

2. The 2w arbitrary angles S and S' in the secular argu- 
ments G and F, 

3. The 2n arbitrary factors K and K' in the expressions 
of the eccentricities and inclinations, 

4. The n arbitrary angles £ in the mean longitudes C . 

These expressions for the elements do not entirely satisfy 
equations (8), § 28, but there remain residuals of the second 
degree in the masses. The best way to make these residuals 
disappear is to turn again to the method of variation of con- 
stants. Let the quantities in (1) be no longer considered as 
constants but as functions of the time, whose determination shall 
be such that the substitution of their expressions in equations 
(8), § 28, shall render them identical. For instance, it will 



(1) 



where, in the formation of -y^, it is to he remembered that a, 

contains the time not only explicitly, but also implicitly, in so far 
as quantities appear in a, which were constants in (1) but are now 
functions of t. If the partial derivatives of «i with respect to t, 

in so far as t is explicit in a, are now denoted by ^ we get by 
the preceding section 
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By subtracting (2) from (cJ), it follows that 

Similarly 

The second members of these equations are functions of t 
and of the variables given in (1). The first members contain 

the parts of -ji -.-r.i ■ ■ • which remain when the explicit deriva- 

tives with respect to t are removed and they therefore, vary only 
for the quantities (1). From the 6m. equations (4) and (5), the 
derivatives of the quantities (1) can be obtained. Yet, with 
close approximation the secular values of the elements may be 
substituted in second members of (4) and (5) for the elements 
themselves. The equation (4), for instance, may be written, 
by(l),§37, 

d [aj 8[ai J d(ai) 8(ai) 



dt dt ^ dt dt 



S«:H-[Wa]- 



Now (ai) is of the first degree with reference to the disturb- 
ing masses, and hence —^ W- is of the third degree since 

the derivatives of the former constants (1) are, by (4) and (5), 
of the second degree. Neglecting terms of the third degree, 
we get, therefore, 

and similarly 

<7) "^--^^WeM-VM-], etc. 

Equation (6) is in exactly the form taken by the derivative 
of a previous constant, namely [aj J. It is *-„'-* = 0, and hence 
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<8) %^-||«:H-[|a.j]. 

Designating tlie constants of (1) in order by PuPi, -■ -Pen, we 
have 

d[ej 8[eJ^8[ei]dpi dle,]dp, e[e^dp^ 

dt dt dpi dt '^ dpi d< "^ ■ ■ ■ "^ dpf,„ dt ' 

and (7) becomes 
,„, 8[e J dp, 8[e J dp, 8[e J dp,„ _ r 5 . n ^+„ 

From (9) the derivative.s of thep's can be obtained. 
It is not the purpose here to complete the determination but 
rather to make some general remarks on it. The coefficients 

^ , k , ... of the equations (9) contain only secular terms. 

The --^, . . . will, therefore, contain only secular terms if such 

occur in [^aif]; [l^iH' • • ■ (^^ know from the preceding sec- 
tion that they do not occur in ^ !«] ^ f, etc.). 

In accordance with the principles of § 29, we will here also 
limit the consideration to the secular terms in the second mem- 
bers of (8) and. (9), that is to those independent of f, and we 
will pass on later to the periodic members which will be treated 
by the methods used before. 

The next section will show that there are no secular terms in 
[|ai^] and that with limitation to these, equation (8) becomes 

d[aj_. 
dt ~ ' 
so that the previous constants [a] still remain constant. With 
this determined, the remaining equations (8) can be approxi- 
mately integrated by the previous methods. I will not enter 
into the minuter details, but will only note that K and K' also 
remain constant, if, to the eccentricities and inclinations other 
secular terms are added, whose arguments are formed by integ- 
ral combinations of O and r and whose cofficients contain the 
disturbing masses as factors. Also g' and / are increased by 
small fractions, which are likewise of the first power of the 
masses. 
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39. The Invariability op the Majoe Axes. 

Poisson proved that the major axes are invariable even 
when, as in the preceding sections, account is taken of terms of 
the second degree with reference to the disturbing masses.. 
(See Poisson's paper Sur les in6gaUtis s6culaires des moyens 
mouvements des planbtes. Journal de I'Ecole polytechnique, Tome 
VIII, 1809). In what follows, Laplace's demonstration is used,, 
though in a modified form. 

After the preceding section, it remains only to be shown that 
in 

(1) n«in 

there are no terms independent of the mean longitudes. Repre- 
senting, since there is now no chance for confusion, the [a] ,. 
[e], . . . by a, e, . . . and also i? by R, the quantity [jaij] con- 
sists, by (10), § 37, of terms of the three following forms: 



(2) 



(I)(«)|fS 



Each term in (2) is a product of two factors. R is here 
taken as developed in the usual manner, as in form (49), §24. 
The quantities (a), (e), . . . are of the same form. If the fac- 
tors are multiplied out terrti by term and use is made of the 
formula 

cos « cos i'' = ^{ COS ( a + ,5 ) + COS ( a ^ ,J ) ) , 

it becomes clear that there are only two such terms that can. 
give secular terms, both dependent on the same argument 

(3) x = a,:, + a,':, 

in which both integral numbers Qj and Qa must not be 0, at the 
same time, because only periodic terms appear in (a) , . . . Let. 
the term in R, corresponding to this argument, be 

(4) fcsinA-|-ZcoS''.. 



THE INVARIABILITY OF THE MAJOE AXES. 257 

Then the corresponding terms in (a),(e), ... are to be formed 
according to §29, and substituted in (2). 

• Take first the term I of (2). The term in (a,) depending 
on A isby (4), §33 

-. . dR 
anding^^ 

ai(A;coS'^ — Zsin-i). 
By multiplication the purely periodic term 

V /^i Qi^i + 02^2 V 2 J 

is formed in (I). 

Take the sum II next. If the first term in the expression 
for (C) 

3 tti 

'iTZ \ Kii — ftcosA + isin/^) 

is disregarded, the products of the terms in II, which depend 
on the same argument ^-, all vanish. On the other hand the pro- 

Q2ja 

duct of this term with „,^, is 

' j(fcsin'l+Zcos A) ( — fccoS'i+ Zsin-i) 



= -. ] TaJ — fj — sin2'l + fcicos2A ), 

and, hence, also a periodic term. 

The treatment of III is somewhat more difficult. Since iJj 
is here differentiated with respect to the elements of the plan- 
et with subscript 2, the part of Ri involved is 



m. 



V{x^-x,y + {y,-y,Y + {z,-z,y r,' f' 



and since iJ, is also differentiated with respect to C, and only 

such Talues of i- can enter as are dependent on Cj, the terms in 

(a^), (e^), . . . depending on Cj must also be dropped, (p,^, (e^), . . . 

arise from R^ and in this we have then to take into account only 

the part 

17 
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Let 

(6) a;ia32 + 2/i2/2+2!i% = S(p sin A + g cos A). 

The factors m, and m^ in -Bi and -R2 may be omitted as imma- 
terial in the present treatment. If now, iJ/ and B.^'' represent 
the terms dependent on the argument ^, then, by (7) and (8), 
§36, 

(7) R,^ = (p-^Mp)sinX+(Q-^l^q)coBX, 

(8) B,^ = (p-^^p)smX + {Q-^l^q')oo8X. 

If Ri'' = B2'', no secular terms will arise in III. The proof 
of this is made exactly as for II, and in the formation, of 
(a,), (62) , . ■ . the consideration may be limited to the difPerence 

(9) V' = E2^- i?,^ = -(^^- ^l^) {p BinX + q cos A ). 

V /ij ^^2 

Turning next to the elements as they are contained in (7) 
and (9), aside from the coefficients P, Q, p, q, it appears that 
the only ones occurring in n^ and M2 are a^ and a^. Under lim- 

g2T? 

itation to these we have in g^ „' the term 

g 

(10) iaia2^(pcosA — gsin^). 

The corresponding term in (02) is by (4), §33, 

(11) aJ^f^^-^^), ^_(p,inA + gcosx). 

The product of (10) and (11) gives only periodic terms. 

It is further to be observed that a^ which occurs in (9) is 
contained in n^. And its product with 

(psin-i + gcoB^), 

g2p 

the part of ^ ^' ' which arises from the term 
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(psmA + gcosA) 

of Bi, likewise gives only periodic terms. 

Hence, only the following suppositions can be made: 
First, Ri'' is limited to (P sin A 4-^ cos A) and V'^ retains its 

value (9). 

■ Second, J?,'^ and V^ are both limited to (p sin A -j- goos A). 
The second supposition affords only periodic terms which 

follow exactly as for II. It remains to investigate only the first 

supposition, namely that in which only the term 

(12) — > =^S(f sinA + gcosA) 
remains in J?i and only the term 

(13) 2(— - — )(^^i-'' + «<'°^^) 

= (xix^ + ViVi + 3i«2) I rr — ra ) 

in R^. 

The value of R^ can be put in another form. For undis- 
turbed motion it is 

Ri - (asiojj + 2/12/2 + »i22){ — 3— ^Ta ) 

_ _ a;id'x2 + 2/id''2/2 + gid^g2 , Xi6}x^-\-y4'y^-\-zS'z^ 

In this case it is permissible to put Mi = ^2 , since their differ- 
ence depends only on the disturbing masses. The above equa- 
tion then becomes 

Ri = (351*2 + 2/12/2 + 2l«2) ( ^Tf — ^ ) 

= (asjaJa' — a;2a'i' + 2/12/2'— 2/22//+ 2=122'— ^g^/)- 

/i, at 

If we put 

(14) W= Ridt 

then 

(15) w=—~ {xi xi— asj sr/ + 2/1 2// — 2/2 2// + 21^2'— Zj 2,' ). 

/'i 
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This integral of the perturbing function must be introduced 
into the expressions for the periodic terms. Eepresenting, as 
before, Poisson's expressions by (a, a), (a, e) , . . . we have 



(16) 



dw dw 

(a,) = (Oj, 62) -g^ + (02, ^a) g^- + • • • 
<l (62) = (62, «2)g;^ + (62, ^2)-g?- + • • • 



Finally after an easy reduction, which is due to the differen- 
tiation of W2 (which contains aj and by (15) appears in x^, yi, z.{), 
with respect to a^ we get 

dw QW 

(17) ('^) = ^~^'«^)§£ + (^^'^^)§^ + --- 

Introducing this into III and for brevity putting 

(18) 'i^-V, 

the expression III becomes 

fdVdW dvdw-\ 

,fdvew dvew^ 

+ 

+ 

After the coordinates and component velocities have been 
introduced into this expression, it can, by formula (2), § 12, be 
changed into 

8y8TF dv ew evdw dV dw 

^^^> ex,dx,' dx^ dx,^ dy.dy,' dy.'dy, 

dVdW dVdW 
' 8z, 822' 8^2' 8^2 ■ 
It only remains to prove that there is no secular term in (20). 
This can be done as follows. Omitting the factor m, we have 
(21) W — x,x^ — x^x^' + j/,2/2' — 2/22/1' + Ziz/ — zjz/, 

and hence, (20) becomes 
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The quantity F from (18) must now be substituted in (22). 
We have 

1 1 



R,: 



^{x,~x,f+ {y,—y,f+{^,—z,f r,,' 

and therefore, 

m\ dR, ^dR^dx, dB^dy, dR,dz^ 

^ ' 8:, dx, d",, ^ dy, 8ri ^ 8z: 9?, 

Consequently 

8y _ dV _ dV _„ 
dx^ ~ dy^ ~ dz,' ~ ' 

and (22) reduces to 

(2^) 8^.^' + 8^^>+8i-/'- 

This expression can now be so changed that the absence of 
secular terms is at once visible. F is, by (23), a homogeneous 
function of degree — 2 in a^i, 2/i, Zi, tCg, 2/2, ^2, and depends only 
on (x^—x.), (2/1—2/2), {Z1—Z2). Hence 

ev _ dv 

dx,~ dx,''"' 
and 

_ (^^_ ^j + _ (^,_^,)+ _ (.,_.,) = -2 F, 

and (24) becomes 

dv dv dv 

(25) 2F+ 0^^.2+0^2/2+3^.2- 

F = —^ contains no term independent of Ci . Hence no 
8Ci 
such term can appear in (25), for after substituting for Fits 
value (18), we can at once write (25) as follows: 

a /- 8E1 , 8i2i , 8-BA 

(26) 8c:(2^' + -^8^ + ^^8^+^^8^J- 



(1) 
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Therewith the proof is completed that — can contain no sec- 
ular term even when the second powers of the masses are taken 
into account, and we can now, with greater emphasis than in 
§30, state the proposition 

Excepting periodic perturbations the major axes remain con- 
stant. 

40. The Form in which the Elements and Coordinates 
APPEAR AS Functions of the Time. 

In the preceding sections, the elements a, h, I, p, q, J of the 
planets have been represented by aid of a definite number of 
angles, all of which are linear functions of the time. They are 

1. The n secular values [Cj] , [fa] , ■ r ■ [?«] of the mean 
longitudes. 

2. The n angles O^.G^, .. .G„. 

3. The(n—1) angles r,,r2,...r„_,. 

We will now disregard the manner in which these angles 
have been introduced (f for instance, in the first approximation 
to elliptic motion and G and J" through secular perturbations). 
We will also disregard the fact that the coefficients of the time 
in G and P are very much smaller than in Z and we will regard 
the above angles as, so to speak, of equal value. Designating 
them in order by 

\") hj h)h> • • ■ hn — i, 

it appears that any angle h is of the form 

(3) h=a^t + bK, 
where a>, and 6a are constants. 

The X coordinates are expressed by an infinite series of the 
form 

(4) x = :Ekcos(a,li + tto_k+ . . . +03„_,?3..-i), 

where the numbers Oj, Q2. ■ • • can take all values which satisfy 
the condition 

(5) a, + 02+ ... aa„_] = l. 
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Further 

(6) y = '2ksm{a,l, + a,k+ . . . +a3„_, «,„_,) 

with the same coefficients fc. 
Finally 

(7) z = ^k'sm{a/h + a,'k+. . ■ +a,„_,'k„^,) 
where, however, 

(8) a:' + a,'+...+Q3„_/ = 0. 

The invariable plane is taken as the plane xy. The fc's and fc"s 
are functions of only (3w — 1) constants, namely, 

{1. The n secular values of the mean distances [ai J, [a^] ..., 
2. The n constants of integration K^, . . ,K„, 
3. The (n — 1) constants of integration, K^', . . .K„_^. 

The (3w — 1) coefficients ax in the Ts are, by §§31 and 32 
likewise functions of these (3w — 1) constants (9). The constants 
can, therefore, be expressed by the quantities a\ and we may 
even say that the coefficients h are functions of a^. The quan- 
tities hx are constants additive to the Ts and do not effect the 
coefficients fc. 

In the forms (4), (6) and (8) it is especially noteworthy 
that the time appears only in periodic form and that all the 
angles are linear functions of the time. It appears from this 
that each term, in so far as it is not constant, returns to the 
same value in equal intervals of time, and that its course is 
shown by a regular wavy line. Our planetary system must turn 
about its center of gravity with the greatest regularity, but 
periodic motions must be innumerable and their periods and 
magnitudes must show the greatest diversity. There is no 
initial condition in the past from which it has gradually devel- 
oped, nor is a final condition necessary towards which it tends. 

It is hardly necessary to warn the reader that these remarks 
are of force only when all other agents are excluded except 
gravitation. In fact there are others, but the duration of active 
observation is not more than enough to afford a slightest 
trace of them. It is not difficult to analyze their action, but 
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they are not included in the purpose of this work which is devo- 
ted solely to the study of motions resulting from gravitation. 

Tet, with this limitation, the doctrine of the eternal stability 
of the solar system is very far from standing on the foundation 
of certainty due to perfectly rigorous deduction. No pains have 
been spared in "bringing clearly into view the terms omitted 
in the integration of the differential equations, and no one has 
succeeded in showing that the general form of the expressions 
means more than that it is an approximation good for so many 
thousands of years, and so near the truth that it represents 
very approximately nearly all observations, in so far as the 
constants of integration have been suitably determined. 

On the other hand there is a circumstance which continu- 
ally warns us against a too early celebration of success. It is 
the reappearance of that denonainator which is summoned 

SlU 

by the integration of terms of the form {at-\- jS). The most 

able astronomers and mathematicians have given it their care. 
Yet, notwithstanding the keenness of their investigations, inclu- 
ding as they do those of Laplace, given in § 36, the case has not 
been completely analyzed. It is known, to be sure, that this 
denominator can only be great or infinite in our system when 
the coefficient of the respective term is very small, yet this does 
not at all dispose of the doubt which has recently led to the 
investigations of Professor Gylden. 

"When the terms referred to are neglected in the diiferential 
equation this part is eliminated. Yet it is certain that the neg- 
lected terms will have a sensible influence in the course of thou- 
sands of years, and in any case, by their neglect the solution is 
not rigorous, and not good for all time. The way in which the 
matter stands at present may be stated as follows: 

The equilibrium of our planetary system has, by the admirable 
labors of the mathematicians, been shown to be true for periods of 
time which are very long, viewed from a human standpoint, but it 
has not been proven to exist forever. 

The forms (4) to (8) for the coordinates were reached as an 
approximate result from the theory of variation of elements 
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byic-eans of certain circumstances,— the smallness of the per- 
turbing masses, and the smallness of the eccentricities and 
inclinations. If this represents the facts, is it because it 
expresses a mathematical law, and not because it is merely an 
interpolation form? According to my idea, this question is of 
fundamental significance, for an affirmative answer to it would 
give a brilliant justification to the acute researches of Laplace 
and Lagrange. It has been made a matter of reproach to them 
that their methods of integration lacked mathematical rigor and 
it has caused a feeling of uncertainty with a regard to neg- 
lected terms, a feeling which may be fallacious, and which, in 
fact, has proven fallacious in one case, as shown in § 26. Many 
mathematicians, led by the facts, have hesitated to admit the 
value of their results. But they undoubtedly felt, more strongly 
than others, all scruples which could be raised, and if any im- 
provement had been possible, they would have made it. If we 
succed in proving in any other way the laws which they discov- 
ered by imperfect deduction, to them belongs the great service 
of having pursued, undisturbed by doubts, and of having finally 
solved the great problem of the motions of heavenly bodies 
submitted to Newton's law of gravitation. 

This other way so far as the author knows, is as yet hardly 
begun. Certain formal results have been obtained, but the 
question of convergence has not been taken up. 

Forms (4) to (8) are apparently quite general for they hold 
without the limitation to small masses relative to the controlling 
mass, and to small eccentricities and inclinations. The prepon- 
derance of the mass of one point does not guarantee the stability 
when the latter is taken from the general standpoint already 
defined. If stability means a peculiarity of the system by 
virtue of which all the dis,tances of the bodies from each 
other are always finite (never becoming Oor infinite) this can be 
fulfilled, however large the masses may be, if the initial condi- 
tions have been suitably chosen. With this generalized concep- 
tion of the problem, it is plain that we cannot take refuge either 
in the method of absolute perturbations nor in that of variation 
of elements. Hence it seems to' me that forms (4) and (8) 
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form a guiding line for further investigations, that the above 
mentioned theories are to be abandoned after they have been , 
exhausted and that the problem of n bodies, in its general form, 
should be undertaken entirely independently without recourse to 
Kepler's laws or other intermediary as initial points. , 

That astronomers have to-day reached this point is shown by 
the fact that the following offer of a prize, published in Acta 
Mathematioa in 1885. The proposal is as follows: 

"Any system of material points subject to Newton's law being 
given, with the conditions that there shall be no collisions, to 
develop the coordinates of each point in an infinite series of 
terms composed of known functions of the time, which series 
shall converge uniformly for a period of unlimited duration. 

"That the solution of this problem, which must afford us in 
its course an insight into the most important of the phenomena 
of our system is not only possible, but is attainable with the 
analytical helps already existing, is shown by the statement 
of Lejeune-Dirichlet,* who, just before his death, confided to a 
mathematical friend that he had found a general method for the 
integration of the differential equations of mechanics, and that 
by the application of this method, he had succeeded in rigor- 
ously proving the stability of our system. Unfortunately we 
know nothing of Dirichlet's method except the indication that 
the small oscillations afforded him a foothold in the discovery. 
It may be taken as certain that it does not consist in difficult 
and complicated analysis, but in the introduction of a simple 
fundamental idea, the rediscovery of which may follow an earnest 
and persistent search. 

" If the problem offers difficulties which cannot be overcome 
for the time, the prize can be given for a work in which any 
other important problem in mechanics is completely solved in 
the manner above indicated." 



*Kummer, Gedachtnissrede auf Lejeune-Dirichlet. Abhandlungen der Konlgl. 
Akademie der Wissenscliaftenzu Berlin 1868, p. 35. 
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41. Several General Formulas Relating to the Coeffi- 
cients IN THE Development of the Coordinates in 
Trigonometrical Series. • 

In § § 36, 26 and 27, the coordinates are developed with ref- 
erence to the invariable plane (or rather a plane parallel to it 
and passing through the siin) in the following form 

a3A = S^A(ai,a2, . . . a^„_i)oos{aj^ + a2k+ . . . +asn-ik„-i) 

yy. =2is:x(ai,a2, . . . a3„_,) sin (Oi ?i + Qj is + . . . +03„_jZ3„_,) 

z^ =Sfcx(b,,b2...b3,.-i)sin(6i?, + b2Z2+ .. . +b3»-,'3«-i) 
= S fcx sin h, 

in which it is to be noted that 

a. In the first and second formulas the S relates to all 
positive and negative values of the integral numbers 
a,, . . .a3„_i which satisfy the condition 

(2) ai + a2+ ... +a3„_i = l. 

6. In the third the numbers b are such that 

(3) b, + b2+... + b3„_, = 0. 

c. The i2'A(Qi, . . . 03„_i) and also fc;^(bi, bj, ... bs^.i) are 
constant coefficients. 

d. Each angle h is of the form 

(4) lK = a^t-\-,3^. 

In order that the coefficients kx, may be single-valued we 
will assume 

(5) A;a = (— b,,— bj, ...— b3„_i) = — '^'^(bi,b3,...b3„_i). 

Let it be assumed that equations (1) are not simply approx- 
imate, as was done in the preceding section, but that they 
are rigorous. Also let it be assumed that ( 1 ) are uncondition- 
ally convergent, and, therefore, that the sums of the absolute 
values of the coefficients 

(6) S[^xJ, 2. [A:.] 

are likewise convergent. 

The terms in (1) will naturally be arranged in the order of the 
integral numbers o and b. 
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The angles I are all linear functions of the time, and the 
same must be true of H and h. Let 

(7) H=Nt + ^, h = nt + S, 
where 

(8) N=aiai + a2'h+ ..., J = a,i3, + a.j2+ . . . 

(9) n = b,a, + i,a,+ ..., 5 = bi,5, + b,,5,+ ... 

The angles H may, from now on, be briefly designated as those 
of the first kind, the angles h as of the second kind. 

If each term in (1) is differentiated, trigonometrical series 
of the same form appear which we will assume are also conver- 
gent. Let this be the case however often they are differentiated. 
Then we get 

(10) 05/=— S^xiVsinfl-, y>:='S,K^NGosH, z/ = S fc;, w cos fe, 
or 

(11) x^' = — S Gx sin H, yx = S ff a cos H, z>! = S ^a cos h, 
if we put 

KxN=Ox, kxn — gx. 
In the same way 

(12) x"=—^KxN'cosH, v"=—^KxN'sinH, 

z" = — SfcA?i° sin h, etc. 

These series are to converge and to be unconditionally con- 
vergent. That is the sum of their absolute values, 

SC^aA""], S(fcx«'0 
are to converge for each integral exponent p. 
From (1) it follows that 

(13) rx' = Xx'+Vk' + Zk' = SS^a^Ta' gos{H—H') 

+ S 2 A;a k>,' cos {h — h'), 
where the accent means that K^. and K^', etc., belong to any 
two terms of (1) and the double summation signifies that the 
summation is to be carried out for the integral numbers in each 
term. 

All the angles appearing in (13) are of the second kind, and 
it appears that r^. may be developed in the form 
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(14) S A; COS A. 

The same form (14) appears in 'the development of the 
squares of the distances of the planets from each other. One 
further assumption will be made and that is, that all positive 
and negative powers of the distances can be developed in trig- 
onometrical series of the form (14). 

The major axes of the orbits and the expressions (12), §28, 
representing h, I, p, q can also be developed in trigonometrical 
series of the forms (1) and (14). In the narrower sense, the 
expression stability is now to be defined as follows : 

1. For the major axes, the constant term is decidedly larger 
than the sum of the coefflcients of the periodic terms. 

2. The sum of the coefflcients in the trigonometrical series for 
the expressions (12), §28, is small. 

The constant angles ,?\ which are contained in h replace 
(3w — 1) constants of integration. The coefficients a^ in (4) and 
the coefficients K and k in (1) contain besides only (3m — 1) 
constants of integration. These are the secular values of the 
major axes of the previous paragraphs and the factors K and 
K' of § 31. Altogether there are {6n — 1) constants of integra- 
tion or two less than is required in the complete solution with 
arbitraiy choice of the system of coordinates. 

The expressions (1) are obtained on the assumption that the 
origin falls at the sun's center. If the origin is put at the cen- 
ter of gravity of the ( w + 1) bodies, (the sun and n planets) and 
this is convenient in the investigations that follow, the new 
coordinates are linear functions of the old and the forms of 
equations (1) remain unchanged. 

In equations (1), let the sign S extend to all integral num- 
bers a or b. If the summation be extended to all the (n + l). 
bodies, we may, to avoid confusion, use the symbol 5f. 

Then 

(15) Sm^x^ = 0, Sm^yx = 0, Sm^z^^O. 

This gives, by (1), the relations 

(16) -SmAJ£'x(ai,a2,---O3«-i) = SmAiii,... K-i) = 0, 
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which must hold for each system of numbers a and b. 
Further 

(17) Sm^{Xf,y>,' — y^x^')^ ^S:S,:Em!,K>,K>: [N + N') cos {H—H'). 

The first member is constant. The periodic terms in the 
second member must therefore vanish and thus a new series of 
relations arises between the coefficients K, while the second 
member is reduced to a constant term, making 

<18) Sm X (x^ y>:— y^x^')=s:E m^ K>:' N=8^m^ K^ G?x . 

Further, we get 

(19) Sm^{y>,z^'—z>.y^')=^S'S:S,m^K^k^{N+n)Bm(H—h), 

(20) Sm!,(z>,x^'—XsZ^')=—is:E'Sm^K^k^{N + n) cos (H—h). 

The second members contain only terms of the first kind, 
hence no constant terms. They must, therefore, vanish. That is, 

(21) Suit, (j/a z/— za y^! ) = Smi, (zk x^'— a;^ Za' ) = 0, 

as must be the case when the invariable plane is the plane of 
xy. 

As shown before the expressions (1) contain (6w — 2) con- 
stants of integration, half of which are formed by the constant 
angles /? contained in I and which do not appear in K, k and a. 
The other half which appear in K, k and «, can be represented 
by 

(22) Ci, Cj, . . . C3„_,. 

By Lagrange's theorem, (30), §10, the expressions 

,„o\ r 1 e V'dx>,dx^ dX),dx>! 

(23) [a.,a,J = SmAL0^-g^-0^-g^ 



,dy>.dyl_dy>Jdyl 
'^'da, daj daj da> 



+ 



dz>,dz>: dz^dzK 

dai daj daj da, 



:]. 



where a,, aj are any two of the above (6n — 2) constants of inte- 
gration are constant. These may be developed by the method 
employed by Newcomb ( Thiorie des perturbations de la lune qui 
sont dues d, I'action des plandtes. Journal des MathSmatiques 
pures et appliquies, 1871, and Sur un probldme de m6canique 
■c&leste. Comptes rendus, 1872. 
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If we introduce the notation 

(24) ^^"^^ = 6^8^-8^.8^' 
and substitute (1) and (11) in 23, it follows that 

(25) [a,,aJ = 5fSSmA[|^, G'\ sm{H—H')+\k,g']sin(h—h')'\ 

—S^^m^[G'\K,H'\oos{H—H')^g'\k,h'\cos{h—h')'] 
+ S S Sm^ IK{ H, G' \ gos{H—H') +k\h,g'\ cos(/i— ft')] 
+ S'S'Em>,lKG' {H,H'\ sin (H—H') 

+ kg' \h,h'\ Bmih—h')^ 
If we put 

(a) a,- = ,9,-, aj=l3j, 

only the last term in (25) remains, since K, k and « are inde- 
pendent of IS. By (24), we have here 

and therefore 

(26) [/9„/?,] = SSSm;^[(a.a/ — a,a/)i:G'sin(ia-— H') 

+ {h,y— hjb/) kg' sin (h—h')} . 

This is to be constant. All periodic terms destroy one 
another. There is no constant term. Hence 

(27) [/9.,ft] = 0. 
(6) a, = ft, ai=Cf. 

We have . 

/■ 8iV' ,8iV~\ (^ ^,, .A9w' ,,8w^ 

The remaining combinations j A, -B^ in (25) vanish, hence 

(28) [ft,c,j = ,SSSm.[(a,i?||-' + a/G'||)cos(iI-J3") 
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Since [ft, oj is constant, the terms multiplied by t must 
vanish and the above must reduce to the constant term. Hence 

OCj 

(c) a, — Ci, aj—Cj. 

Here we have 

/Qm r 1 cN-^ YfdKdG' dKdG'-\ . .^ ^,. 

(30) [c, c, j = s^2m.[( g^ g^- 0^ g^ j sin(ff-J?') 

.fdkdg' dkdg'^ . ,. ,,,-t 

+ tS'E':^m^l(K\N,G' \—G' {K,N\)cosiH—H') 

+ (k{n,g'\ — g'{k,n' \) COB {h—h')'} 
+ fS:S'Zm^lKG'{N,N'} Bm(H—H') 

+ kg'\n,n'\ sin(fe— ft')]. 
The periodic terms and all terms multiplied by t and f must 
destroy one another. A really constant term does not occur 
in (30). Hence 

(31) [c„c,J=:0. 

The vanishing factor in the term proportional to t is 
n QV [fQN djKG) dNdiKGU ,^ „. 



+ 



fdndikg) dndikgU .^ ^,.^-1 



When the values of N and n given in (8) and (9) and equa- 
tion (29) are used, the above equation takes the form 

(32) 0=|j[/J„c,J + g[A,cJ+...+^[^,„_,,cJ 



GENEEAL FORMULAS EELATING TO COEFFICIENTS. 273 

Equation (32) can be used for the deduction of a notfe'worthy 
theorem. The quantities c are not more closely determined 
than that they appear in the constants K, k, a. If desired the 
{3n — 1) quantities a may be considered as the c's. But any 
(3w — 1) independent functions of K, k, a may be taken for the 
c's and it is convenient, in order to make (29) as simple as 
possible, to put 

(33) c^S'Em^iaiK'N+h.lc'N). 
In this case 

(34) [A,cJ = l, 

while all the other Lagrange combinations between /3 and c van- 
ish. 

When the constants «< have been determined by (33), it 
remains to introduce them into K, k, a, that is to determine these 
coefficients as functions of c<. We will not undertake this 
determination, but only give the theorem referred to above. 
With the aid of (34), (32) becomes 

(^^^ ^rd^j' ' 

This equation shows that the quantities a, when expressed 

in terms of the c's, are the partial derivatives of a function # 

with respect to the c's. That is, 

60 
(36) «.= 9^. 

The function can now be more closely determined, but not 
in the desired form, for it will not be expressed in terms of the 
c's but in a, K and k. It is evident that the a's must be homo- 
geneous functions of the c's. Let p be the degree of these 
functions. The quantities K and k are also homogenous func- 
tion of the c's. Let their degree be q. Then the coefficients 
x', y', z' are of the degree p + q and of x", y", b", ^p + q. On 

the other hand, the coefficients of «;"= g^, etc., are of the de- 
gree g — 3^ — = — 2 9. Hence 

<ip + q = —'iq, 2p = —3q. 
18 



274 THEOEIES OF PLANETAEY MOTIONS. 

Further, it follows from (33), when the degree of the terms 
in the first and second members are compared, that 

and therefore, 

(37) P = -3, g = 2. 

Since the a's are homogenous functions of the c's of the 
degree — 3, the degree of 8 must be — 2. Hence 

_«, + _«,+ . ..+__e3„_, = _2e, 

and, by (36), (33), (8) and (9) 

(38) —2e=s:Sm^iK'N' + ¥n'). 

The second member may be brought into a noteworthy 
form. The kinetic energy T is, by (1), 

(39) T = ^S'Em>,{KNK'N'cos{H — H') + knk'n'oos{h—h')). 

If the constant term of the second member (Clausius' Viriel) 
be represented by F, then 

(40) ■ V= — 0, 
.and 

^(41) «'=-a3;- 

Up to this time the invariable plane has been taken as the 
plane of xy. In order to give the most general representation 
to the coordinates, without fixing the xy plane in any way, the 
previous coordinates x, y, z will be replaced by new ones f, ij, C 
by the transformation formulas 

f = fflj a; + 022/ + "s'^j 
ri = b,x + b2y + bsZ, 

Z — CiX + CzV + CsZ. 

The transformation coeflBcients can be expressed in terms of the 
three angles /, p, S, as follows: 

«i = cos /sin S, 

bi — — sin /cos p — cos /sin ?> cos S, 

Ci = sin / sin <p — cos / cos <p cos 5, 
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aj, = sin/sin 8, 

62 = cos/ cos p — sin / sin f COS 3 , . 

C2 = — cos / sin ip — sin / cos <p cos 3, 

as = COS S, 

bs = sin a> sin S, 

C3 = cos ? sin 8. 

If, for brevity, we put 

X cos f + y sin/= (a;) = 21^cos (H—f), 
— X Bin f+y cos/=(i/) = SJrsin(ir— /), 

? = (x) sin 8-{-z cos S, 

y} = — (x) sin <p cos S-\-(y) cos 0-\-z sin >p sin 0, 

f = — (ic) cos ip cos 8 — (2/) sin <p ■\-z cos ?> sin 8. 

It appears that the angle / occurs only in the combination 
(£r — /). In fact / is a surplus constant, for it is only necessary 
in formulas (1) to lessen all the /9's by / to change H into 
(if — /), while the angles /i remain unchanged. It is therefore 
not necessary to retain the angle /, and formulas (42) can be 
directly used, and x and y may be written for (rr) and («/). 
The previous [a<, aj remain unchanged by the transformation 
(42). Further, it follows that 

(43) \8, cj = [5, /JJ = [p, c,J = [^, ft] = 0, 
and, finally, 

(44) [f,5] =SmK{xy'—yx') sin a = 5fSmxiV^''sin 3. 

If the motion is referred to a stationary system of coordi- 
nates, the coordinates of the center of gravity must be added. 
These are, by (9), §6, linear functions of the time. It appears, 
therefore, that 

(45) [a,aij = ['',&ij = [c,c,j = — ^^. 

All of Lagrange's combinations have now been formed. The 
system of (6w+6)- constants of integration can easily be 
changed into a cannonical one, but we will not occupy ourselves 
with it. - 
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The fundamental idea in the present problem is, therefore, 
the following: 
Take the system 

^^^> dt- dq,' dt- 8p,' ^*--l'^'- ■■'»-> 

in which H does not explicitly contain the time. Change 
Pi, qi by a canonical transformation into the new variables 
Pi , Qi and the new system is 

dP,^dH d_Qi__dH ^^ 

^^'' dt dQi' dt ~ dPi' ^*-■^'•••'*^ 

H is to be expressed as a function of the new variables. 
If we can now succeed in selecting such a canonical trans- 
formation, that H contains only half of the new variables, 

say Pi the problem is solved. For then ^-- = 0, and, therefore, 

OQi 

Pi = a constant. At the same time the — ^ would be constant 

dt 

and the Q!b would be linear functions of the time. In our case 

the present Pi is the former c, and the ft the Z, . 

These are the results to which we are led by the assumption 
that form (1) of the solutions obtained by induction is a math- 
ematical law. If they do not suffice actually to give a solu- 
tion, they afford a new view of Celestial Mechanics. 

A few brief remarks follow. 

The coordinates have been represented as trigonometrical 
functions of the (3w — 1) angles, 

l'\, h • • • 4n — ]• 

These can be replaced by any (3n — 1) others as 

TV 7 

fci , ^2 , . • ■ taw — 1 , 

which are formed from the preceding by linear substitutions, 
with integral coefficients. For example 

provided the substitution determinant — 1. For then the solu- 
tions of (48) become 
(49) k = b„^l^ + h„>J,' + . ..+h,:_„^\„_,'. 
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containing also integral coefiBcients. If iJ is a linear function 
of the Z's with integral coefficients, then, by (49), it is changed 
into a similar function H' of the Z"s and viae versa. 

If the problem of (m + 1) bodies is limited to the distances 
only, angles of the second kind, h, appear and for these the sum 
of the integral numbers vanishes. Hence, these angles can also 
be written 

= Mh—li) + hil,—l,)+ . . . +b,„_,{l,„_, — l,), 
so that they depend only on the (3w — 2) angles 

ik — lililz—l,) . . . (hn-l — h). 
Any angle of the first kind can be changed into 

-li + ai{k—li)+ ...+a3„-i{hn-i—li). 
Therefore: 

If (n -}- 1) bodies are moving about their center of gravity, their 
distances will be trigonometrical functions of (3w — 2) angles, all 
of which are linear functions of the time. In order to get the coor- 
dinates, another angle of the same form must be added. 

For n = \, this result is completely verified. The distance 
of the planet from the sun is a trigonometrical function of the 
mean anomaly. In order to gfet the coordinates x and y {z here 
= 0), another angle is needed which is here constant and is 
equal to the longitude of perihelion. 

For n = 2, Lindstedt has formally deduced the same result, 
leaving questions of convergence aside, from Lagrange's differ- 
ential equations for three bodies, (38) and (45), §7. (See his 
Sur la determination des distances dans le problbne des trois corps. 
Annales de V6cole narmale, 1884). If the coefficients a of the 
time t in 

lK^<^xt + h 

are incommensurable, the original coordinates never reappear. 
If they have a greatest common measure C, they are integral 
multiples of c, and so are N and 'n. The coordinates can then 
be developed in trigonometrical functions of a single angle ct, 



278 THEORIES OP PLANETARY- MOTIONS. 

and after the time T = — , the system returns to its original 

position, SO that the motion is purely periodic, exactly as with 
two bodies. 

The special oases of the problem of three bodies have been 
given in §8. Liouville has shown {Memoire sur un cos particu- 
lier du probldme des trots corps, Journal des MathSmatiques pure et 
applique, 1842, page 110 and 1856 page 248) that the special case 
in which the three bodies remain constantly in^ a straight line 
and describe similar ellipses in space, is unstable in so far as 
a very small change in the initial position, such as would fol- 
low from the smallest thrust or force from without, would, in 
time cause the three lines joining the bodies to become fully 
separated. From what precedes tljis would be expected. For 
if, in a special case, the a's are commensurable, they cease to be 
so by a very small departure from the original position. The 
ratios of the periods are, then, not expressible in whole num- 
bers and therefore the special condition, that the three points 
shall lie in a straight line, must finally be lost. 

If the as are incommensurable, the motion is not purely 
periodic. Every angle I has, to be sure, its period, but these 
periods do not agree, and consequently the motions presented 
to the eye are very complicated, such for example, as are exhib- 
ited by the paths of the components of many of the multiple 
stars. 

42. Brief Historical Eeview of the Theories of 
Perturbations. 

The history of the theories of perturbations can be carried 
back to Newton, who, in the third book of his Principia explains 
the chief of irregularities of the moon's motions. The next 
advance was in 1747 when Clairaut and d'Alembert presented 
to the French Academy of Sciences two memoirs on the prob- 
lem of three bodies, in which they gave methods of integrating 
the differential equations when the central force is the control- 
ling one. They developed the fundamental parts of the theory 
of absolute perturbations and Clairaut soon had an opportunity 
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to give a brilliant test to his theory. Halley's comet had been 
seen near perihelion in 1531,. 1607 and 1682, and it was settled 
that its period was about 75 years. Its return was expected, 
therefore, at the latest, about the end of 1758. Clairaut com- 
puted its perturbations due to the known planets and informed 
the French Academy that its return would be delayed until 
about the middle of April 1759. This announcement was made 
on November 14, 1758. He added that the small terms neg- 
lected in his calculation of the retardation, which he put at 690 
days, might make a difference of a month. In fact, the re-ap- 
pearance was on March 12, 1759, within the limits which he had 
set, and he would have been more exact had he known Saturn's 
mass more closely. 

The founder of the theory depending on the method of the 
variation of constants was Leonhard Buler. In three memoirs, 
which were crowned by the French Academy in 1748, 1752 and 
1756, he developed by regular steps the method of the varia- 
tions of constants. His formulas were not entirely rigorous 
for among the six constants there were some which he did not 
vary. Tet for the case of two planets, he succeeded in showing 
the existence of secular variations of eccentricities, inclinations, 
perihelia, and nodes. Unfortunately, numerous errors crept 
into the numerical developments, completely vitiating the 
results and possibly causing Euler to devote himself to other 
investigations. Besides the foundation of the general theory, 
he gave, in his papers, the fundamental propositions for the 
development of the perturbing function in a trigonometrical 
series whose arguments are the mean anomalies. 

Euler' s ideas, which laid the foundations, were developed to 
their limits by Lagrange, whose services to astronomy alone are 
enough to give him an indestructible memorial. His first work 
appeared in the MSlanges de la SociM6 de Turin, Tome III, 1766. 
He here treated the eccentricity and longitnde of perihelion, in 
the expressions for the radius vector, as variable, and in this 
sense differentiated totally with respect to the time. The part 
of the derivatives which depends on the variation of these two 
constants, he equated to zero, differentiated again, then intro- 
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duced the perturbing function, and thus got two equations for 
determining the derivatives of these two elements. This pro- 
cess is undoubtedly inexact, because it disregards the variations 
of the major axis and of the epoch of perihelion. Yet he 
formed, in the case of two planets, the correct final equation for 
for determining the secular periods, which Euler had given 
erroneously. He also obtained correct formulas for the inclina- 
tions and nodes, so that his numerical results in an application 
to Jupiter and Saturn were nearly correct. On the other hand 
in the determination of the mean longitudes of the two planets, 
two terms proportional to the squares of the times were inclu- 
ded which are entirely wrong and which were due to the inac- 
curacies which the great mathematician permitted in this first 
attempt in this uncultivated field of science. 

In 1773, Laplace offered to the French Academy of Sciences 
his first work on the theory of the planetary system, and in 
1776 this was printed in the M6moires des savants strangers. He 
determined with entire accuracy the formulas for the deriva- 
tives of the elements, but these did not possess their present 
elegant form. 

While he was carrying on the numerical computations for 
Jupiter and Saturn, he found to his great surprise that the sec- 
ular terms in the values of the derivatives of the major axes, 
mutually vanished. He succeeded in proving that this phenom- 
enon was not a play of chance, but founded in the formulas 
when their development was carried out to terms of the second 
degree in the ecc^ntrioities and inclinations. 

The theory of secular variations of the elements originated 
fundamentally in the circumstance that the usual process of 
integration by series brought to light terms proportional to the 
time. Every device was employed by Euler, Lagrange, and 
Laplace to , get rid of these terms. Any one who studies their 
works, must feel that aside from mathematical considerations, a 
sort of metaphysical idea directed these earliest explorations 
which bridged the gap between entire ignorance and complete 
clearness. It soon appeared that the theory of absolute per- 
turbations was not the best, and the variation of constants grad- 
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Tially displaced it, though curiously enough, not in its purity, 
hut wonderfully mixed with the first theory. It was seen that 
■the secular terms must eventually cause great changes in the ele- 
ments, but instead of determining these directly, an indirect 
course was taken. This appears plainly in Laplace (M^canique 
^Sleste, first volume), where, in the expressions for the absolute 
perturbations, the terms proportional to the time are forcibly 
removed, and then after introducing the complete theory of 
variation of constants, the natural path of integration is taken, 
retaining only the secular terms of the perturbing function. 

Another advance was made by Lagrange in 1774, in a paper 
which appeared in the Annales of the French Academy, where 
lie introduced the elements h and I in place of the eccentrici- 
ties and perihelia and p and q in place of the inclinations and 
nodes. The differential equations became linear by this trans- 
iormation. In 1780, in a paper on the perturbations of comets, 
which was crowned by the Berlin Academy and published in 
their memoirs in 1782, he treated the expressions for elliptic 
coordinates for the first time in their most general form, that is, 
not as functions of the time alone, but also of the six constants 
of integration. Here for the first time the theory of the 
variation of constants was demonstrated with entire rigor and 
purity, and the formulas for its use simplified. When 
Lagrange applied his general theory to the expression for the 

major axes, he recognized at once that in — only periodic terms 

etc 

appear, and thus, — with the stroke of a pen, says Jacobi,— the 

proposition was proven, that the influence of the perturbations 

on the major axes is proportional to the disturbing masses only, 

and is expressible by periodic terms so long as only the first 

powers of the disturbing masses are considered. 

In 1809, Poisson in his paper Sur les inSgalites seculaires des 

moyensmouvements des plandtes {Journal de V ecole polyt. I) showed 

that this proposition still held if the second powers of the masses 

were included. He obtained this result by a peculiar use of 

the theorem of kinetic energy. Laplace gave in Mecanique 

■celeste another and more complete demonstration which has 
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been followed here. Lagrange also tried to provide a proofs 
but, unfortunately his process suffered from an error in sign, 
which Serret has pointed out. 

Endeavors have been made to extend this demonstration to 
the third powers of the disturbing masses. Mathieu, {Memoires 
sur les inegalites seculaires des grands axes des orbites des planetes, 
CrelWs Journal, 1875), carried out investigations from which he 
concluded that the secular terms fail even when the third pow- 
ers are included. Later Tisserand, Har^tu, Gasparis, Gyld6n, 
and others have gone over the same ground with a result some- 
times favorable, sometimes unfavorable, so that the question is 
not finally settled. 

After the formulas for the derivatives of the elements had 
been developed, their notable simplicity in the case of the axes 
led to a search for equally simple expressions for the other 
elements. Laplace, by skillful changes succeeded in producing 
the fundamental formulas, as given in (8), §28. The discovery 
was published in 1808. By a remarkable coincidence, Lagrange 
published the same formulas at the same session of the Bureau, 
des longitudes. He had reached them in an entirely different 
way, namely, by the introduction of the expressions {a^,a^) and 
he at the same time discovered the peculiar origin of these im- 
portant formulas. With these the theory won a wonderful sim- 
plicity and elegance, as compared with the earlier forms, and 
astronomers were enabled to replace the derivatives of the per- 
turbing function with respect to coordinates, by those with 
respect to the elements. 

The denominator which appears in the periodic terms on 
integration is a very notable phenomenon, to which reference 
has already been made. Laplace deserved the credit of having 
first called attention to it, and of having investigated the 
remarkable increase of an otherwise small periodic term, caused, 
by this denominator when small. He applied the theory to 
Jupiter and Saturn and thus explained a very enigmatical phe- 
nomenon. Halley had compared ancient observations with those 
of the middle ages, and had drawn the conclusion that the 
motion of Saturn about the sun had been retarded, that of Jupi- 
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ter accelerated. On the other hand, Lambert had found that 
in modern times the opposite is the case. Laplace _saw that 
the explanation of this apparent contradiction of the law of the 
invariability of motions was to be found in a term of the per- 
turbing function, neglected up to that time because of its min- 
uteness, and he fixed the period of this perturbation at 930 
years. These purturb'ations of long periods, as they are called,, 
are the source of many others, and they especially affect the- 
secular elements. 

If the periods are yet more nearly commensurable, the period 
continually becomes longer and the coefficient continually in- 
creases. Finally a phenomenon occurs which actually takea 
place in another form in our system. The two planets affect 
each other in such a way that their periods become exactly com- 
mensurable, and a close bond is formed between them, which 
continues foreVer unbroken. It lacked but little, as Laplace 
showed, of occurring in the case of Jupiter and Saturn. To 
assure it, it would only be necesssary to decrease Saturn's- 
mean distance by As and to increase Jupiter's by ^^-,s . 

After the theory had been thoroughly grounded, and our 
knowledge had passed from the darkness of its origin into the 
stadium of perfect clearness, the effort was to bring the analyt- 
ical and numerical developments to the highest degree of sharp- 
ness and exactness. Wheii the perturbing function is devel- 
oped to higher powers of the eccentricities and inclinations, the 
labor involved rapidly increases. This induced the most emi- 
nent mathematicians to occupy themselves in improving th& 
solution. Cauchy published in the Comptes rendus a series of 
many articles in which he advanced entirely new ideas, and 
used his celebrated theory of residuals. He expressed the coor- 
dinates in terms of the eccentric anomalies and developed the 
perturbing function in trigonometrical functions of them. It was 
then easy, by Bessel's functions, to pass from the eccentric to- 
the mean anomalies. His formulas are of especial elegance and 
simplicity when the term, the coefficients of which are to be 
determined, is of high order. His labors in this field do not 
appear to have found much appreciation among other astrono- 
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V 

mers although he showed, in a controversy with Leverrier, that 
his results are of practical value. 

When it is only the question of the numerical value of a 
coefiicient, a double integration will answer, as has been shown. 
It it noteworthy that Liouville {Note sur le cacul des inegalites peri- 
odiques du mouvement des planetes. Journal des Mathematiques 
pure et appliquees, 1836, page 197), offered a process by 
which this double integral can be reduced to a simple one with 
a high degree of exactness. Leverrier, at a later time made 
a searching investigation with the numerical and also analytical 
development of the perturbing function, and he reached a 
remarkable degree of accuracy. In his Recherches astronomiques, 
he calculated all the coefficients up to and including the seventh 
degree, and performed a labor which only he can judge who has 
once undertaken such computations. Besides the astronomers 
and mathematicians already named, Bessel, Labbock, Encke, 
Hansen, Gylden, Newcomb and others have worked at the 
development of the perturbing function. Hansen, who pre- 
fers his own method, believes that, when the eccentricity and 
inclination of the disturbed planet are relatively great, the most 
convenient process is to develop the perturbing function with 
respect to the eccentric anomaly of this planet and the mean 
anomaly of the disturbing planet. 

Laplace and Lagrange developed the secular values of the 
elements with limitation to the second degree of the eccentrici- 
ties and inclinations, but it was left to Leverrier, so far as I 
know, to undertake the estimate of the influence of the neg- 
lected terms. His investigations were continued by Lehmann, 
who died before the computation of the numerical work. Lev- 
errier and Lehmann concluded that the influence of the neg- 
lected terms is greater than had been assumed, and that possi- 
bly great improvements in the secular periods can be made as 
they were determined by the roots of the secular equations. 

The theories of perturbations afford much opportunity for 
changes and transformations, and this is employed to attack the 
problem in new ways. Hansen, for instance, introduced a mov- 
ing system of coordinates in order by its use to refer the mo- 
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tions of tlie planet about the sun to one plane. He imagined 
each point of the orbit connected vith the sun and thus formed 
a very flat cone with the sun at the apex. On this cone rolls a 
plane without slipping, so that at each instant a point in the 
plane coincides with a point in the orbit. In this manner the 
orbit is described in one plane. Two differential equations of the 
second order determine this plane, and three of the first order, 
determine its rotation. In addition, he uses two symbols t and 
T, for the time, the one direct in the elliptic coordinates, the 
other indirect in the perturbations,^ and he develops certain 
views in which he varies the latter term r. Since his investi- 
gations relate to the moon, minor planets and comets, for which 
they are of great importance, they will not be noticed further, 
though they are not without mathematical interest. 

The same is true of Delaunay's investigations. His process 
is to fix the attention on a single term, and especially the most 
important of the developed perturbing function, and to integrate 
the differential equations thus obtained.. This is possible with 
mathematical rigor.- With the aid of these integrals the differ- 
ential equations are changed and another prominent term is 
considered. This is done repeatedly until the remainder is so 
small that it may be expeditiously treated by the usual methods. 

More recently Glyd^n has attacked the planetary problem in 
a different way. In order to get the special perturbations, he 
divides the orbit into parts and develops the purturbations for 
each part separately, then introduces elliptic functions into the 
elliptic elements. The latter he favors especially because, with 
their help, the integrations converge more rapidly. He has also 
introduces a peculiar conception, that of the intermediate orbit, 
by which he means an orbit from which the planet never widely 
departs. In so far there is nothing new in this conception; it 
is already introduced in § 33. It is to be noted, however, that 
he does not get his intermediate orbit from Kepler's ellipse 
but reaches it directly. The reader can find a part of his prin- 
ciples in Die intermedidre Bahn des Mondes (Acta Math. VIII), 
and in a paper by Andoyer, — Contribution a la ihSorie des orbites 
intermediarcs, {Annates de la faculty des sciences de Toulouse, 
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1887, 1). He has lately undertaken studies on the convergence 
■of the infinite series used in astronomy, which have, however- 
80 far led to no satisfactory conclusion. 

One of the chief aims of mathematical effort of the present, 
time consists in the investigation of the properties of functions 
■defined by differential equations. A glance at tlie immense 
number of investigations, which the theory of linear differen- 
tial equations alone has called out in very recent times, and is 
daily calling out, will give a clear idea of the great magnitude 
of the problems here involved, and will afford a conception of 
"the difficulties which lie in the way of a complete solution of the 
problem of three bodies in its most general form. The ques- 
tion here is, certainly, concerning real variables only, and this 
circumstance simplifies the problem greatly. What interests 
the astronomers is not the investigation of all the properties of 
the analytical expressions, in finding their nodes, acnodes, cusps, 
etc., but the proof that such points do not exist when the time 
is made the independent variable and extends over a real path 
uninterruptedly from — oo to + op . The question, therefore, 
with this limitation to one branch, or rather to one line of a 
function, relates to the development of the coordinates in con- 
verging series, and these must converge withoiit fail. It is easy 
to see that this can be done without embracing the great reverse 
problem of differential equations, which affords us already so 
many noble results. There must be a direct road, in the above 
■sense, to the solution of the problem of many bodies, a path 
which will lead to correct answers to the questions which, in 
spite of all investigations, still remain unanswered. 

Purely theoretical discussions are not sufficient for the prac- 
tical aims of astronomy. The numerical computations, also, 
which the author of this book has not undertaken, but has 
forced entirely in the background in order to preserve the ana- 
lytical character of the work, require great skill and greater 
patience. The calculations take on, in fact, almost unmanagea- 
ble dimensions when, as Leverrier has done, in the Recherches 
•astronomiqiies (Annales de I' Observatoire de Paris, Memoires), all 
terms are taken into account which change the geocentric place 
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of the planet by the tenth of a second. The comparison of the 
computed places with the observed afford the best touchstone 
for the correctness of the theory, and it has very often led to the 
discovery of neglected but influential terms. It also affords 
a means of continuously correcting the masses and elements of 
the planets. 

When Leverrier had completed his comparison of the com- 
puted and observed places of the planets, the result was found 
to be very satisfactory. The differences fell usually within 
the limits of error of observation and in only a few small mat- 
ters was further discussion necessary. For instance, in the case 
of Mercury's perihelion he found that observation gave a some- 
what greater movement than computation. He concluded that 
between Mercury and the Sun there was one planet, or perhaps 
many, which had so far escaped observation, and which would 
cause the acceleration of Mercury's perihelion. This intra-mer- 
curial planet, to which the name Vulcan had already been given, 
has not yet been observed beyond a possibility of doubt, though 
it has been actively sought. Small, dark points have been seen, 
several times, to cross the sun's disk but it appears probable 
that they were either sun-spots or an error was involved in the 
observation. 

The planetary tables constructed on Leverrier's formulas are 
to-day generally recognized, except that for Uranus and Nep- 
tune Newcomb's are better. 

Of course, Newton's law of gravitation must submit to the 
test of observation, out of which it was originally created. 
Whether gravitation is a true prima causa or whether it results 
from other forces, either impulses, for instance, or electric, 
attraction, cannot now be decided. Possibly Newton's law is 
only approximate, though remarkably close. Possibly other 
forces are at work in celestial space, such as the resistance 
of the ether which, according to physicists at present, not 
only occupies stellar space but interpenetrates matter. Encke 
adopted the idea of such a resistance as a result of his investi- 
gations of the orbit of the comet named after him. 
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Certainly the law of gravitation is, as already said, very 
nearly fulfilled, so nearly that mathematicians must assume it 
rigorously true and investigate its consequences. 

How closely it agrees with observation was shown in the most 
brilliant way by the discovery of Neptune, forty or fifty years 
ago. Sir W. Hersch el discovered Uranus in 1781. It was then 
continuously observed and its elements computed. The neces- 
sary calculations were made by Bouvard according to Laplace's 
formulas. It appeared, however, that in the course of time the 
new planet departed in a regular manner from its computed place, 
and that the amount of departure increased with the time. It 
also appeared that the planet had been observed several times 
as a fixed star and that it was impossible satisfactorily to repre- 
sent these old observations. Bouvard himself had concluded 
as early as 1821 ( Tables astronomiques, les mouvements d' Uranus 
annoncent I'existence d'une planhte perturbatrice ext^rieure), that a 
planet exists outside of Uranus. It was beyond Uranus, 
because otherwise it would appreciably affect Saturn. It grad- 
ually became a familiar idea that the mass and elements of the 
new planet could be computed from the observed purturbations, 
making the reverse of the ordinary problem. If the smallness 
of the perturbations be considered, they amounted to only a few 
minutes, and the complicated analytical form in which the ele- 
ments appear in perturbing function, it will be evident that the 
problem was one of great refinement. Bessel interested him- 
self actively in it and his letters show that he was about to take 
it up when death put an end to his activity. It was solved, 
almost simultaneously, by two other astronomers, Leverrier and 
Adams. The first published his preliminary investigations in 
the Comptes rendus and explained his research in the greatest 
detail in Recherches sur les Tnouvements de la planbte Herschely 
{Connaissance des temps pour 1849) after the new planet 
had been found in 1846 by Galle within a degree of the place 
he had predicted. The study of this work affords great pleas- 
ure because in it are combined great discretion, painful accur- 
acy in analytical and numerical developments, and especially 
clearness in the development of the line of thought. The fir^ 
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question was whether any terms of the development had been 
neglected which could cause an appreciable error. In fact, 
there were several suspected, but they were shown to be unim- 
portant. Then the inquiry was, could the errors be eliminated 
by small changes in the elements selected and a negative result 
was obtained. These preparatory studies put beyond doubt the 
perturbing influence of an unknown cause, and, after the rejec- 
tion of other possibilities, the perturbations were traced to a planet 
more distant than Uranus from the Sun. The major axis, the 
epoch of perihelion, eccentricity, longitude of perihelion and 
the mass of the new planet were introduced as the five unknown 
quantities, while the inclination with reference to Uranus was 
neglected because of the small perturbations in latitude. Each 
observation gave an equation of condition between five unknowns,, 
and since the number of observations was very large, they were 
divided into groups. The major axis appeared in a very com- 
plicated form, hence Leverrier assumed, using Bode's law as a 
single foothold, that the new planet was twice as far from the sun 
as Uranus. The four other unknowns were then determined. 
Finally, he found that a decrease in the adopted value of the major 
axis decreased the unavoidable errors. He then determined the 
amount of the decrease and deduced the final value of the elements. 

Undoubtedly Leverrier would have- reached much closer 
results if he had not been misled by Bode's law and adopted at 
the beginning, a value much too great for the major axis of the 
unknown planet. It is evident that an increase in distance 
required an increase in the mass of the planet and as the 
unknown planet was nearly in conjunction with Uranus the 
error in distance had its greatest effect. It is due to this that 
the mass obtained by him was nearly double the real value and 
hence all the elements were entirely wrong except the mean lon- 
gitude, which, in this case, was the most important, because the 
one fixing the place in the sky. 

The same was true of the elements obtained by Adams, 
who published his investigations in An Explanation of the 
Observed Irregularities in the motion of Uranus, {Memoirs of 
19 
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the Royal Society of London, 1847). As he found a still greater 
major axis Me mass was even larger than Leverrier'e. Since his 
results were communicated to Airy some jnonths before Leyer- 
rier's investigations appeared, the planet might have been dis- 
■covered earlier, had not Airy, who had some doubts as to the 
•correctness of Adams's results, decided on making a catalqgvie 
of the stars in that part of the sky. 

It is one of the best possible proofs of Newton's law of 
gravitation that it led to a discovery which might otherwise 
ihave been delayed many years. 

43. Notes on the Tables. 

The unit of distance is half the major axis of the earth's 
orbit, or the mean distance of the earth from the sun. This is 
not the semi-axis which we have called the secular value, but 
the one which follows from the observed periodic time and 
Kepler's third law. The secular value is obtained by applying 
the correction given in § 32. Of the masses, those of Mercury 
and Venus are the most uncertain. As these planets are not 
known to have satellites, their masses can be obtained only by 
the perturbations they produce on comets which pass near them 
and on the earth. It is quite possible that the mass of Mercury, 
especially, requires a very appreciable correction. 

The secular variations of the longitude of perihelion, of 
the ascending node, and of the inclination are not referred to a 
fixed plane, but to the moving ecliptic on which the vernal equi- 
nox is selected as the initial point for longitudes. The vernal 
equinox retreats yearly on account of precession, a distance of 
60". 2113 but is free from nutation. If these variations are 
referred to the ecliptic of 1850, then during the current thou- 
sand years all perihelia advance, except that of Venus, while all 
the nodes^ retrograde, except those of Jupiter and Uranus. 

The fifth table gives the roots of the equations (21) and (42) 
§31; the sidereal year is taken as the unit of time. The 
amounts by which G and F annually increase and decrease is 
therefore, measured in seconds. The absolute maximum of the 
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increase is r*. It T is the time taken for the proper angle 

ri = nt+ S,', to increase 360°, it follows that 

Tr4 = 1296000", 
Tir. 49937, 

or in round numbers, 50,000 years. The longest period is about 
2,000,000 years. From this the reader can see how slowly the 
secular variations of the elements change. The numerical coeffi- 
cients K and K', which Leverrier computed anew in his 
Recherches astronomiques, (Vol. II), are not given here. I 
will only remark that the eight planets form two groups, the 
outer and inner. The first group includes Jupiter, Saturn, 
Uranus and, Neptune, The roots QitoQi and n to j-j depend- 
almost entirely oh these four planets, and only the angles ft to 
G^ and r^ to -T, appear in the secular terms with important coffi- 
cients. The angles G^ to ft and Tj to 1\ are important for the 
inner planets only, which, however also partake of the secular 
terms of the outer planets. It would naturally be expected, 
because of the smallness of the inner planets, that their g's and 
r's and the appropriate coefficients, would be decidedly smaller 
than others. This is, however, not the case. For instance, 
Jupiter's mass is about 400 times as great as that of Venus, but 
Venus is only one fourteenth Jupiter's distance from the Earth; 
and as the attraction is as the inverse square of the distance, 
the ratio of the disturbing effect of Jupiter and Venus on the 
Earth is about 2:1. It is also to be added, that Venus's orbit has 
a decidedly larger inclination than Jupiter's, and, therefore, the 
perturbations of the ecliptic are largely due to Venus. 

As the secular changes are very slow they may for centuriea 
be taken as proportional to the time. To be entirely safe a 
term should be added which is proportional to the square of the 
time. Beginning with 1800, the eccentricity of the earth's orbit 
can be expressed by the formula 

e = 0. 01679207 ~ . 000000 4135* — . 000000000 0123f^ 

from which it appears that the eccentricity is decreasing, and at 
a growing rate. 
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The sixth table gives the course of the Earth's elements for 
a period of 200,000 years. 



Elements of the Oebits op the Major Planets. 
I. 





Mean 
Distance. 


Eccentric- 
ity. 


Epocti. 


Mean Daily 

(Sidereal) 

Motion. 


Planet. 


Mean Moon. 
P = Paris. 
G = Greeuwicli. 


Mean Longitude 


Mercury 


0.3870988 


0.2056048 


Jan. 1, 1850. P. 


327° 


15' 20:4 


14732'; 41967 




0.7233322 
1.0000000 


0.0068431 
0.0167708 


Jan. 1, 1850. P. 
Jan. 1, 1850. P. 


245 
100 


33 14.7 
46 43.5 


5767.66982 


Earth 


3548.19286 


Mars 


1.5236914 
5.20280 


0.0932611 
0.0482520 


Jan. 1,1850. P. 
Jan. 1,1850. P. 


83 
160 


40 31.3 
1 10.3 


1886.51831 


Jupiter 


299.12836 


Saturn 


9.53886 


0.0560717 


Jan. 1, 1850. P. 


14 


52 28.3 


120.45465 


Uranus 


19.18336 


0.0463592 


Jan 0, 1850. Q. 


29 


12 43.7 


42.23079 


Neptune 


30.05674 


0.0084962 


Jan. 0, 1850. G. 


335 


5 38.9 


21.53302 



II. 





Longitude 

of 
Perihelion. 


Longitude 

of Ascending 

Node. 


Inclination. 


Periodic Time in 


Planet. 


Sideral 
Days. 


Tropical 
Days. 




75° 7' 13:9 
129 J2n 14.5 
100 21 21.5 
333 17 53.7 

11 54 58.4 

90 6 56.7 
170 38 48.7 

43 17 30.3 


46° 33' 8:8 
75 19 52.3 

48 23 53.1 
98 56 17.0 

112 20 > 53.0 
73 14 37.6 

130 7 31.9 


7° 0' 7:7 
3 23 34.8 

1 51 2.3 

1 18 41.4 

2 29 39.8 

46 20.9 

1 47 1.6 


87.96926 

224.70079 

365.25636 

686.97979 

4332.59 

10759.23 

30688.51 

60186.64 


87.96843 


Venus 


224.69544 


Earth 


365.24220 


Mars 


686.92972 


Jupiter 


4330.60 


Saturn 


10746.95 




30588.90 


Neptune 


59804.81 



TABLES. 
III. 
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Planet. 


Distance from the Sun 
In millions of kilometers. 


Mass in terms of the 


Specific Gravity 




Greatest. 


Least. 


Sun. 


Earth. 






69.37 
108.25 
151.13 
247.60 

* 

810.64 
1497.32 
2983.53 
4505.48 


45.71 
106.78 
146.14 
205.36 

736.01 
1338.32 
2719.16 
4429.57 


1 


0.04 
0.78 
1.00 
0.10 

308 
92 
14 

17 

322800 




Mercury 


7636440 

1 


4.50 


Venus.... 


412150 

1 


4 52 






Earth 


322800 

1 


5.56 






Mars 


3093500 

1 


3.98 






Jupiter 


1047.6 

1 


1.37 


Saturn 


3490 

1 


0.65 


Uranus 


22600 
1 


1.13 


Neptune 

Sun 


^ 19380 
1 


1.71 
1.42 







IV. 





Annual Variation of the 


Limit of ec- 
jcentricity. 


Limit of 


Planet. 


Eccentricity 
in units of 
7th decimal 
place. 


Longitude of 


Inclination. 


Inclina- 
tion to 




Perihelion. 


Ascending 
node. 


ecliptic 
of 1800. 


Mercury. . 

Venus 

Earth 

Mars 

Jupiter.... 
Saturn.... 
Uranus.... 
Neptune... 


+ 2.034 

— 5.397 

— 4.244 
+ 9.541 
+16.678 
—34.276 
+27.387 
+ 0.557 


+55';914 
+49.462 
+61.700 
+66.242 
+57.910 
+70.403 
+50.256 
+51.014 


+42':643 
+32.890 

+27.992 
+36.382 
+31.407 
+18.568 
+39.615 


+0';063 
+0.045 

-0.024 
-0.205 
-0.140 
+0.025 
—0.346 


0.266 
0.087 
0.078 
0.142 
0.062 
0.085 
0.065 
0.017 


9°17' 
5 19 
4 52 
7 09 
2 01 
2 33 
2 34 
2 21 
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V. 



9i = 


O; 692870 


7,= 


5'2 = 


2.842232 


72 = — 0.756015 


33 = 


3.780294 


73 = — 3.106931 


9* = 


22.500087 


74 = — 25.952538 


9s = 


5.2989 


76 = - 4.795350 


9e = 


7.5747 


75=— 7.067951 


£/7 = 


17.1527 


7, = — 17.468102 


9e = 


17.8633 


78 = — 18.567871 



Elements op the Orbit op the Earth Kbpebred to Ecliptic op 1800. 

VI. 











Longitude of 




Epocb. 


Eccentricity. 


Inclination. 


















Perihelion. 


Ascending node. 


B. 


C. 98200 


0.0473 


3° 45' 31" 


316° 18' 


96° 34' 




88200 


0.0452 


2 42 19 


340 2 


76 17 




78200 


0.0398 


1 18 58 


4 13 


73 47 




68200 


0.0316 


1 13 58 


27 22 


136 8 




58200 


0.0218 


2 36 42 


46 8 


136 9 




48200 


0.0131 


3 40 11 


50 44 


116 9 




38200 


0.0109 


4 3 1 


28 36 


91 59 




28200 


0.0151 


3 41 51 


25 50 


66 49 




18200 


0.0188 


2 44 12 


44 00 


41 34 


B. 


C. 8200 


0.0195 


1 24 35 


69 47 


16 39 


A. 


D. 1800 


0.0168 





99 30 






11800 


0.0115 


1 14 26 


134 14 


i48 '15 




21800 


0.0047 


2 7 46 


192 22 


124 29 




31800 


0.0059 


2 33 19 


318 47 


100 29 




41800 


0.0124 


2 27 53 


6 25 


75 31 




51800 


0.0173 


1 51 54 


38 3 


48 13 




61800 


0.0199 


1 51 52 


64 31 


10 47 




7180O 


0.0211 


1 34 35 


86 14 


220 38 




81800 


0.0188 


1 45 40 


101 38 


170 15 




91800 


0.0176 


2 40 56 


109 19 


139 3 




101800 


0.0189 


3 2 57 


114 5 


109 57 



